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each other. The projections are sampled at 64 points over a
sampling interval of 0.45 V. The receiver line is 20 x from the
center of the coordinates. The angle between the direction of
illumination and the normal to the receiver line is: (a) 00;
(b) 10'; (c) 20'; (d) 300 ..................................................... 126

* "OP4.13 Reconstructions of a two-component object using the second
approach. The cylinders of refractive index 1.08 are 4 X in diameter,
and positioned at a distance of 8 X from each other. The
projections are sampled at 64 points over a sampling interval of
0.4.5 X. The receiver line is 20 x from the center of the coordinates.
(a) 3 incident plane waves, with the angle of illumination between
-i0' and 100. (b) 5 incident plane waves, with the angle of
illumination between -20' and 20'. (c) 7 incident plane waves,
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4.14 Reconstructions of a two-component object using the third
approach. The cylinders of refractive index 1.08 are 4 X in
diameter, and positioned at a distance of 8 X from each other.

The projections are sampled at 64 points over a sampling interval
of 0.45 X. The receiver line Is 20 X from the center of the

.P* tcoordinates. (a) 5 incident plane waves, with the angle of
illumination between -20' and 200 and 18 receiver positions.

-. (b) 7 incident plane waves, with the angle of illumination
between -~30' and 30' and 8 receiver positios' ......... 130
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4.1.5 Reconstructions of a three-component object using the first
approach consisting of oblique reception. The cylinders oi
refractive index 1.05 are 4 X in diameter, and positioned at
a distance of 6 X from the center of coordinates. The projections
are sampled at 64 points over a sampling interval of 0.45 X. The
receiver line is 20 X from the center of the coordinates. The

INangle between the direction of illumination and the normal to the

receiver line is (a) 0', (b) 10', (c) 200, (d) 300...............................132

4.16 Reconstructions of a three-component object using the second
approach. The cylinders of refractive index 1.05 are 4 X in diameter,
and positioned at a distance of 6 X from the center of coordinates.
The projections are sampled at 64 points over a sampling interval
of 0.45 X. The receiver line is 20 X from the center of the
coordinates. (a) 3 incident plane waves, with the angle of
illumination between -101 and 100. (b) 5 incident plane waves,
with the angle of illumination between -200 and 200. (c) 7 incident
plane waves, with the angle of illumination between -30' and 300. ... 134

-. 4.17 Reconstructions of a three-component object using the third
* approach. The cylinders of refractive index 1.05 are 4 X in

diameter, and positioned at a distance of 6 X from the center
of coordinates. The projections are sampled at 61 points over a
sampling interval of 0.45 X. The receiver line is 20 X from the
center of the coordinates. (a) 5 incident plane waves, with the
ingle of illumination between -20' and 200 and 16 receiver
positions. (b) 7' incident plane waves, with the angle of illumination
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4.18 A simple interpolation scheme for the Synthetic Aperture technique.
Points A and A', B and B', and C and C' lying on two different
semi-circles SC(-k x ,-k y ) posses equal values of ,3, respectively.
(a) small values of k.. (b) values of ky close to k0 ............... . . . . . . . . . . . . . . . 138

4.19 Points C1 and C2 are the intersection points of the semi-circles
01 and 0,, with the circle centered at the origin going through
point C. The neighboring points of C1 and C2 are chosen for the
kind of interpolation desired .............................. 140

4.20 Magnitude of the reconstructed refractive index of a cylinder with
diameter of 6 X and refractive index of 1.03, using the Synthetic
Aperture technique. Transmitter and receiver arrays, positioned
20 X apart, have 32 elements with inter-element distance of 0.45 X.
(a) Simple nearest neighbor interpolation. (b) Modified nearest
neighbor interpolation. (c) Simple bilinear interpolation.

* (d) M odified bilinear interpolation ...................................................... 141

4.21 Magnitude of the reconstructed refractive index of a cylinder with
diameter of 6 X and refractive index of 1.03, using the Synthetic
Aperture technique. Transmitter and receiver arrays, positioned
20 X apart, have 64 elements with inter-element distance of 0.45 X.
(a) Simple nearest neighbor interpolation. (b) Modified nearest
neighbor interpolation. (c) Simple bilinear interpolation.
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4.22 Magnitude of the scattered field from a lossless cylinder, embedded
in a lossless medium, as a function of transmitter and receiver..
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4.23 Magnitude of the Fourier transform of the scattered field from a
lossless cylinder, embedded in a lossless medium, with respect
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4.24 Due to the loss of high frequency components in the projections in
the Synthetic Aperture technique, for one rotational view or the
object the object's Fourier transform is obtained only in the
region shown................................................................. 148

4.25 When the high frequency information in the projections is lost,
larger number of views can increase the resolution and decrease
the distortion in the reconstructed image. The coverage shown
corresponds to three rotational views of the object 600 apart......... 149

V 4.26 Magnitude of the reconstructed object's Fourier transform in a
lossless medium. The object is a lossless cylinder with diameter
and refractive index of 6 X and 1.03, respectively. (a) 32 element
transmitter and receiver arrays. (b) 128 element transmitter and
receiver arrays............................................................... 151

4.27 Real part of the reconstructed object function of a cylinder with
diameter of 6 X and refractive index of 1.03, using the Synthetic
Aperture technique. Transmitter and receiver arrays, with the
inter-element distance of 0.45 X, are positioned 20 X apart. (a) 32
element arrays. (b) 64 element arrays. (c) 128 element arrays ........ 152
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diameter of 6 X and refractive index of 1.03, using the Synthetic
Aperture technique. Transmitter and receiver arrays, with the
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.2 4.29 Magnitude of the reconstructed refractive index of a
two-component object, using the Synthetic Aperture technique.
The components are cylinders with diameter of 6 X and refractive

* index of 1.03. Transmitter and rceiver array!c positioned 30 X
apart, have 128 elements with the inter-element distance of 0.45 X.
a) Only the first-order scattered fields are used for generating the
data for this reconstruction. b) Doubly scattered fields are
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4 4.30 Magnitude of the reconstructed refractive index of a
two-component object, using the Synthetic Aperture technique.
The components are cylinders with diameter of 6 X and refractive
index of 1.05. Transmitter and receiver arrays positioned 30 X
apart, have 128 elements with the inter-element distance of 0.45 X.
a) Only the first-order scattered fields are used for generating the
data for this reconstruction. b) Doubly scattered fields are
included in the projection data for this reconstruction ....................... 157

4.31 Magnitude of the reconstructed refractive index of a three-componnt
object, using the Synthetic Aperture technique. The components
are cylinders with diameter of 6 X and refractive index of 1.05.
Transmitter and receiver arrays positioned 30 X apart, have
128 elements with the inter-element distance of 0.45 X. a) Only
the first-order scattered fields are used for generating the data
for this reconstruction. b) Doubly scattered fields are included in

- the projection data for this reconstruction .................................... 15

4.32 Energy loss of plane wave components resulting from an angular
spectrum expansion in a lossy medium as a function of directional
angle and attenuation constant of the medium. -1 is a measure of
the direction of propagation of these plane waves. - = 0
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and -' = I corresponds to the parallel direction to that line ........ 162
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4.35 Reconstruction of a cylinder with diameter of 6 X and refractive
index of 1.01, using the conventional technique. Both the object and
the medium are lossless. The projections are sampled at 64 points
over a sampling interval of 0.45 X. The receiver line is at a distance
of 10 X from the cylinder. (a) Refractive index. (b) Difference in
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constant is 1.0 db/cm in both the object and the medium. The
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4.40 Reconstruction of a cylinder with diameter of 6 X and refractive
index of 1.03, using the conventional technique. The attenuation
constant is 3.0 db/cm in both the object and the medium. The
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4.45 Reconstruction of a cylinder with diameter of 6 X and refractive
index of 1.01, using the conventional technique. The medium is
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4.49 Magnitude of the reconstructed refractive index of a cylinder
with diameter of 6 X and refractive index of 1.03, using the
Synthetic Aperture technique. The attenuation constant of the
object and the medium are both 3.0 db/cm. The transmitter and
the receiver arrays, positioned 20 X apart, have 128 elements
with the inter-element distance of 0.45 X. The attenuation
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4.53 Reconstruction of a cylinder with diameter of 6 X and refractive
index of 1.02, using the Synthetic Aperture technique. The
attenuation constants of the object and medium are 3.5 db/cm
and 3.0 db/cm, respectively. The transmitter and the receiver
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inter-element distance of 0.15 X. The attenuation of the
medium has been compensated for. (a) refractive index of the
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and the medium............................................................. 187



CHAPTER I
INTRODUCTION

I fnmograp- i- c fers to the ;leasu rcinmen t in cos'.inSoft'-"

p::rai'ters froi * h transnil1sion (,r reflec~ticon data. 'I !1' C''s, I

~vc*" riit ue 1 ilunhfl'1cdfromi !niiv difTotrvi,t diri-t - <m the jiloi-ge

~w-li nIOu' IIin ap of the chonsen ti-iie par mikwtsr- ii r~''8mtdfo

A a!I CLle ect her III 'ran rumssion or reflect ion (called- p!-) ,I s).

Th 're is a fund amen tal difiference be entoo~ im nagi g Al t h

rays on 'he one hand, andl with ulitrasound and niicrowav.m the (ot hor hi aI

0X-r~i,.-s. being non-(iilfracting. travel in Aeiht lines, >ritherefore,t

Irojjee in data measure 1)e line integral of wione object- ')araineter al(i
straight Ins This makesF it possible to apply the 1iir' I Tj'o(r'

(1Zosen feldk21, which savi tfmt~ the Fourier transfform of :1 pf -j > j

a dlice of the twoclijmonsioan f-ourier transform of the oItj . tI

f-rmis the fou ndat ion of the fi It ered- backproj- ton t h.....~it r:

iliflracting sources, su!ch as x-ravs;.

On the otlher hand, when either miicrow aves or utr i iiare u ( I
tonorj~ii mainth eegy often does riot propagrate Y straight 1'it

When the object inhomogeneit mes arc large compared to a k Ivl tle1,'o

proparation is characterized by refraction andI muoltipath V'-!r.

am-ouints of rav bending induced by refraction can h~e tak, mm ,it
cominling aljrcb raic reconstruction algorithms [Anderscii:N' 1 wi;! %lizitt i r

tr I m rg andi( ra lInking algorithmTs [Andcrsc.rWh2]. Th'e( nmulip:t h ''l't.o;,

by the arriv:'d at the receiving transducer of more than :1< jii

througsh 'ifTrnt parts of the refracting olbj-ct. can uisually I, 'limmmOm

h ncI gi 1 'in: p procesin g of the proj-.6 of d ata (ra f

'\'it, o ob~ject I hrignItIs lbcoliie coinparabb fI',1~

8' 8~;ih i m not even~ appropriate to talk about pr(,pag-ati.pAom; I

amnd :~ andi emrior t ranmsm ihmof must be discussed in t'riir -f wa:i frri

:~mm I 'k>"tt 1)d b thle inhornogeneitcs. With diffractin- i!limmmi I,

pto) l1e problem is made difficult. by the ci mplic:1t el iiat ur' -f

* ;titer lilt .[:It1141. Ih'-se intractiin; ar- descril di hv 1litTr,-.d

0X



in tt-gra:l equat ifls whlIII gen oral, d" n1('t poss('ss closed-for Tu WO

types of solutions, called the first-ordle7 Born and Rytov, are avai!.'< i' .t this
tine if one can get away with thei assumption of weak interaotii IrunpkIng

salinhoniogeneit jos. By eit her thteoretical reaso-ing or comnpiii r iirtin

On irpecross-sectional listributions, it is usually possible to dt'cnn thc,

magnitude of the inhomogerleitics, which If exceoded would leadl to a

hri .kdowvn in the first-order Born or Rvtov based solutiOns.

Smiall perturbation (Born and Rytov) solutions for recon~struct;( ii vkerc'

inliattd in 1960 by Wolf [Wolf6g]. He showed tiat with an Midci~r.

1nonikiirumatIc plane wave, the Fourier transform or the scattered, data

- icsiedon a receiving planar aperture and the Fourier transforii of the
ol-J -t fu nction are linearly related. Similar rk-sults for three-dimcinsiona!

*re !ruc tir were obtained by Dandliker and Weiss lDandfiker701 Carter

- - s-,! t': is -nethod for reconstructing refractive index distribution by usingF

A )(esams to record the scattered fields in the Fresnel zonie if a

sci-nit ra,. p.,) rent object ICarter7Ol. Iii spite of many experimental problems, his

f- lswere quite promising. Iwata and Nagata addressed -;ome of the

* lmiationt, of this approach and proposed a cylindrical receiver !."Ie vi-a3i
* ~th trairht line (as suggested by Wolf) for small objects [Iwata75l.

heoretical procedures for reconstructing weakly inhomogeneous

U 2'Jeccs 1hai,,e been recently derived by several researchers. A three-dimensional

inv erse scattering scheme for a spherical recording aperture enclosing the object

was derived by Ball and Stenger [BalISO]. They considered inonochromatic

s;phe-jcal -wave sources for the object insonification and point receivers for the

incarrenictt of the scattered field. Norton and Linzer [Norton8l] have

conside red hroadband insonification to derive reconstruction methods for

*planar, spherical ,ind cylindrical geometries.

Th- mothod sugagested by Wolf has been employed by Miuiler et ai.

[Miecler-79 Kaveh7gaj to implement a cross-sectional reeonstruction scheme for
imgigth rfactive index of objects. They have shown that a coverage of

the Fourier tr-in ,orrn of the object function can be achieved by measuring the

wr;,tterv~ fit 11 on arcingline for different rotational positions of the object

'vr :,)w() J -. rvr-. Mueller (t al.'s method gives the values of the Fourir

0 rai-f,., ,ift t hO (. Jcct ton a set of arcs, while for reconstructing the object

'irict if 11 I ; r'ii gh t he (i scrot e Fou rier transform operation on a digital

muni lit r. th , v:diwis a-.o required on a two-dimensional rectanrgular grid.

D-'an J) ;:~v'Jhas dvrived a method (suggested independ,,vil~y by

rw Su kh .. minkh:i}), which hie has called the Fourier back-
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propagation tochnique to solve this problem. This approach iK :-tmilar in spirit
to Fourier Brack-Projection for straight ray tomography. .,\ !rawback of this

approach is its extensive demand on computer time.

Nahamoo and Kak [Nahamoo82] generalized the technit<, of diffraction

tomography as presented in [Mueller78j to derive a new sch,!., which, in

principle, permits the use of any type of insonification, as op,1 to only the
plane wave type which is experimentally difficult to genr i<'. WiNth this

:ipproach, the requirement that the object be viewed over 360 degrees is

replaced by the need for merely two views, which ideally should be g0 degrees

apart (however, that is not strictly necessary). For each of the ,v t,() views the

method requires independent traversal movements for both the transmitter and
the receiver on two parallel lines in the plane of the cross-section.

,'Kenue and Greenleaf [Kenue82] extended the approach of Mueller et al.

-',Mueller79] to the multi-frequency case. They have shown that by measuring
the projections at more than one frequency one can reduce the number of views

required and thereby higher speeds in data collection may be achieved. Note

* that the total amount of data collected remains basically the same, because for

each rotational position of the object, each projection must now be recorded at

different frequencies. It is possible that in the actual implementation, the

frequency dependence of tissue attenuation may become a source of difficulty

for this method.

Recently Johnson et al. [Johnson83, Tracy83, Johnson84 have -uggested a

"method based on solving systems of nonlinear algebraic equations that are

derived by applying the method of moments to a Sine basis function expansion

of the fields and scattering potential. Although it seems that the ltinitation of
this approach is quite similar to that of the Born approximation, the domain of

applicability of this approach still remains to be proved.

Diffraction tomography has the potential of providing us with techniques

for the quantitative measurement of tissue parameters that take into account

* the inherently diffractive nature of wave propagation. Diffraction tomography

methodology is not limited by the assumptions of geometric pu',,pagation, since

concepts such as rays are not invoked, and is capable of providing us with
distributions for virtually all the tissue parameters. U nfortunatelv, at thi, time

the promise of this approach can only be realized for tissues that are Nveakly

,.-toring; but it is important to bear in mind that the condition of weak
;-cart ering is not a theoretical limitation, and work is pr ,gressing at. many

re,, :irct centers fv~ad the developnient of computational algorithms fr

handlin g larger tissue inhomogeneities.
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Chapter 2 is devoted to the forward scattering process. Propagation of

the angular spectrum of a field in a homogeneous medium is presented in
section 2.1. In section 2.2 scattering from single component objects is
discussed. The scattering process is considered for the case of plane wave
incidence as well as point source illumination. The role of attenuation in the
object as well as in the medium is described and simulation results, based on

the theoretical formulation presented, are shown. In section 2.~3, a new

procedure for calculation of scattered fields from a multi-component object is
proposed and computer simulation results presented and discussed. The

prospect of the new procedure in an attenuation medium is examined at the
end of that section. Finally in section 2.4, a testing procedure for the
clculated scattered fields is used to check the results of the previous sections.

In chapter 3 the inverse scattering problem is considered. The formulation

of the process is presented in section 3.1, and the two well known Born and

Rytov approximations discussed. The conventional Diffraction Tomography

vand related reconstruction techniques are discussed in section 3.2. The
0 derivation of the Synthetic Aperture Technique in the transmission mode is

reviewed in section 3.3, and the corresponding theory for the reflection mode as
well as the coverage achieved in a lossy medium are derived.

A simulation study of multiple scattering and attenuation phenomena in
the inverse problem is presented in chapter 4. In section 4.1, artifacts caused
by multiple scattering are studied by considering computer simulation results.
Several approaches to reduce these artifacts are also discussed. AX simulation
study of attenuation in Diffraction Tomography is presented in section 4.2.

Although the only source of energy we have considered in our study is

ultrasound, the formulation of the problem is the same for microwave energy.
The pressure field has to be replaced by the scalar potential in the case of
microwave. However, the incident electric field has to be polarized either along

-r perpendicular to the axis of the cylindrical objects considered. Any further
* extension of the theory still remains to be explored.
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CHAPTER 2
FORWARD PROBLEM

When a wave encounters an obstacle, some part of the wave energy is
deflected from its original course. It is usual to define the difference between
the actual wave and the undisturbed wave, which would be present if the
obstacle was not there, as the scattered wave. When a plane wave, for

*_ instance, strikes a body in its path, in addition to the undisturbed plane wave
* there is a scattered wave, spreading out from the obstacle in all directions,

distorting and interfering with the plane wave, If the obstacle is very large
compared with the wavelength, half of this scattered wave spreads out more or

* less uniformly in all directions from the scatterer, and the other half is
concentrated behind the obstacle in such a manner as to interfere destructively
with the unchanged plane wave behind the obstacle, creating a sharp-edged

shadow there. This is the case of geometric optics; in this case the half of the
scattered wave spreading out uniformly is called the reflected wave, and the
half responsible for the shadow is called the interfering wave [Mforse68]. if the
obstacle is very small compared with the wavelength, the scattered wave is
propagated out in all directions, and there exists no sharp-edged shadow. In
the intermediate cases, where the obstacle is about the same size as the

* wavelength, a variety of curious interference phenomena can occur.

0 In our studies, we have treated the forward scattering process, as weli as
the inverse process, as a two-dimensional problem. In other words, the objects
under consideration are assumed to be invariant in one dimension. Although
most of the Diffraction Tomography formulations and reconstruction techniques
are or can be generalized to the three-dimensional case, we believe that most of

Nv-

the current effort should be directed toward resolving the many important

limitations still facing the two-dimensional problem.
If the forward problem can be represented as a boundary value problem, it

is possible to find an exact solution which consists of writing (down a coordinate
system matching the homid~aries or the ,ystvrn, anid then using the

% %



% eigenfunction expansions for solving the partial differential eultiations.

Unfortunately, only the circular inhomogeneities can be solved ftr in this
manner. In the past, this procedure has been the only tool for the generation
of simulated data for diffraction tomography [Iwata75, Kaveh79b, Azimi83].
But note the limitation: the method is suitable only for single component

objects that are circular in shape.

However, if the object inhomogereitis are very small such that the well

known Born or Rytov approximations could be justified, the scattered ield can
be calculated bv modeling the scattering process as a linear system Slanev84].
Use of iterative techniques, such as higher order Born or Rytov techniques, can
increase the domain of applicability of this approach to some extent.

-, Since the Angular Spectrum expansion has been extensively utilized in our

study, either in the calculation of scattered fields or in the development of
reconstruction techniques, section 2.1 is devoted to the propagation of the

S".' angular spectrum of a field in either lossy or lossless medium. Section 2.2 is
devoted to the solution of the scattered field from a single object illuminated

* either by a plane wave or a point source. Related computer simulation results
are also presented in that section.

When an object possesses more than one component, due to the
interaction between the components the total scattered fields cannot be
considered as a superposition of the fields due to each of the components

individually, as generateid by the above method. In section 2.3, we present a
new way of including the interactions between the components by expanding
the scattered fields from each component as a superposition of plane waves and
then analyzing the interaction of each one of these plane waves with the other
object components, and finally synthesizing the total field. The effect of
component interaction on the scattered fields is discussed in this section by
considering the numerous computer simulation results presented. Finally, at
the end of this section, the prospect of this new technique in an attenuating

medium is examined. In section 2. t we have considered a testing procedure for

checking the results of our computer programs.
Past efforts on the forward problem as applied to Diffraction Tomography

have inored the attenuation pres,,n. in the medium or the object. Although
ultra,.:t i n ii ,,t,.rgo s only a slight attenuation., in micruwave imaging

-. 'tten 'ttiol 1"'i the 'lt'dium and the (,bP,('t can be a limiting factor. : this
",haptr. v.4 i\, t also t:dKud abu( t fit', eten ,i ,, th, alr,,rithn -, -',r the
.-. aictiat if so:..ttre-1 fields Mhen Lith hw obi(. t and the 8 hi um r,' .- sv

%, .%, %
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2.1 Propagatiou of Angular Spectrum

• Formulating the propagation of fields in the Fourier domain is a useful
concept. This is especially true from a computational point of view, since FFT

is computationally very efficient. In a lossless medium the field and its plane
wave spectrum are related through a Fourier transform, thus each plane wave

can be propagated to a new receiver line by the addition of a phase shift. On
the other hand, in a lossy material the Fourier transform does not represent the
field in a form that is physically realistic and we must follow a pure

mathematical representation of the concept.

If the complex field on a line is Fourier transformed, one can identify each

Fourier component as a single unique plane wave. The field at any other point
can then be calculated by adding a phase shift to cach plane wave and then

summing their contribution at that point. In an attenuating media, this

formulation changes slightly because the phase shift includes a complex

component to represent the attenuation.

In a lossy medium, the wavenumber assumes a complex value, the
imaginary part of which represents the effect of attenuation in the medium.
We will use the notation ko for the wavenumber in a lossless medium and k.0
when the medium is attenuating. k.0 is defined as:

kC0 = ko + j C (2.1)

If the field energy is attenuated in the medium by db/cm (the unit mostly

used in microwave imaging), co would be linearly related to f through the

following relation,
_ nlO

0 = nI" in units of cm-i (2.2)
20

The Fourier spectra of the field, u, measured on lines x=x, and x=x2 are
defined as

_'20

A(ky,x ) f u(x 1.y) e - Yy dy (2.3)

and

"Q

..\{ v~x.) J, u(x-)'y o k~y Y I.V

The field at the line x =x.) is then expressed in terms ()f its angul:ir spectrum a>

5'
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' u(x 2,Y) _ - f A(ky,x 2 ) ej kY dy (2.5)

2cr

Also it must satisfy the following Helmholtz equation

V 2 u+ kCO u = 0 (2.6)

' Substituting the expression in Eq. (2.5) for u in Eq. (2.6), we get

.k dx 2  x=x - A(ky ' x2 ) + ko2 A(ky'x jj e I ' de. =0 (2.7)

For the above equation to be satisfied, the term inside the integral has to be

equal to zero.
d2A(ky,x ) - k 0  ko
d"x I .=x- (kco 2 - ky2) A(ky,x 2 ) 0 (2.8):-:::'2.dx

2

A solution for A(ky,x 2 ) is given by

*.7 .. _. A(ky,x 2 ) = A(ky,x,) e' ,(x 2 x1 } (2.9)

This equation shows the exact relationship between the angular spectra of the

fields measured on two lines separated by the distance (x2-xl). This is exactly

the same expression for the propagation of the angular spectrum in a lossless

medium [Goodman681, except that ko is complex in this case and thus each

,: - Fourier component sees both a phase and an amplitude change. Substituting

<." -- Eq. (2.9) in Eq. (2.5), we have

u(x"'Y) f A(kx 1) ej V"k ky(x-xi + k, y1 dky (2.10)

Now recall that the equation for a unit-amplitude plane wave propagating

with direction cosines (a,3) is simply

C j (ox + 43y
B(x,y) = e (211)

where X is the wavelength. Thus, when k., is real, the complex exponential

function inside the integral in l"(q. (2.10) may be regarded as a plane wave

-ro)agatling with diroction cosines (0,,3), where

.2,r,'.k. = - k,- k- Y(2.12 a I

,0 . .

andl

-%., %.. ,



12

3 = ky (2.12b)

When kco takes complex values, a, as given in Eq. (2.12a), also becomes

complex. Substituting a complex value of a in Eq. (2.11), causes each of the
plane wave components to be attenuated in the x direction. Thus, while the

direction of propagation is determined by the direction cosines

(real part of a .3 )3 the direction of attenuation is fixed in the x direction.
Note that these non-uniform plane waves do satisfy the homogeneous

Helmholtz equation ( Eq. (2.6)).

After the above reasoning, the following question may arise. Why not
consider a different plane wave expansion which is physically more realistic,
namely a summation of plane waves for which the directions of propagation

and attenuation are the same? For such an expansion ky in Eq. (2.3) has to be

replaced by kosin0, where 0 is the angle between the direction of propagation

of the plane wave and the x axis. If the expansion exists, the field on the line
x =x I could be expressed as (change of variable ky by 0)0

I e- k. sin(9) y c. sin(g)U(xl.y) = _ f A(0,x ) e e-i Y kC0 cos(O) dO (2.1-3)

The last exponential term inside the above integral will blow up either for large

negative or positive values of y depending on the sign of 0. This means that
the field on the line x=xl can not be represented as a summation of

. - attenuating plane waves.

2.2 Scattering from a Single Object

In general, it is not possible to calculate a closed form expression for the

scattered fields from arbitrarily shaped objects, and the fields must be

calculated by means of numerical methods such as finite elements. Usually, to

find a closed form solution to the problem, the scattering process is represented

as a boundary value problem. The field is expressed in a coordinate system

matching the boundaries of the pioblern, and then the partial differential
equation is solved by applino, the eionfunetion expansins. The soluti(,n to

".' the c:ittrrinq pr,,blem is muich simpler and easier to calcul:it, nminricailv
O v he'n the objct. is cOnsilere(l to be of cylindrical Inpe rather than of a tore

" g c nip hi a ted Tha Pe.

'here :are t() types )f illminatin used in l)iffr:ctin ol ' grathx
.*., techniques: a pl:ne Wave or a o)(,int source.

O, 'F.i
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r 2.2.1 Plane Wave Illumination

Assume a plane wave propagating in the direction x is incident on a

cylinder with the density Pe and the compressibility Ke centered at the origin,

embedded in a medium with a density of p and a compressibility of K (see Fig.

2.1). The complex envelope of the incident field, defined as the field present

when the cylinder is removed from the medium, is expressed as

go ui(x,y) = U. ej k. x (2.14a)

or in polar coordinates as

ui(r = U, e (2.14b)

where k.0 is the wavenumber and (r,¢) are the coordinates of the point (x,y)

defined in cylindrical coordinates. The cylindrical boundaries of the object,

consisting of a single cylinder, suggest the eigenfunctions to be of cylindrical

type. Therefore, the incident plane wave should be expressed in terms of these

cylindrical eigenfunctions as [Morse68, Weeks64]
0

[ U0  _J n j" cos(n6) Jn(kor) (2.15). n:0
- where n is 1 for n=0 and 2 otherwise and J,(.) is the nth order Bessel function.
- When the cylinder with its axis at r=O is present, the field is no longer given

, by either of Eqs. (2.14a) or (2,14b). Instead there is present, in addition to the

incident plane wave, a scattered outgoing wave. In general the form of this
scattered wave is given by the series [Morse68l

An cos(no) .I0(kor) r < a
n=O

'.CrC (2.16)
'"Jt(kcos(no)[l r) + j N,,(k r} r > a
n=0

where k, is the waventimber inside the object and N,(.) is the nth order

Neumann function. The combination .J+jN, used for r> a. is to ensure that

all of the scattered energ-y travels away from the cylinder, and J. used for

r < a. i, to ensure that the scalttred ,nervy trav,,ls toward the interior of the

- .',i. cr. "l,' iilnd:,ry conditions to be imposed on the problem are the

-., ntintilv of t r,-: ure :and the axial v,,ocity a'ros'- the )bject- l iuII
interface for the case o)f ultrasmund ,nvrgy.

I.

... x=. "..'."o- "V., '-'*.4"+. - .. ,. ........... ,,................,,* , ,,
.', ",. - . . '..- .
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Incident plane
wave .esrn

S Figure 2.1
%%- The scattered field from a cylinder of radius a, illuminated by a plane

wave, is measured at the point (r,eO).
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In a visco-elastic rr.edium, the complex envelope of the radial locitv. V

and the pressure, P, are related by the following relationship

J v 1OVr =2 17)

p Or

where , is the angular frequency of the incident field. We take u. defined as

the scattered field in Eq. (2.16), to be the scattered pressure field. By imposing

the boundary conditions (continuity of Vr and P) at the surface of the cylinder.

one can solve for the coefficients An and Bn, defined in Eq. (2.16). Since we are

only interested in the scattered fields outside the object, we only bring the part
of solution for r > a, given by (Morse681

-n _N] - n in Dn cos(n0) Hn(')(kolTI ) (2.18)
n=O

where

= 2:Jn(kea) ' n(k: 0a) - a J' (kea) J,(koa)
* aJ' n(kea) Hn(l'(koa) - Jn(kea) Hn(')'(koa)

".'.-." o Ke P. ^ .
K~.p (2.20)

K P

and n is I for n=0 and 2 otherwise, Jn() is an nth order Bessf-I function, H(')(.)
is a Ilankel function of the nth order, kCO and ke are, respectively, the
wavenumbers in the medium and the object, a is the radius of the cylinder, 0 is

the angle between the direction of the incident plane wave and the line joining

the center of the cylinder and the observation point, and, finally, p and K are
the density and the compressibility constants of the medium.

When the object is lossy, k, assumes a complex value and only the
coefficients D n in Eq. (2.18) will change. However, when the medium is

attenuating (complex k), the Hankel function in Eq. (2.18) is affected as well.

P Because of the attenuation the Ilankel function dies out exponentially as a
function of IT". This is clear by considering the asymptotic form of this

function,

* f0." z! -- e ( -'2.21)

z
'his hehavir agrvvs with ,,ur p 1 ysical intutioiin of th problem. since th,

vrwrog fr,n a source should ,ecav rapidly as a function of distance.

%'%
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2.2.2 Point Source Illumination

In some reconstruction techniques, instead of illuminating the object with

a plane wave a small sized transducer is used as the transmitter. We will talk

about these reconstruction techniques in later chapters. A transducer with a
very small sized aperture can be approximated by a point source.

Assume a point source located at 'e is illuminating a cylinder with the

density Pe and the compressibility K, embedded in a medium with the density p

and the compressibility K (see Fig. 2.2). The complex envelope of the incident
field at T is expressed by

= U0 Ho(')(koIT-- 0o ) (2.22)

where kCo is the wavenumber. The cylindrical boundaries of the object,

consisting of a single cylinder, suggest the eigenfunctions to be of cylindrical

type. Using the expansion of the Hank-l function in cylindrical coordinates
[Nforsea3a, we express the incident wave in the following form

Sian(kor) Hn()(koro) r < r.
. [ Cos n(0- 0 ) (.3

n=o Jn(kcoro) Hn(0)(kCOr) r > r. (2.23)

When the cylinder with its axis at the origin is present the total field would be

the incident wave plus the scattered wave. In general the form of this

scattered wave is given by the series in Eq. (2.16). Again, the boundary

conditions imposed on the problem are the continuity of the pressure and the
axial velocity across the object-medium interface.

By imposing the boundary conditions at the surface of the cylinder, we

solve for the coefficients An and Bn, Since we are only interested in the

scattered field outside the object, we only bring the result for r > a.

Q- u (T) = X2  n jn Dn cos n(o-,o)J ) (2.24)
* n=O

where

lI,( k,, [T! J,,(k~a) V n(k,,,a) - .I' 1 kea) .1n[ k~0a)
- .,D,. (2.2.)

'' n(kfa) ftn{1)(ka) - .J,(ka) n i (ka)

where th, paranters are the same as those defined in section 2.2.1.

,..,nsidering I>. (2. Ii), (2.19), (2.21) and (2.25), we notice that the coetlicients
,, are differpnt hiy a factor of lla(k.,,, I ; nd also the argument of the cosine

[O fi i ni i n [ 1 (2 21) in,hie, '1w h, nis, l a n4' f t he tint s,,urc,,:itr.

i/~~~~~~~~~~~~~~~..!J._.'-.-...... .. ".-"..-... ..-. ....... '..:.........'.-..."..::.:--:..--'."- .'.-- '-.:....-..-...-
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* Point 0 a
source

(ro,o0)

Measuring

' ( r , O p o in t

Figure 2.2
The scattered field from a cylinder of radius a, illuminated by a point
source at (r,,Oo), is measured at the point (r,O).
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If the medium is attenuating, the same effects as we discussed in section
2.2.1 would be observed. As the point source at 7. is moved away from the
cylinder the term Hn(k 0Io[7 ) in Eq. (2.25) will decrease and the coefficients Dn
would get smaller and so would the magnitude of the scattered field, as is

expected.

2.2.3 Numerical Calculation of Scattered Fields

We have based our computer simulation programs on the expressions
derived in Eqs. (2.18) and (2.24). The field is calculated on a straight receiver

.% :line on the opposite side of the object relative to the direction of illumination.
All Diffraction Tomographic techniques in transmission mode require such a
geometry for the receiver positions. Since the amount of data required for
reconstructing the cross section of an object is relatively large, it is beneficial to
generate efficient code to speed up the computation. We have used the array
processor FPS AP120B to carry out the vectorized operations. Most of the
computational effort in our problem is spent on the calculation of the Bessel

t0 functions, Jn, and the Neumann functions, Nn. A Neumann function is the

% imaginary part of a Hankel function of the first kind, Hn(').

When both the object and the medium are lossless, we calculate the
functions JO, J1, N, and N1 by means of non-ve-torized codes available in the

JUN1X mathematical library. Higher order terms can be calculated through the
following recursive formulas [Bowman58

N+ 1(x) (2n+l)Jn() jn(x) (2.26)

x
_ and

:'.':.Nn+l(X ) = 2n l Nn(x)_ Nn-i(x )  (2.2 7)

.. " By forward recursion, with correct values of Jo(x) and J1(x), one fails to

* produce satisfactory values for Jn(x) much beyond n = x. This is due to the
large factor multiplied by Jn(x) in Eq. (2.26), which causes any initial

uncertainties and rounding errors to propagate in multiples of that factor.
Knowing that .J(x) goes to zero as n goes to infinity, one can reformulate the

* probl.in. Starting with Jn+m(x) 0 and the arbitrary Jn+m-l(x) - 1, for some

sufficientlN large m, the solution for .Jr(x) is sought by backward recurrence
.- [Fox68]. With a chec' value at some n, say n=O, the -trial" solution can be

' scaled to satisfy this condition. It should be noted that, recursive calculation of

the Neumann function does not suffer from this complication. We have

N N
% N"
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developed vectorized programs for these recursive calculations (forward
recursion as well as backward recursion), and in fact, calculation of all the
required higher order terms takes almost no time in comparison with that of

zeroth and first order terms which are calculated by the non-vectorized code.

The derivative of the Bessel functions and the Neumann functions are
calculated through the following relations [Bowman58]:

J'n(x) = I( Jn(x) - Jn + (x)) (2.28)

and

N' n(x) - "- Nnl(x) - Nn+l(x) (2.29)

When the object is lossy (ke is complex), by considering equations (2.18)
and (2.24), one realizes that only the coefficients Dn will be different from the
case of a lossless object. This means that for all possible positions of the
receiver, the coefficients Dn are fixed and need to be calculated only once for
each cylinder. Therefore the computation time for the calculation of scattered

fields from lossy objects would be on the same order as that of the losslesa
objects. According to Eqs. (2.19) and (2.25), calculation of the coefficients Dn,
requires a routine providing Bessel functions of complex arguments, so we made

use of the "mmbzjn' routine in the well known "IMSL" library.

When both the object and the medium are lossy, the computational
difficulties increase severely. This time ko, the wavenumber in the medium
becomes a complex number. This affects the calculation of coefficients Dn,

because not only Bessel functions with complex arguments are required, as in
the case of lossy object, but also Neumann functions with complex arguments
are needed as well. Unfortunately we were not able to find a routine that
calculates the Bessel functions of the second kind in any of the software
libraries at Purdue. However, after a long search for computational procedures
for calculation of Neumann functions with complex arguments, we found
several useful references [Goldstein59, Marion6l, Stegun57]. Finally, we were

- .led to the following procedure for obtaining Bessel functions of the second kind
with complex arguments.

0. To compute N(z), the zeroth order Neumann functions with complex

arguments, we use the following series

-- -.--..-..- - - - •-.-. ...-. --- - ..- -, .... .-. .. "......................- .- • . %-"%". ... %...................
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N(z) - [C + log( ) J.(z) + 2,_, - J2 ,(z) (2.30)
n=1 n

In this equation the constant C is the Euler's constant. N1(z) can be found
using the relation

J1(z) No(z) - Jo(z) N,(z) 2 (2.31)

irz

The functions Nn(z), n=2,3,.. may now be obtained from the usual recurrence
relation.

Np+l(z) = 2 p z Np(z) - Np 1 (z) (2.32)

Although the calculation of No is very expensive, higher order terms are simply
calculated from Eqs. (2.31) and (2.32). Thus, in principle, the calculation of
scattered fields for attenuating objects and media is not much more expensive
than that for the case of lossless material, when non-vectorized code is used in
both cases.

As mentioned, in the case of a lossless medium, our computer program is
developed so that the zeroth and the first order Hankel functions are calculated
using non-vectorized routines and then fed to the FPS-AP120B array processor
for vectorized calculation of the higher order terms. An attempt to implement
a similar program for Bessel functions with complex arguments failed due to
the complex nature of the algorithm. With more work, the calculation of
Neumann functions could be vectorized but since it can only speed up the
calculation by a factor of two (the calculation of Jn(z) could not be vectorized)
we do not think it is justifiable.

The computer program developed was used to generate the scattered fields
from a cylinder with diameter of 6 wavelengths illuminated by a 5 MHz plane
wave. In Figs. 2.3 and 2.4, we have shown the magnitude of the scattered field
from a lossless cylinder with the solid line and that for a lossy cylinder with the
dashed line. The object's refractive index is of 1.1 and 1.5, respectively. In
both cases the cylinder is embedded in a lossless material and the receiver line
is 10 wavelengths from the center of the cylinder. Considering these two
figures. one observes that while the field magnitude decreases in the presence of
the attnuation in the object, the overall structure of the scattered field does
not change appreciably.

In Fig. 2.5, we have shown the effect of an attenuating medium on the
scattered fields from an object. The solid line in Fig. 2.3 represents the
magnitude of the scattered field from a losless cylinder with diameter of 6

% N A. kA*
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wavelengths and refractive index c 1.1 embedded in a lossless medium while

the dashed line corresponds to the case where the attenuation constant of the

medium and the cylinder are both 2.5 db/cm. In each case an attenuating

plane wave was incident on the cylinder and the field was measured aiong the
receiver line, 10 wavelengths away from the cylinder. Fig. 2.6 reflects the same

information for a larger refractive index of 1.5. These figures show that not

Ui.ly the attenuation causes a iarge loss of energy but it also causes the field on
the receiver line to be multiplied by a smooth, bell-shaped window. This
window is due to the direct relationship between the attenuation of the field

and the range of propagation.

Figs 2.7-2.10 show the same information as in Figs 2.3-2.6, while the
incident plane wave is replaced with a point source 10 wavelengths away from
the cylinder.

2.3 Scattering from a Multi-component Object

One can, in principle, obtain the exact solution to the wave equation for a
multi-component object provided one is able to solve the boundary value

problem for the entire object. In practice it is not possible to do so even for
two- or three-component objects, and one must take recourse to computational

procedures.

For calculating the scattered fields, a major source of difficulty with

multi-component objects is dealing with the interaction between the various
components. Depending on the interaction between the components, the total

scattered field may or may not bear any resemblance to the simple sum of the
scattered fields for each of the components, assuming the others to be absent.

In this section we have presented a new computational procedure for

calculating the inter-component interaction. With the computer programs
developed to date, we now are able to generate the scattered fields that are not
limited by the first order assumption. Although the results shown will only

include the second order fields for a multi-component object, the computational
procedure can easily be generalized for higher order scattering effects.

sa In what follows, we have first briefly reviewed the basic theory of multiple

cattering (Secti)n 2.3.1). This is followed by the discussion (,f the
(oif, putati n ial prwedure for the calculation of the multitple scattering effects

-*,. (ectin, 3.2). R lesults on t\,) ",vnpnntt o-je.ts ar, s wn in S,,ction ""'2 8 '
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Magnitude of the scatte-ed field from a cylinder of radius 3 Xk and refrac-
tive index 1.1 (embedded in a lossless medium) illuminated by a point
source 10 X away from the cylinder, measured on the receiver line at a dis-
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r 2.3.1 Review of the Bas5ic Formulation of Multiple Scattering
We have based our algorithms on basic theory in which the scattered field

is expressed as an infinite suimmati'or) of different order terms [Ishimaru78].
First order fields are obtained by considering the interaction of the orig-inal
incident field with each component, assuming the others to be absent. First
order fields caused by one component when incident on the other components
generate the second order fields, and so on.

The basic element3 of multiple scattering theory that we will use in our
computational modeling will now be explained in detail with the help of a two
component object (The approach is easily generalized to more than two
components). Fig. 2.11 shows a two component phantom being illuminated by
a field denoted by u-(T) (In the absence of the phantom the field everywhere will

* be uinY)). We will use u(-Ya) to denote the actual field at a point (ia,) as shown in
the figure. ufr,,) is equal to

u(Ya) = Ui(Ya) + 0,(-r,) + OJfa) (2.33)

where 61(Ya) and 024fa) are, respectively, the scattered fields at T. caused by the
phantom components 1 and 2.

Let ui,,,(r) be the incident field at the center of the i' component, and let
o,(r,3.Yj) be an operator function such that when it is applied to the fields
incident c~n the scattering component at T~, it generates the scattered field at
the observation point -F,, In terms of o,'s, 01 and ~2are given by

i=,) 00 )"n r)i1,2 .(.1

Substituting (2.34) in (2.33), we get

i i (Y) ui()r + oJ-+ of1)u)u ncC) + (2.35)

The field incident at the site of each scatterer may be expressed as

11: c(Ti) u1(f1) + oE1)1;(T) .(2.36a)

u in, 2  Ilirrf) + o(*r. 2 i)1ffj . (2.361))

Suihstituiiii (2.36a0h) in (2.3.). %%1 got

r .,!r)r~i~1 ( ? i F (2.37

If uh gan~ ~ ttute (2 36:1,h) in (2.371, v.' i i Owy fI in, v,\1rfs,'i

SiL
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Figure 2.11
A two component phantom illuminated with incident field u,(f).
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, .)

U(") U+ 0 0(,i1+) O ( -i)Ui( ) +)Ui ,,)

+ os-a]rl)os'fri '2 )Ui(-FoC ) -+ Osl ?1)-)O'- 21 ')Ui(-,)

,..-+ o.,( rr)orr-,2) _-ql,l li, ,  )
+ °s(' - 2 )Os Y2 Y)os(Yi- 2 (Uinc(-'fi) (2.38)

A more compact way to express the above equation is

u(ra) = Ui(ffa) + Ufirst-order(a) + Usecond-order(7a)

+ Uhigher-order(a) . (2.39)

The quantities Uflrst-order, Usecond-order and Uhigher-order represent the first order,

second order, and higher order contributions at the observation point -e. These

are given by
Ufirst-°rderTa) "O s (Ya ")Ui(Y) + Os(YaI" 2 )Ui(-o) (2.40a)

Usecond-order(T.a) Os al r 21)Os( I rl)Ui(i)

+" Os(--rl) 2)UFT2) (2.40b)

Uhigher-order(-e) - Os(-Fa .i)Os("i I Y2)Os("2j )ui nc(-1)

+ o (2.40c)

In Fig. 2.12, we have shown the first and the second order scattering processes

for a two component object,. For the first order scattering, each component
interacts independently with the incident illumination, being oblivious of the

existence of the other. To compute the second order scattering terms, each

component interacts with the fields sent in its direction by the other

component, and so on.

* To compute the second term in (2.39). which is given by equation (2..la),

.we require owral u), where is the location of the scatterer and T, the

• - observation point. \\hen the components are cvlinders -- in Fla. 2.12. and

when the illuniinvt imn field is 'I pl:ne wave, the oper:itn(r is OKiv('n by the

- *'qr,,-,i,,' ii 1.1 :'l '2.1 '). \W hen ihe s,()ur(e of illuniinatin is a point source. ,)i,

,h(,ild ,nc ild ,r i exprossion in |' . (2 21) in.t,,l.

,%Z.
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FIRST-ORDER SCATTERED FIELDS AT T.

Receiver
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-~ SECOND-ORDER SCATTERED FIELDS ATT.

Figure 2.12
This figure depicts the first- and the second-order scattered fields for a two
component object.
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2.3.2 A New Procedure for Computing Multiple Scattering

In this section we will use the notation k. for the wavenumber in the
medium, and assume that there is no attenuation present in the medium. The
reason will be explained in a later section (2.3.4). We can directly use Eq. (2.18)
or (2.24) to compute the first order scattering term in (2.40a); it is the
computation of the second and higher order terms that poses difficulty. The
computational procedure presented in this section addresses the calculation of
the second order term as given by (2.40b). Generalization of this procedure for
computing the higher order scattering effects is straightforward.

By using (2.18) or (2.2-1), we first calculate the scattered fields as generated
by the interaction of the incident field with the first component on the line AA'
as shown in Fig. 2.13. For this purpose, we choose a new set of Cartesian
coordinates denoted by ( ,I) such that the q axis is along the ;ector from Y1 to
T2. The origin of the new coordinate system is at the midpoint between TY and
.-- the position vector for the origin is therefore given by

T. (2.41)
2

We will use A(a) to denote the Fourier transform of the scattered field on this

line. It is given by

A(a) f o ( ,I,017i) uj(Y1) e d (2.42)

In terms of the Fourier transform A(a), the field at any point in the half space
'7>0 can be expressed as

% ,-.lf -,ifi f ,\((i) ("'da (2.4.3)oJ ,T) 2 ir2 _

""" where (' = (a k0  -a 
2 and R is the rotational transformation applied to the

S-i coordinates to position it along the x-y coordinates (see Fig. 2.11). Note

Sthat a is the component of R', and 'Vk,--(I the q/ cormponent.

\Vhen the magnitude of a exceeds the waveniuml,,r k, the component )f
_ in the q/ (irection becomes imaginary. 'he c(,rr(-.,,,nling wave ,,ompnents.

a!l,d ,', , ,nt wave., will be attenuated as thwv trav Il in v direction: the
laraer the value of ., the gratfr the :attenu:tion l ,vmnI :ad t-nce of :abo)lt

10 wVavelengths from the solr( the (v ,ct %w:iv%,- :irn i--,llv iil1nin rploml.

0 '
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Receiver
line

cylinder 2

A

cylinder 1

Figure 2.13
To calculate the second order scattered fields, the scattered fields on line
AA' as generated by cylinder I is decomposed into plane waves.
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* Figure 2.14
A new set of Cartesian coordinates ( ,q) is chosen such that the Y?-axis is

alog te vcto frm V toi'~and the origin is at the midpoint between

V-F, and F?2 . R' is the wavenumber vector in the new coordinates and
(-)is the vector position of the point i' in the new coordints
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For digital implementation, we rewrite equations (2.42) and (2.43) in the
following discrete form

.2 i

Am~ A o 5(nAl 17=0 ri) ujfE) (2.44)

n=N

N

0 rl rl) V Am (2.45

wher A is he ampingintrva inthedirection, and N is the total number

The operatio~n in (2.441) can be implemented as a Fast Fourier Transform
(F FT).Whe th arumet ofthesqure-ootbecmesnegative, the

m
~~~~~~~~~~inthe t direction. Tht ptalfeunyofwiei n erge

the 2 diecin will be.reton hateamplin n tefatrvlidtemndbtecoc fth extnt towhc
h$c~ig-'he the mpta rqec nte drciniteasremtet. he parameateri
the q iecto a il vaubierag.rm0 1:we ti

* -eqalTo he sampling interval wsdtrilld b suich as to!cld the evesent hc
C,- W6iheni s qa to 1,cid tll evanescent waves wil bheasuimnld. e obamtin

A by u.sing the following equality

T[he left han keI teateuto suffered by the ovnescent Nv:ive,
(haract 'rizedl by thei highest spat ial freqlivnWV along th 11 F i1rect ion. AZc can be
Calcu(nlated from (2.47) to be

-tr~- - ,
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7. =(2.48)
)22:2 In-2

T[ i - J2 + ko

For -1 equal to 1, this expression yields a value of X/2 for the sampling interval,
a result that is intuitively justifiable.

It is less possible to be analytic about the choice of N, the number of data
points on the axis. The interval between the samples in the angular

spectrum is determined by the total number of sampling points N. This
sampling interval, and therefore the value of N, should depend on how flat or

sharply peaked the angular spectrum representation is. Ideally the best choice
for N is that for which no undersampling occurs in the discrete representation

of the angular spectrum.

The second order scattered fields on the receiver line may then be

determined by applying the formula in (2.18) and (2.2-1) to each plane wave
component. Therefore,

N
0. --)sr -lui-l

"-r-. IaX r _J N
..M

x [expr. in eq.(2.18) or (2.24) with T replaced by 74 (2.49)

Third order scattering terms can be calculated in the same way: this time the
second order fields are first calculated on the line AA instead. of the receiver

line; and then decomposed into plane waves. The only harrier to' the
calculation of higher order terms is the computer time involved.

Although the rate of convergences or the series in Eqs. (2.18) and (2.21)
are dependent on the change in refractive index, it is much more sensitive to

-". the value of real(ko)a, the higher the value of real(k,,})a is, the slower the

conw rgence. In all the computer simulation results sho-n in this paper, the

number (,f tern retained on the right hand side in t.qs. (2.18) and (2.2.1) was

100. this number being more than adequate to) render tlie truncation error-
negligible in all cases of interest to ,is. Although we (tmild have used fewer than
100 terms without sacrificing accuracy foir some values of real(k, 0 ia and other

parameters, due to the programming requirements of the Floating Point Array

, % %',I Z,

,il °,
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Processor (.AP120B) that was used to generate the results, we preferred using a

fixed number of terms.

If we only compute the second order contributions to the scattered lield,
the computing effort required is proportional to O(KNM2 ) , where K is the

number of terms retained on the right hand side in Eq. (2.18) or (2.24), N is the

number of plane wave components in the expansion of the fields on line AA',
and M the number of object components. For a two-component object, the

CPU time was less than 1 minute. For computing higher order scattering
-contributions, the computation time is proportional to O(KNMq) , where q is

the maximum order of scattering included in the simulation.

2.3.3 Numerical Results on the Calculation of Multiple Scattering

Although the results shown will only include the second order fields for a

multi-component object, the computational procedure can easily be generalized
for higher order scattering effects.

.- \We will now show the results obtained with the computer implementation

of the procedure discussed in the preceding section. In this section, all our

results are on two component objects, and only the scattering contributions up.

to the second order have been included. When the ratio of back-scatter to

forward-scatter in a two eompnent object V, smail. which happens when the

components are large compared to a wavelength, the scattering contributions of

ordcrs h ;hc (1',I, two become negligible. This condition is satisfied in a

majority of the simulation results shown; while for others, computational
expediency was our only reason for not going beyond the second order scatter.

We should like to add that even when the object components are large, it may
still he necessary to include the higher order scattcring terms if there are more

than two components involved.

The results shown in Figs. 2.15 through 2.17 and 2.20 through 2.26 are for

different situations with regard to whether the components do or do not block
-0- each other, their sizes, and the deviations in their refractive index values from

the background. Our intention is not to inundate the reader with a large

number of plots. The plots were selected either bacause they illustrate how

rapidly the higher order scattering contributions become important as the
( ,,)it rolling pa ranictcr (refractive index deviation, diameter, etc.) was changed

incrementally over one or two steps. ,r because they represented different
situations such as the coimponents blocking or not blocking each other, etc.

* - * -"-I

J,.. -
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There are four plots for each case considered in Figs. 2.15 through 2.17
and Figs. 2.20 through 2.26. Plots labeled (a) show the scattering geometry,
such as the position of the cylinders relative to the receiver line (the vertical
line on the right) and their sizes. The incident plane wave travels from left to

right parallel to the horizontal axis. Note that the vertical and the horizontal
scales have been normalized by the wavelength.

Interpretation of plots labeled (b) requires some care. To explain what
different segments of these plots stand for, we define Unm as follows,I'sfaia)u1(-r) n m

.,',' ;"Unm('0a) - oTa F ) 0ro s m -n) ui(Yn) n m (2.50)

t 5;; where 7 a is a point on the receiver line. Therefore, Un is the singly scattered

wave from object n, and Unt is the doubly scattered wave generated by the

incident field first striking the object n, the resulting scattered field then

hitting object m, and the subsequently scattered field reaching the receiver line.
0 Plots labeled (b) show the magnitudes of U,, , U712,, U.,2 and U22 over the

receiver line (the vertical line on the right in plots a). simply plotted one affer
another on the ,ame axis. In plots labeled (c) the solid line show, the

2 2

magnitude of u.d = _ _ (the singly plus doubly scattered field)
n=1 m=1

"'. -, whereas the dashed line represents the magnitude of u1 = n t4n (the singly

scattered field). In plots labeled (d), the solid line represents the phase of Usd,

whereas the dashed line represents the phase of t.i The phase plot is shown

only over the middle part of the receiver line in order to avoid the oscillations
near the ends of this line which detract from the effects we wish to highlight.
It should be noted that, the subscript I is always used for the cylinder residing
on the left or at the bottom (compared to the other one). Also the starting

0 point of horizontal axes in plots labeled (b) and (c) corresponds to the top most
point on the receiver line depicted in (a).

The cases that we have studied can be divided into two categories. In one
the cylinders are in line with the direction of illumination, and therefore are

, blocking each other. In the other category, the cylinders are not in the shadow
of their partners. All the studies in diffraction imaging assume either the Born
or the Rvtov approximations as the first step. Although the [? tov
approximation is considered to be superior to the Born approximation to some
extent, they both impose a severe restriction on the maximum allowable

% , %
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change of refractive index of the object. The Born approximation implies that
the total field inside the object can be approximated by the incident field
However, the doubly scattered field .'1 2 (the scattered field of the second
cylinder when the incident field is assumed to be the scattered field of the other
cylinder) will be negligible only if the total field incident on the second cylinder
is close to the original incident field. Therefore we expect that long before the
Born approximation breaks down for each cylinder, the effect of double
scattering should become large enough to distort the received field. This is
borne out by the computer simulations discussed in what follows.

Figs. 2.15, 2.16 and 2.17 show the results for the refractive index changes
of 1. 3 and 5 percent, respectively. The cylinder diameters were 6X for all
thesp cases. In plots labeled (b), the reader may wonder about the large
magnitude of U12 in relation to that of tT1 . Since the refractive index
variations in the object are small, the reader might rightfully expect the
magnitude of the summation U11+1'12 to be close to that of U11, and might
therefore find a contradiction in the large values of U1, shown. However there

0 is no contradiction. Since the summation of U1, and U1 2 is in the complex
domain, even if the magnitude of U12 is larger than U11, the magnitude of the
sumriiation of the two may indeed be very close to that of UH, This is
illustrated in Fig. 2.18, where we have assumed a large angle, 0, between Il,
and U, 2. This angle can be expected to be large when dealing with object
components that are large compared to a wavelength, this being caused
primarily by the differences in the speed of propagation between the second
component and the background. To show that indeed this is the case, we have
chosen Fig. 2.17, which is the worst example amongst Figs. 2.15, 2.16 and 2.17
in the sense that it is characterized by the largest I U21 /I U1 I and plotted in

Fig. 2.10 the magnitude of the fields U,, and U,, +U 2 on the same scale. As
was expected, the difference between I U, +U 2  and I U,,I is small.

- In Figs. 2.15, 2.16 and 2.17, a simple comparison between the solid and

dashed lines (single plus double scattered field versus the single scattered field)
in plots labeled (c) and (d) reveals that a 3 percent, change in refractive index is

enough for the double scattering effect to change the total scattered field
* completely. Although the magnitude of the field does not change considerably,

the deviation in phase is as high as - U Usually the Born approximation is

assumed to hold when the change in the phase of the incident field going
through the objoct is loss than 27-. In figures 2.9, 2.10 and 2.11 the approximate

phase shift for each cylinder at a point on the axis joining the center of the

%
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.-., U components of the scattered field on the receiver line, plotted one
after another. c,d) Magnitude and phase, respectively, of the scattered
fields are shown by the solid line when the second order contributions are
included, and by the dashed line when these contributions are neglected.
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Figure 2.17

A comparison between the fields on the receiver line when the second ord-
er contributions are included in one case and neglected in the other. Di-
ameters and refractive indices of the cylinders are 6 X and 1.05, respective-
ly. a) Geometry of the simulation. b) Magnitudes of U1, U12, U", and
IU, components of the scattered field on the receiver line, plotted one
after another. cd) Magnitude and phase, respectively, of the scattered
fields are shown by the solid line when the second order contributions are
included, and by the dashed line when these contributions are neglected.
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Figure 2.18
A special case of the summation of different order vectors of scattered
fields. Even if tbe magnitude of the second-order contribution U 2  is
large compared with that of (U11), the magnitude of the summation
(t/ ,I+ U, 2) may still be close to that of (U1 1), especially when the phase
angle 0 is large.
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cylinders is respectively - - and 2 Therefore the total scattered field
10'3 2

gets "distorted" long before the phase shift along the length of the objects
reaches the limit of 2r. In Figs. 2.20, 2.21 and 2.22 the change in refractive
index is one, two and three percent, but the objects are taken to be larger in
size, 9X to be precise. This time a two -,.rcent change seems to be the upper7r "2, 3'r

limit. The phase shift in each cylinder is now and

In Figs. 2.23 and 2.2.1 we have changed the position of the cylinders to see
the effect when they are not in each other's shadow. The refractive index of
the cylinders is taken to be 1.05 and 2.0, respectively. It is quite clear that

multiple scattering has a very small effect on the result in this case. even for
very high refractive indices of the object components. This is expected because
the object components are large and thus forward scattering. However, even
when the size of the cylinders is decreased in Figs. 2.25 and 2.6., no significant
change is oh.erved (refractive indices were respectively, 1.05 and 2.0 in those
figures). Since the scatterers are not directional in this case, the scattered

• energy spreads out in all directions every time a wavefront hits a component.

The multiple scattering effects are minimal in this case because the energy in
the doubly scattered fields is much lower than that contained in the singly
scattered fields, due to the two isotropic scattering interactions involved in the
former, compared with a single such interaction in the latter.

2.3.4 The New Procedure in an Attenuating Medium

Although the algorithms for calculating the scattered fields from non-
attenuating cylinders and media were easily extended to lossy objects and
media, the same is not true for calculating the scattered fields from multiple
cylinders in a lossy medium. This limitation is due to the special characteristic
of the angular spectrum expansion technique in a lossy medium, as discussed in
section 2.1.

0 In the case of an attenuating medium, it is not possible to associate the
Fourier transform of the field with uniform attenuating plane waves. Tho
Fourier components represent non-uniform plane waves which possess different
(dirctions of propagation and attenuation. The interaction Cf these non-

uniform plane waves with cylindrical objects can not be formulated as before.

Xssume the scattered field from a cylinder is calculated on the line x =0
and is expanded into non-uniform plane waves propagating towIrd a second

cylinder. The aim is to formulate the interaction of these non-uniform plane

O.J
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Figure 2.22K. A comparison between the fields on the receiver line when the second ord-
er contributions are included in one case and neglected in the other. Di-

0. ameters and refractive indices of the cylinders are g X and 1.03, respective-
ly. a) Geometry of the simulation. b) Magnitudes of U11, U12, U21 and

W~U22 components of the scattered field on the receiver line, plotted one
after another. c,d) Magnitude and phase, respectively, of the scattered
fields are shown by the solid line when the second order contributions are
included, and by the dashed line when these contributions are neglected.
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.'*. Figure 2.24.-.,.A comparison between the fields on the receiver line when the second ord-
i: er contributions are included in one case and neglected in the other. Di-

'i. ameters and refractive indices of the cylinders are 6 X, and 2.0, respective-
:--'.-:lI, a) Geometry of the simulation. b) Magnitudes of U11 , U12 , U2 ! and

components of the scattered field on the receiver line, plotted one
after another. r,d) Magnitude and phase, respectively, of the scattered
fields are shown by the solid line when the second order contributions are
included, and by the dashed line when these contributions are neglected.
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Figure 2.25V. A comparison between the fields on the receiver line when the second ord-
er contributions are included in one case and neglected in the other. Di-
ameters and refractive indices of the cylinders are 0.4 X and 1.05, respec-
tively. a) Geometry of the simulation. b) Magnitudes of U11, Un2, U2,and U,, components of the scattered field on the receiver line, plotted one
after another. cd) Magnitude and phase, respectively, of the scattered
fields are shown by the solid line when the second order contributions are
included, and by the dashed line when these contributions are neglected.
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Figure 2.26
A comparison between the fields on the receiver line when the second ord-
er contributions are included in one case and neglected in the other. Di-
ameters and refractive indices of the cylinders are 0.4 X and 2.0, respec-
tively. a) Geometry of the simulation. b) Magnitudes of U'1, 114, Uqj

and U,". components of the scattered field on the receiver line, plotted oine
after another, c,d) Magitude and phase, respectively. of the scattered

fields are shown by the solid line when the second order contributions are
included, and by the dashed line when these contributions are neglected.
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waves with the second cylinder. The mathematical expression for one of these
plane waves can be written as

U(X,V) = e( k + k. (2.5)

where ky has a real value. k× would be complex because of the following
relat ionsh ip

k= k 2 -k 2

kXr + j kX, (2.52)

If the position of the point (k,,.k,) is defined by (klO) in cylindrical coordinates

Eq. (2.51) can be rewritten in the following form

ui{) [0  e
j k1 r coss( 0) e ' (2.53)

where (ro) are the coordinates of the point (x,y) in cylindrical coordinates.

To solve the boundary value problem, one has to expand the incident field
, . in terriv of (% indrical basis functions. The result is

= o .jn Cos n0-o) Jn(kiri x cos(n0) i(kXr) (2.54)
K . o o

where I (=JJJn) is the modified Bessel function.

Because of the complex nature of the expression in Eq. (2.54), it is quite
difficult, if not impossible, to impose the boundary conditions on Eqs. (2.16)
and (2.54) and solve for the coefficients An and Bn. Therefore, we can not
account for the interaction of the plane waves generated by the angular
spectrum expansion with the object components. This conclusion suggests that
the extension of our algorithm for the calculation of scattered fields from
multi-component objects to the case of a lossy medium is not feasible.

2.4 Test of Numerical Results

A simple test of validity ofthe simulation results is to check whether the
calculated scattered fields satisfy the wave equation. Due to the Hluygen's

principle when a field is known over a line in a two dimensional space, it is
-6: j known over the whole space. However, to test a numerical technique, one ha.

Lo;.to check the validity or the result over the ranige of int,,rest and prove the

numerical stability of the technique. To test our computer programs for
calculation of scattered fields, we [nade use of the fornmtiiation of propagation
of the angular spectrum (see section 2.1). We first calculate the scattered fields

4

S,°,
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along the line x=xl and then propagate it to the line x =x, using the
formulation in Eq. (2.9). This field is then compared to the one directly
calculated by our program along the line x=x,. We choose the two ranges x,
and x2 to be at the two extremes of the range of interest, to make sure that the
field generated by our program in that region satisfies the wave equation.

Although there is a possibility that the fields calculated do satisfv the wave
equation but do not correspond to the exact problem the algorithms are
designed for, one should consider its very low probabilit.

The solid line in Fig. 2.27(a) shows the magnitude of the scattered field as
calculated by our program along a line 13 wavelengths from the center of a
cylinder when it. is illuminated by a plane wave. The dashed line shows the
field which is first calculated 4 wavelengths from the cylinder and then
propagated to a distance of 15 wavelengths from the object using the
formulation in Eq. (2.9). The phase information is reflected in Fig. 2.27(b).
The attenuation in the medium is assumed to be 3.5 db/cm. Notice that the
two calculated fields match exactly and the dashed line may not even be

Srecognized in this figure.

In Fig. 2.28, we have shown the same information as in Fig. 2.27, except
that the incident plane wave has been replaced by a point source. The point
source was positioned on a line parallel to the receiver line 10 wavelengths
away from the cylinder and 3 wavelengths off axis. Again the two calculated
fields are very close.

For testing the program that calculates the scattered field from a multi-
component object, we chose the geometry in Figs. 2.1.5, where the components
block each other, and the one in 2.23, where no blocking occurs. We chose the
incident field to be a plane wave; however, a point source illumination could
have been used as well. In Figs. 2.29 and 2.30 we have shown the same
information as plotted in Figs. 2.27 and 2.28, while using the geometry of Fig.
2.15, with the refractive indices of the components being 1.1 and 1.5,

,. respectively. Figs. 2.31 and 2.32 are generated for the geometry used in Fig.
2.23.

Since the fields calculated by the method of propagation of the angular
spectrum are very close to the ones calculated directly, we have been persuaded
that our compulter programs are error-free.
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CHAPTER 3

INVERSE PROBLEM

In general inverse scattering is a much more complicated problem than the

forward problem. Inverse scattering techniques are usually accompanied by

severe restrictions on the different parameters of the system under

consideration.

Small perturbation solutions for diffraction reconstruction techniques were

initiated in 1969 by Wolf [Wolf69]. He proved that when a monochromatic

plane wave is incident on an object, the Fourier transform of the scattered data

measured on a receiving planar aperture and the Fourier transform of the

object function are linearly related. Dandliker and Weiss obtained similar

results for three-dimensional reconstruction [Dandliker70j. Carter used this

method for reconstructing refractive index distribution by using holograms to

record the scattered fields in the Fresnel zone of a semi-transparent object

[Carter70]. In spite of many experimental problems, his results were quite

promising. Iwata and Nagata addressed some of the limitations of this

approach and proposed a cylindrical receiver line vis-a-vis the straight line (as

suggested by Wolf) for small objects [Iwata75J.

Some theoretical inverse procedures for reconstructing weakly

inhomogeneous objects have been recently derived by several researchers. A

*' three-dimensional inverse scattering scheme for a spherical recording aperture

enclosing the object was derived by Ball et al. [Ball801. They considered

monochromatic spherical wave sources for the object insonification and point

receivers for the measurement of the scattered field. Norton and Linzer

[Norton8l] have considered broadband insonification to derive reconstruction
6. meihods 'or planar, spherical and cylindrical gonretries.

\iMueller et al. employed the method suggested by WoIt to implement a
cross-sectional reconstruction scheme for imaging the refractive index of objects

[Mueller79j. They have shown that a coverage of the object's Fourier

transform function can be ac hieved by nasuring the scattered field on a

.::A-A.2
i-p
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receiving line for different rotational positions of the object over 360 degrees.

This method provides the values of the object's Fourier transform on a set of

arcs, while for reconstructing che object function through the discrete Fourier

transformation on a digital computer the values are required on a two-

dimensional rectangular grid. Different interpolation techniques have been used

for this purpose [Pan83, Kaveh79a]. Devaney [Daveaney82] has derived a

method, which he has called the Fourier back-propagation algorithm (similar in

spirit to Fourier Back-Projection for straight ray tomography), to avoid

interpolation errors. A drawback of this approach is its extensive demand on

computer time. A similar approach has been followed independently by

Soumekh et al. [Soumekh83].

Nahamoo and Kak [Nahamoo82, Nahamoo84 generalized the technique of

diffraction tomography as presented in [Mueller7] to derive a new scheme

which, in principle, permits the use of any type of insonification, as opposed to

only the plane wave type which is experimentally difficult to generate. With

this approach, the requirement that the object be viewed over 360 degrees is

replaced by the need for merely two views, which ideally should be 90 degrees

apart (however, that is not strictly necessary). For each of these two views the

method requires independent traversal movements for both the transmitter and

the receiver on two parallel lines in the plane of the cross section.

Devaney has recently taken an approach similar to that of Nahamoo and

Kak in applications dealing with geophysical imaging [Devaney84]. He has

considered the case where the transmitter and receiver arrays are perpendicular

to each other and has derived the corresponding point spread functions.

Kenue and Greenleaf [Kenue82] extended the approach of Mueller et al.

[Mueller79] to the multi-frequency case. They have shown that by measuring

the projections at more than one frequency, one can reduce the number of

views required and thereby higher speeds in data collection may be achieved.

Note that the total amount of data collected remains basically the same,

because for each rotational position of the object, each projection must now be

recorded at different frequencies. It is suspected that in the experimental

implementation, the frequency dependence of tissue attenuation might become

a source ot difficulty for this method.

Recently Johnson et al. f.JohnsonS3, Tracv83, JohnsonS4] have suggested a

method based on solving systems of nonlinear algebraic equations that are

derived by applying the method of moments to a Sine basis function expansion

of the fields and scattering potential. Although it, seems that the limitations of

this approach is quite similar to that of the Born approximation, the domain of

0'P
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applicability of this approach still remains to be proved.

In section 3.1, we have reviewed the bascis of the interaction of a wave
with tissue, the integral representation of the scattered field and the two well

, known weak assumptions: the Born and the Rytov. The conventional

Diffraction Reconstruction technique is discussed in section 3.2, and the
extension of the technique to the case of an attenuating medium examined.

We review the mathematical derivation of the Synthetic Aperture technique in
transmission mode [Nahamoo82] in section 3.3. The theory is extended to the

reflection mode in that section and it is proved that if the reconstruction
technique is utilized in both the transmission and the reflection modes, for a

single view of the object one can recover the object's Fourier transform inside a

circle of radius 2k. (k. is the wavenumber). Finally in section 3.3.3 the effect

o" attenuation on this technique is considered.

3.1 Formulation of the Problem

The interaction of sound with a medium forces the particles of that

medium to be displaced from their equilibrium positions. The elastic restoring
forces combined with the inertia of the particles lead to an oscillatory motion

of the medium. A mathematical description for the propagation of sound in a

medium can be derived by formulating the principles of the elastic properties of
the medium and setting up an equation of motion for the particles in the

medium.

3.1.1 Interaction of Wave with Tissue

We only consider the longitudinal component of the sound wave, assuming
' the traversal components get damped because of the fluid structure of the

medium and the object under consideration This is usually true for tissue
because of its high fractional water content. Based on this model, the equation

of motion is given by [\lorse68],

P t) -VP(Tt) , (3.1)

where V and P are velocity and pressure fields, respectively and p is the local

dpnsiltv or the fluid. The equation of state of the fluid near the equilibrium
state (smal l amplitude disturbances) is

":" = p T~t aprt) ) (3.2)
______~ t c3PrYt

,.: 0t 0 t

where K is the ,'(,niplhx compressibility of the viscous fluid. The local variatiOn

%'
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of density is related to the flow of fluid at each point by the equation of

continuity as given by

=P(Yt) - (pt) V VY, t) (33)
09t

By combining the three equations of motion (Eq. (3.1)), state (Eq. (3.2)), and

continuity (Eq. (3.3)), we come up with the following wave equation.

I VP"Ot) Kf_ ,t ap(rt)

+ 9t 9t t (3.4)p(r, t) p(',t) K(rt) p(r, t

The last term on the right hand side of this equation is the difference between

the percentage change in time of p K and p multiplied by the percentage

change in time of p. This term being small compared to the first term on the

right hand side of Eq. (3.4) is usually neglected. For a single frequency case

with P(?,t) = u(- e t, we obtain

v7 -- u(r + 1(Tr) W2 U r 0 (3.5)

The wavenumber is defined as:

kCo = Po K , (3.6)

where p0 and tco are the density and the compressibility of the fluid at

equilibrium, respectively. When the fluid is lossy the compressibility, K.,

becomes complex and so does ko

If we introduce the notations

pVT) - po
"7p(r- = - (3.7a)

pCrl

and

,(r, - K,
.- =(3.7b)

and make tise of definition of k, in Eq. (3.6), we can rewrite Eq. (3.5) in the

following form

.,

% %
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.. [ -t ] VuVr + " ] =o(3.8)

By massaging the equation above, we get the final form of the wave equation

(72 + k~o2) uF 2 - k"o [n()-lI u(-) + Vr(,,"rl Vu(T) (3.9)
PO

where the refractive index n(-?) is defined as
~~n (r PY)Kt (3.10)

In most practical situations the second term on the right hand side of (3.9)-" is neglected and the following simpler linear inbomogeneous Helmholtz equation

is used
(72 + k -F(T) u(T) ,(3.11)

where the source function FfF) is defined as

F (F) = ko [n2 -[(-I . (3.12)

In all the simulations considered in our study, the density function p(") is
assumed to be equal to po, so that 'yf) becomes zero and the last term on the
right hand side of Eq. (3.9) vanishes.

3.1.2 An Integral Solution

The aim is to convert the differentiil equation (3.11) to an integral
equation. An elegant description of this problem can be found in [Morse53],
while in here we only bring a brief summary of the approach similar to that
covered in [Nahamoo82].

The wave equation as given in Eq. (3.11) does not provide a complete
definition of the problem unless it is accompanied by the boundary conditions

-l which specify the behavior of the field on the surface that encloses the medium.
-" The boundary conditions can be expressed in terms of the pressure field and

the normal velocity at the boundary. Since the velocity is related to the

derivative of the pressure according to Eq. (3.1), the pressure field and its
n rmal derivative at the boundary are usually employed to express the

S . boundary conditions.

In practical cases, the boundary consists of partially rigid or flexible
materials, while on some part or it a velocity distributi is generated by the
transmitting transducer. A general representation of such boundary cond it m(ns

is given by

"% % %

d:..
.1' -". ' % .""."" "-' ""- """" ' " ,. . "" " ' - ' "" " ' """" " " :" ' ;"":"":"' -- "
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VBU(-iB) • B-fB) + Z(B) U(-fB) factive(TB) , (3.13)

where 1B is a point on the boundary, -fiB(-fB) is the unit vector normal to the
boundary, z(*B) represents the reaction impedance between the medium and the

boundary and factiveiB) is a function which is non-zero for the active part of
the boundary. For a transmitting transducer, z(fB)/jkopoc o represents the
impedance of the transducer and f2,iefB)/jkoPoCo is called the driving velocity

- of the transducer.

The wave equation given in Eq. (3.11) is called inhomogeneous because the
right hand side of the equation is non-zero and represents a distributed source
of energy. The wave equation is called homogeneous if the function F(r) is
identically zero everywhere. Since the function f tie(-B) contributes to the
production of the field almost in the same manner as does F(r), it is
appropriate to name the boundary conditions similar to the wave equation.

: Homogeneous boundary conditions are associated with factive(-B) being
* indentically zero, while a non-zero factive(-B) represents inhomogeneous

boundary conditions.

The unique solution of an inhomogeneous wave equation with the
associated boundary conditions is the sum of two components. One is the
solution of the inhomogeneous equation for the homogeneous boundary
conditions, while the other represents the solution of the homogeneous equation
for the inhomogeneous boundary conditiohs. Clearly the sum of :hese two
solutions will satisfy both the inhomogeneous wave equation and the
inhomogeneous boundary conditions.

The solution for the homogeneous wave equation under inhomogeneous
"* . boundary conditions is the field generated by the transmitting transducer,

- "" which we call uj. The solution for the inhomogeneous wave equation under

homogeneous boundary conditions is obtained by adding the contribution of all
the differential elements of the source function, F. The field at point-f caused

by a point source at -, is the well-known free space Green's function g(FITo)
which satisfies the following wave equation

(V 2  + k.,)g,,2 ) ) -F, (3.14)

W The field genlerated bN the distrihuted source function F is the integral of
.. Ff ,) gf T,), v,,r the scat terin hj,,ot Therefore, the int.gral representation

of the differential equation in Eq. (3.11), can he written as

K
%. . .. ....
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u.,( = f F(-.) u(r.) g - ) o , (3.15)
object

where u. is the scattered field defined by

Us(F) = UMF) - uif") (3.16)

Since the total field, u, does appear inside the integral in Eq. (3.15), the
solution is of transcendental form, which means an inverse reconstructioni. technique based on this solution is not feasible. Some small perturbation
approximation leads to an expression for the scattered field u. as an explicit

function of the inhomogeneities. Two of the well known approximations are

the Born and the Rytov approximations.

3.1.3 Born Approximation

In the first-order Born approximation the total field, u, on the right hand
side of Eq. (3.15) is approximated by the incident field, ui. This is just; able
only when the object inhomogeneities are small so that the magnitude of the

scattered field inside the object is negligible compared to that of the incident

field. Then the solution is given by the following integral

u,? f F(Fo) uiro) g(FJYo) d-r. (3.17)
object

-.. Second order Born solutions can be obtained by replacing the total field,

u(r) in Eq. (3.15) by the sum of the incident field and the first-order scattered
fields calculated using Eq. (3.17). A repetitive application of this procedure
results in higher order solutions. It is known that the higher order solutions
converge to the exact solution if the object inhomogeneities are small. Although

a weak sufficient condition for the convergence of the solution exists, the
necessary condition is still unknown [Hochstadt73].

* 3.1.4 Rytov Approximation

An alternative to the Born is the Rytov approximation. In this case the
incident and the scattered fields are represented by

.', uMF) e*'r  (3.18a)

ds and

. 101F (3. 1

% %,
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Using these representations of the fields, the corresponding integral equation

can be written as:

- 12 F+F.) u fr0 ) gM.) dY (119)'""0 -ui r object

Under the first-order Rytov approximation, the square of the magnitude of the

scattered field gradient is assumed to be negligible compared to the object

function, so that the term in brackets can be approxilftilted by F(-fJ,.
Therefore the final equation for the scattered phase subject to the first-order

Rytov approximation is

-V ~F(7.) ui(Yo)g(T 0 ) dYo  (3.20)
Uir object

A second order solution is obtained through substitution of the gradient of the

first-order solution in Eq. (3.19). As in the case of higher order Born solutions,

by applying the same technique repetitively one can come up with higher order

" Rytov solutions.

It is important to note that, in spite of the similarities between the Born

(Eq. (3.17)) and the Rytov (Eq. (3.20)) solutions, the approximations are quite

different [Keller69, Sancer70] The Born approximation produces a better
estimate of the scattered field amplitude for large deviations in the refractive

index of objects which are small in size. On the other hand the Rytov

approximation gives a more accurate estimate of the scattered phase for large

sized objects with small deviations in refractive index. When the object is small

and the refractive index deviates only slightly from that of the surrounding

media, it is possible to show that the Born and Rytov approximations produce

the same results [SlaneySi].

3.2 Conventional Diffraction Tomography

* The basic concept behind most of the present Diffraction reconstruction

techniques has been derived by Wolf in 1969 !Wolf69]. This concept, called the

Fourier Diffraction Projection Theorem by Pan and Kak [Pan83I, can be stated
? .?;3s:K as. Whou an bject is illuminated with a plane wave as shown in Fig.

. 31, the Fourier tran4orm of the forward scattered fields

,.r, a line perpendiculhr to the dire( tion )f propagation
,,f the wave (line, TT in Fig. 1) gives the values of the two-

dirnonsn,,na il o ir r transform of the object alng a 'circular arc.

O It h,)nl 1 n,,tid that the, F(orier Diffraction lrjection Theorem is valid
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only when the object inhomogeneities are weakly scattering, or in fact when

either the Born or the Rytov approximations hold.

In the following, we review the derivation of this concept and extend it to

the case of an attenuating medium, assuming the Born approximation.

Consider the geometry shown in Fig. 3.2. We assume an incident plane wave

propagating along the axis YI, expressed by

ui(Yr = U. ei kR. (3.21)

.,., where i1 is the unit vector along the qi axis and R is the rotational

transformation applied to the -q coordinates to position it along the x-y

coordinates.

The solution for the Green's function in two-dimensional space is a Hankel

function of zeroth order [Morse53]

P 4 0'" (3.22)

0 If k.0 is complex, the Hankel function dies out exponentially as a function of

E-'f,0 . This becomes obvious when one considers the asymptotic form of

this function.

HO(')[z) - -2 (323)
z

This behavior agrees with our physical intuition of the problem, since the
energy from a point source in a lossy medium should decay rapidly a-- a

function of the distance.

The Green's function is now expanded in terms of plane waves as

[Morse53],
00

gfErT 0 ) 4 J-- e da (-£---£)-R0 > 0 (3.24)

where

."= (rn ) , (3.25)

2- 3: 0 (3.26)

and (k and .3 axes are in the same directions a-s " and q are. The condition

(F-7J-JRi > 0 in Eq. (3.21) restricts the domain of the plane wave expansion

expressed by that equation to q > 0. Note that when ko is complex, 3 would

also be a cfiplex quantity. Thus each plane wave is attenuated in the q/

mz:p.. .ZI """. .". .." .:'''''.:''''' ..z """''' ,", ¢ .".".' ' '-•"......,-...... ., '.'. ,',".","-",".. : x ,-"¢ ,_ -.-.
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F1 figure .4
In conventional tomography the field is measured on the receiver line
which is perpendicular to the direction of the incident plane wave.
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direction as it propagates through the half space Y > 0.

Substituting Eqs. (3.21) and (3.24) in Eq. (3.17) and interchanging the

order of integrations, we have

,;; ".- u~ f3A jU o " ejR X  r
u- r- f  / f F( 0 ) eJR(k)r ° d- da (3.27)

-00 -o object

Taking the Fourier transform of the field on the line Y7=17 , we get
.:" ,', Uo eJn°oO [

e"' p 1R (X-k 0o)) (3.28)
4r 3

where

s f u si ) e J °  d , (3.29 )

and

-(f+j-4) f F(-o) eJr( O+J [) d-ro  (3.30)
object

the p and - vectors are in the direction of x and y axes, respectively.

For a lossless medium (real kej, F as defined in Eq. (3 30) reprcsents the

two-dimensional Fourier transform of the object function F (because "4 would
be zero). Considering the relationship between a and j3 as given by Eq. (3.26),

it is easy to show that one can recover the Fourier transform of the object

function on the semicircle shown in Fig. 3.3 by employing Eq. (3.28). As the

object is rotated over 360 degrees, the Fourier domain is filled up (see Fig. 3.4),

and then a reconstruction can be obtained by the Fourier transform inversion;

this being the approach initially suggested by Mueller et al. for the

conventional Diffraction Tomography [Mueller79].

When the medium is attenuating, 4 is non-zero in Eq. (3.30) and that

equation defines a Laplace transform relationship between the functions t and
F. The rotation of the object would provide one with a coverage in the four-

dimensional Laplace domain over a two-dimensional surface. An inverse

Laplace transformation is possible only if - is a fixed vector [Bellman66,

, Krvlov6S. Krylov77l. A close look at Eqs. (3.25), (3.26) and (3.27) reveals the

fact that -F and 4 are dependent variables and -4 would change whenever is

altered Therefore, the conventional reconstruction technique can not be

extended to the case oi an attruating medium.

4' o/
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* . Figure 33
The Fourier transform of the scattered field on the receiver line gives the
values of the object's Fourier transform over a semi-circle in the Fourier
domain.
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Figure 3.4
* By rotation of the object over 360 degrees the object's Fourier transform is

recovered over a set of semi-circles inside the circle v'rk.
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The object's cross section can be recovered by taking the inverse Fourier
transform of the recovered values in the object Fourier domain. To use an
-FFT based algorithm for the inverse transform, one has to know the values of

the function over a square grid. This calls for an interpolation process from the

cicular arcs to the square grid. The resulting interpolation errors lead to
artifacts in the reconstructed object. Different interpolation skims are

compared in fPan83]. If the number of projections and the number of sampled
points per projection are large enough, bilinear interpolation seems to produce

- relatively small artifacts [Pan83]. This can also be justified by considering Fig.

3.5 for the case where the cicular arcs and the sampled points are very closely
spaced.

It has been shown by Devaney [Devaney83] that the Fourier Diffraction
Projection Theorem can also be used to derive an algorithm that is

conceptually similar to the filtered-backprojection algorithm for x-ray

tomography. This algorithm eliminates the need for interpolation in the

frequency domain and he called it the filtered-backpropagation algorithm. In
-* the backpropagation technique the filtered projections are mapped onto the

object space via an integral transform that is shown to be the inverse of. the
- transform that governs phase propagation within the Rytov approximation. In

r "spite of the conceptual similarities between the backprojection and the

backpropagation algorithms, for its full implementation, for an NxN

reconstruction with N projections, the filtered-backprojection algorithm needs

only N Fourier transforms. To contrast, the filtered-backpropagation

algorithm requires about N2 Fourier transforms. If the extensive demands on
computer time are not a factor, one can, of course, use the filtered-

backpropagation algorithm. In most practical applications, however, one may
have to resort to procedures that are computationally more efficient.

3.3 Synthetic Aperture Diffraction Tomography

Nahamoo and Kak [Nahamoo82] have derived a new synthetic aperture
- imaging technique that permits the use of any type of insonification, as

opposed to only the plane waves and also requires only two rotational positions

of the object. For each rotational position, the projection data is collected by
independent traversal movements for the transmitting and the receiving

. transducers (see Fig. 3.6). Although ideally the angle between the two

rotational positions should be 900, theory predicts that valid results should be
obtainable, albeit with reduced spatial resolution, even when this condition is

not satisfied. For each rotational position of the object, the data can be
V.+ -collected most efficiently by using arrays on both the transmit and the receive

Lw t , % ,, • % . J J ,,' . ," . . - ." - d " , J ' " d / € .. " ' J , .'.., - - - . i '.,. ." " . % " %
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S .- Figure 3.5
The four points used for the bilinear interpolation in the frequency domain
can be assumed to be the edges of a parallelogram if the rotational angular
step is small and the number of points on the receiver line is large.
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.-.) object

:%.,
xt

, Figure 3.6
A schematic of the geometry of the Synthetic Aperture Diffraction Tomog-
raphy system.
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sides. The elements of the transmit array could be fired sequentially and for

each such firing the received field would be measured over all the elements of

the receiver array. In section 3.3.1, we review the theory behind the Synthetic

Aperture technique in transmission mode, as proposed by Nahamoo and Kak.

Later in section 3.3.2, we prove that if the systera is utilized in both the

transmission and the reflection modes, only one rotational position of the object

will be sufficient for the reconstruction of the object's cross section. We

examine the Synthetic Aperture technique in the presence of attenuation in the

last section (3.3.3).

3.3.1 Transmission Mode

Consider the geometry in Fig. 3.6. When the transmitter is located at the
point (xt,yt), let the incident field ui and the scattered field u, at a point

T (x,y) be represented by ui(-;yt) and u,(Y;yt) respectively. The incident field

ui(;O) can be represented by the angular spectrum expansion (see section 2.1).

00

0 - ui(Y;0) = 1_r, f At(ky;0) ejK.('x )dkY , (3.31)
2ir -0

where . is the unit vector along the x axis. The wave vector i is given by (see

Fig. 3.7 for real ko)

K - (k.,ky) (3.32)

and

kx : k, o -k- (3.33)

The function At(kx;O) represents the complex amplitude of the angular

spectrum of the incident field at the line x=xt when the transmitter is

positioned at y=0. This function is the Fourier transform of the incident field

on the transmit line as given by

:*-;At(ky;0) =fui(x,,y;0) e- k y
Y dv (3.34)Y fo

The angular spectrum of the field when the transmitter is located at y=yt is

(efined as

V -ikv
Sinc At,(ky;Yt) -f uh(xth:yt) e -(y dy (3.35

"..-.Since ui(x,,y-yt, yt) is the satme L9 ui(xt~y,0), we have
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I

At(ky;y,) At(ky;0) ekyy (336)

Finally the following expansion for the field is found. Now the field at point ?

when the transmitter is at (xt,yt) can be expressed as

f A k) ek-y, eJf ' X) dk (3.37)

where we have replaced A,(ky;O) by A,(ky) for convenience in presentation.

Going back to the basic integral equation in Eq. (3.17), the Green's

function is represented by an angular spectrum expansion. The expansion for

x >x o is given by

g(Tr 0 ,o) f eacd3 (3.38)47r or
-CX

where the wave vector A is given by (see Fig. 3.7 for real ko)

A (a,) (3.39)

and

S r/k co 2  (3.40)

Let us(Yr:yt) represent the scattered field at the point (Xr,yr) on the receiver line

when the transmitter is at (x,,yt). We substitute equations (3.37) and (3.38) in

equation (3.17) to obtain

o0

U'(y ;yt) - j_2 f F(eo) ff At(ky)e -(kyt+k' t) e (x+ dkY d
2(27 object -00 a

x e -  ) dY0  (3.41)

Switching the order of integrations and rearranging terms, we get

. 1 f je- kXe jc' x  ky

u.(Y:VA-)) 2
- f____ e  e- d,3 dky , (3.42)

where F' is the functin defined in (3.30). Taking the Fourier transform of both

sides of this equation with respect to Y and v, we have

10 3,ky) - eJ''J °A,(ky ) ]:( (3.43i)

where uj 3ky) has been defined as
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00

ff us(Yr;yt) eJu y' e - ' y" dyr dy t  (3.44)

Let Ps(xrxt) be the measured scattered field when the transmitter and the
receiver are located at points (xt,yt) and (XrYr), respectively. We assume that
the receiver is a flat transducer with a uniform sensitivity over its aperture.
The effect of the receiver can then be represented by an aperture function
I(Yr). The measured scattered field is then given by

Ps(Yr;yV) = f us(y;yt) r(vr-y ) dy (3.45)
-0

A Fourier transform representation of equation (3.45) is given by

--s3ky) = Ar(3) IS(d3,ky) (3.46)

where Ar( 3 ) is the Fourier transform of the aperture function Ir(yr).

If we substitute equation (3.43) in equation (3.46), we obtain
.?-:." 1F( _-K) _ -2o e ' e- j x  15s(,3,ky )  (3.47)

A(3) At(ky)

Nahammo and Kak [Nahamoo82] have shown that for a lossless medium,
for which F is the object's two-dimensional Fourier transform (see Eq. (3.30)),
Eq. (3.47) defines a one-to-one relationship bptween the data 6 and the object's

Fourier transform, F, inside the region shown in Fig. 3.8. The values of the
object's Fourier transform are recovered over the semicircle drawn by the solid
line in Fig. 3.8 centered at -K. The coverage area shown in the figure is
achieved by moving the center of the solid semicircle over the dashed semicircle
centered at the origin. Therefore, for two rotational positions of the object, 90
degrees apart, one can recover the object's Fourier transform inside a circle of
radius v .ko, as shown in Fig. 3.9.

* Similar to the conventional approach, the values of the object's Fourier
transform are calculated on some circular arcs. Therefore, prior to the inverse
FFT operation, an interpolation technique should be used to recover the values
of the function over a square grid. An interpolation-free version of the
Synthetic Aperture technique is proposed in [Nahamoo82], and a very simple
implementation is presented in [Nahamo.84. However, the proposed procedure
requires no interpolation only if the sampling interval on the transmit, the

receive line and in the object are all the same. This constraint may be very
restrictive in a practical implementation of such a system.

d.
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Figure 3.0
For two rotational positions of the object, 90 degrees ap, rt, the object's
Fourier transform is recovered Inside a circle of radius \v'2k0 . The cover-
age in the region C is double.
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3.3.2 Reflection Mode

In this section, we show that in the Synthetic Aperture approach, instead
of rotation of the object, the backscattered field together with the forward
scattered field can be used to recover the object's Fourier transform inside a
circle of radius 2k, rather than v'2k o achieved in the transmission mode with
two views. Thus by having two fixed parallel transducer arrays on both sides
of the object and no mechanical movements, the object cross section can be
reconstructed. In this approach, in addition to the data collected in the
transmission mode, for all the positions of the transmitter on both of the
transducer lines, the scattered field on all positions of the receiver on the same
line is measured. This new set of data provides a coverage in the Fourier
domain of the object, inside a circle of radius 2ko, which is the complement of
the coverage achieved in the transmission mode for that view of the object.

We propose two ways of implementing a system working in reflection
mode. One approach is to use two transducers for transmission and reception.
Obviously the scattered field at those points where the transducers overlap
physically can not be measured. Perhaps the field at those points can be
estimated by the average of the field at the neighboring points without causing
any major distortion in the reconstruction. A second approach is to replace the
two separate transducers moving on a line by an array of transducers; however,
the cross coupling between the elements of the array makes the CW
transmission too erroneous. To avoid the cross-coupling problem, one can
transmit a long burst of CW pulse, and range gate the received waveform. The

length of the burst, T, has to be shorter than 2d, where d is the distance from

the object to the array as shown in Fig. 3.10, and co is the speed of
propagation. Before the first echo reaches the transducers, the transmitter is
switched to the receiving circuitry and can detect the scattered field. On the
other hand, since the process should be treated as a broadband process, the
measured scattered field has to be the summation of the scattered fields from
all the points of the object, and not only from a certain range of the object.
Therefore, T, the length of th burst,

has to be chosen so that it is longer than 2S + tw, where S is the size of the
Co

object (see Fig. 3.10) and tw is the time required for the quadrature receiver to

estimate the magnitude and phase of the signal. Thus we have

! -- -. .. '. -. , .". % V % ' . ' ' ..- - '
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,.)The size of the object, S, the distance of the object from the transmitter
z- line, d, and the distance between the arrays, D, are depicted in this figure.
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2 D-S +: t, < (3.48)

Co Co

In this expression d was replaced by D S where D (=xr-xt) is the distance
2

between the arrays. This imposes the following restriction on the object size

S< ctw (3.49)
3 3

which means that the object size should be at least three times smaller than

the distance between the transducer arrays.

The mathematical steps in the derivation of a relationship between the

reflected data and the object function is quite similar to that of the

transmission case. The only difference appears in the expansion of the Green's

function. Instead of expanding the Green's function in the forward direction,
we expand it in the reverse direction

J-g(Yl o) f d , x<x, ; (3.50)

ais now defined as
* : Vk -(3.51)

-.. The processing of the backscattered field measured on the transducer line
at x =x, results in the coverage of the object's Fourier transform in the region

shown in Fig. 3.11. We will prove that this mapping is two-to-one, or in other
words the value of the object's Fourier transform at any point in the region

shown in Fig. 3.11 can be calculated from two and only two points of the

processed data i1. When the other transducer array at x =x is used, the

coverage area would be the symmetric image of the area shown in Fig. 3.11

with respect to the ky axis. Therefore, the object's Fourier transform would be
, recovered inside a circle of radius 2k., when both of the transducer lines are

used in relflection mode, in addition to the normal transmission mode for that
view of the object. In Fig. 3.12 we have shown this coverage. Notice that the

mapping between the data and the object's Fourier transform is one-to-one in
the transmission mode. However, repeating the data collection procedure for

the transmission mode by switching the role of the transmit and the receive
.., lines would make it a two-to-one relationship as well.
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In the following, we show that by employing Eqs. (3.47) and (3.51) in a

lossless medium, we can recover the Fourier transform of the object function

inside the circle of radius 2k o centered at the origin and outside the circles of

radius ko centered at (ko,0) and (-ko,O), as shown in figure 3.11. We bring the

proof for one set of the backscattered data (for the region shown in Fig. 3.10)
while the derivation for the other region follows from the symmetry of the

problem.

Let r -(u,v) be defined by

(3.52)

Eq. (3.51) can b.- written in the following form when kco is real.

a 2 + 32 = ko2  (3.53)

Ignoring evanescent waves, the limits on a are found by considering Eq. (3.51).

-k o < a < 0 (3.54)

Considering Eq. (3.33), one can write the following equation and inequality

k 2 + ky2  2k 2  , (3.55)

0 < kx < ko (3.56)

Substituting Eq. (3.52) in (3.53) and (3.54), we get

u (u+k.)2 + (v+kY)2 = k0
2  , (3.57)

and

-ko < u + kx <0 (3.58)

Eqs. (3.57) and (3.58) represent a semicircle of radius k. centred at point
(-kx,-k.). We shall denote this semicircle by SC( -k. , -ky ). On the other

hand Eqs. (3.55) and (3.56) represent a semicircle of radius k, centered at the

origin. This semicircle that contains all the centers of the SC(-k ,-ky) is

* depicted by the dashed arc in figure 3.13. A typical SC(-kx,-ky) is shown by

- the solid arc in this figure. The union of SC(-k,,-ky) for all possible center

locations (-k,,-ky) will provide a coverage of F(W) in some region in the

Fourier domain.

6. ~Consider the semicircle SC(-kx,-ky) shown by the solid line in Fig. 3.13.

Let A(kx.ky) be the center of this semicircle and D(u,v) a point on this

semicircle. From equation (3.58) we have u <-k x. Since k > 0, u has to be

5./
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In the reflection mode, the object's Fourier transform is obtained over the
semi-circles SC(-k,,-k,), one of which is the semi-circle centered at point
A. By moving this point on the dashed semi-circle, the coverage shown in
figure 10.11 is achieved.
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negative, thereby the coverage is restricted to the region u < 0. In the triangle

OAD, we have

OD < AD + OA , (3.59)

or in terms of u and v

u2 + v2 < (2k.) 2  (3.60)

This inequality shows that the coverage will be inside the circle centered at the
origin with the radius of 2k o.

Let the point B be the edge of the semicirice SC(-k ,-ky) in the region

v < 0. First we consider the third quadrant ( v<0 ) and make use of the
symmetry of the problem with respect to the u axis and extend it to the second
quadrant ( v O ) as well. It is clear from Fig. 3.13 that the angle DOE is

always less than or equal to the angle BOE. The relation between the tangent
of these two angles can be written as

tan(DOE) > tan(BOE) (3.61)

O The angle BOE is given by

AOE
BOE - (3.62)

2
We also know that

AOE _ 1 - cos(AOE)tan( )-(3.63)
2 sin(AOE)

Using equations (3.61), (3.62) and (3.63), we obtain
.'.5

sin(AOE) tan(DOE) > 1 - cos(AOE) (3.64)

Replacing AOE and DOE, by their expressions in terms of kx, ky, u and v, we

get

r+ . > 1- L 3.5ko  v ko(3.65)

Making use of Eq. (3.57), the inequality above is rewritten as

u 2 + (v+ ko)2 > ko2  (3.66)

- The inequalities (3.60) and (3.66) define the Fourier domain coverage in the
region u < 0 , v < 0 to be outside the circle centered at (0,-ko) with radius ko
and inside the circle at the origin with radius ko.
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Since the problem is symmetric with respect to the u axis, one can easily
generalize the result achieved in the third quadrant to the second quadrant. So

the inequality (3.66) for the whole half plane u < 0 is written as

u2 + (I vI + k0 )2 > k2  u < 0 (3.67)

Finally the coverage area is defined by the inequalities of equation (3.60) and

(3.67) and is depicted by the shaded area shown in figure 3.11.

Up to this point, we have proved that any data point maps into the region

shown in figure 3.11. To prove that the coverage is indeed that region, we also

have to prove that any point in that region belongs to a semicircle SC(-k 1 ,-ky)

for some kX and ky.
In the following, we prove that indeed for any point in the shaded area

shown in figure 3.11, there exists two and only two semicircles SC(-k.,-ky).
We present the proof only for the third quadrant. One can make use of the

symmetry of the problem with respect to the u axis to extend it to the whole
half plane u < 0. Let's take the point D(u,v) in the coverage area where
v < 0, as shown in Fig. 3.14. The centers of any circle of radius k. passing

through the point D, has to be located at the intersection of a circle of radius
ko centered at D and the circle of radius ko centered at the origin, which we
call C(0,0). Since the distance between the centers of these two circles is less
than 2ko, there always exists two intersection points. We have to prove that
these intersection points are always in the region u < 0. and also show that
the u component of D is smaller than that of the two intersection points, so
that D lies on the left half of the circles passing through it.

To prove that the two intersection points A and B lie in the left half
plane, we show that the distance of the point D to any point P on the right
half of C(0,0) is larger than ko. The coordinates of point D(u,v) and P(up,vp)

satisfy the following equations

112 + (v+ky)2 > k 02 u < 0 v <0 and (3.68)

2p + VP 2 =k20
Up ,up 0 (3.69)

The distance DP is given by

.ff-2 = (U-Up) 2  + (v-vp)2  (3.70)

Using Eq. (3.69), we can rewrite Eq. (3.70) in the following form

6p2 = u2 + (v +k0 )2 - 2uup - 2v(ko+vp) (3.71)

Considering the inequality in (.3.68) and the fact that the last two terms in the

% %:
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Figure 3.14
The points A and B are the center of semi-circles SC(-k,,-k,) which
pass over the point D. Point D is restricted to the region shown.
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equation above are always positive, we obtain

DP ' (3.72)

Therefore, the points A and B can not be on the right half of C(0,0) and are in

the half-space u<0.

Let's call the u components of the intersection points A and B, UA and UB

respectively. It is left to prove that u is smaller than UA and uB. uA and UB

can be expressed as

uA = - ko sin(DOE - DOA) and (3.73a)

3 u= - k o sin(DOE + DOA) (3.73b)

Since the point D lies in the third quadrant, the angle DOE is limited to the

following range

-> DOE > 0 (3.74)

We also have the following restriction on the angle DOA

DOE > DOA > 0 (3.75)

Using the inequalities in (3.74) and (3.75), we get

> DOE - DOA > 0 (3.76a)U2
and

2," > DOE + DOA > 0 (3.76b)

Equations (3.73a,b) can be comLined to obtain

B. = UA - k, cos(DOE) sin(DOA) (3.77)

Considering the ranges of DOE and DOA (the inequalities in (3.74) and (3.75)),

the second term in equation (3.77) is always negative, thus we have UB < UA.

* Thereby one only needs to prove that u is smaller than uB. Equation (3.73b)

can be rewritten as

1 - k, sin(DOE) cos(DOA) - cozDOOE) sin(DOA)( I
. = -k o  in ( 1) O ' ) c o , ( D O A ) I + tnDE

S+tan( DOE)

-
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- u 6D tan(DOA)

5 -k 2ko tan(DOE)

=- ± 1 + ta(O)1u .(3.78)

I -. )

From the inequalities in Eqs. (3.74) and (3.75), we have

tan(DOE) > tan(DOA) > 0 (3.79)

This inequality can be written into the following form

-1> 1 1 + tan(DOA) > 1 (3.80)

1 "'"--2 tan(DOE) I 2

The two inequalities in (3.78) and (3.80) show that u < UB. The proof is

complete.

3.3.3 Lossy Medium

* The theory presented in section 3.3.1 is general, in the sense that it

includes the case of an attenuating as well as lossless medium. Consider an:

attenuating medium with the complex wavenumber kCo. The parameters k.

and a. as given by Eqs. (3.33) and (3.40), become complex, and as a result the

first argument of F in Eq. (3.47) (a-ks) also becomes complex. This means

that by processing the data according to Eq. (3.47), one can find the values of

the object "Fourier-Laplace" transform over a certain region. By "Fourier-

Laplace" transform of a two-dimensional function we mean Laplace transform

in one direction and Fourier transform in the perpendicular direction (see Eq.

(3.30)).

Let's take the vectors and 4 in Eq. (3.30) to be represented by

.r + v ,(3.8 1a)

*7f u , (3.81b)

where u = ur + j ui is now a complex variable (see Eq. (3.53)). Let's define

.V = (uv) as

7V k (3.S2)

SEq. (3.40) can hP rewritten as

-j + 2 = k 2 (3.83)

slih'.tlt'zting Flj III (3;.S.1), N% have
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(u+k,)2 + (v+ky) 2 =kc2  (3.84)

On the other hand, k. and ky are related by Eq. (3.33).

kX + kY2 = k 2 (3.85)

Eqs. (3.84) and (3.85) can be solved for uj. The derivation can be found in

appendix D, the result is

76Ui + 15U,4  + 714Ui3  + 13 U 2  + i2Ui + -7 = 0 (3.86)

-. where

w h U r , ( 3 .8 7 a )

-5 = 4koE , (3.87b)

.* 7"/4 = 2u,(u 3 2 - v') (3.87c)

-3 = -4kE 0 (2u 2 - v2) (3.87d)

~ 4  4(k.-22 +j 2,,r2
72 = -Ur(Ur + - - 2 v  + 2U 2v2 ) (3.87e)

and
= '- 2 k (U 2+ v2) (3.87f)':::71 =  4ur ko o(Ur( .8 f

U The satisfactory solution of u should result in positive real values for a and k.
for the transmission mode. Eq. (3.86) defines the coverage surface in the
three-dimensional space (ur,ui,v).

Due to the complexity of Eq. (3.86), one has to take recourse to numerical
approaches to find the solution(s) of ui.To prove or disprove that the mapping
to the three-dimensional space (ur,ui,v) is one-to-one seems to be very involved

if not impossible. By applying the well known Newton's method, we solved Eq.
(3.85) for values of ur and v over a square grid numerically and found the

• mapping to be a one-to-two relationship. However, because of the round off

errors and the small number of points (over the square grid) examined we can

not generalize our conclusion from the numerical results. Choosing the solution
with the smallest magnitude, we have plotted the corresponding coverage

surface in Fig. 3.15, for a typical attenuation constant of 3.0 db/cm. Those
,- values of ui with their magnitude larger than the maximum scale in Fig. 3.15

were set to zero. A.s the attenuation goes to zero, the surface in Fig. 3.15 willcolas onte o

"collapse on the rv plane and the coverage surface will be the same as that

shown in Fig. 3.8, as expected. The coverage surface in Fig. 3.15 makes

..%b.. J
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Figure .3.1.5
The curved surface shows the coverage achieved in the object's "Fourier-
Laplace" domain when the medium is attenuating. The attenuation of the
medium was taken to be 3.0 db/cm.



101

0

impossible the inversion process to the object domain. To apply the inverse

Laplace transform techniques the coverage surface has to be parallel to the urv

plane [Krylov69, Krylov77, Bellman66].

A possible way of avoiding the "Fourier-Laplace" transform operation is

to impose the following constraint on the processed data [Nahamoo82j

I a = I kI (3.88)

Then the coverage area would be limited to the v axis ( Ivj _ 2k. ), instead of

the region shown in Fig. 3.8. By rotating the object 180 degrees, the object's

Fourier transform can be recovered over radial lines (see Fig. 3.16) and the
object can be reconstructed by means of Fourier inversion. As a matter of

fact, the limiting constraint defines the intersection of the coverage surface
shown in Fig. 3.15 with the plane urv. This is the only reconstruction
technique available today for an attenuating medium; however, the amount of

data required makes it impractical with the present technology.

e'4

4 4:
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frequency domain

Figure 3.16
For a iossy medium, a selective part of the collected data in the Svnthetic
Aperture technique, and many rotational views of the object, result in the
values of the object's Fourier transform over radial lines.
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CHAPTER 4

A SIMULATION STUDY OF
MULTIPLE SCATTERING AND ATTENUATION

4'> IN DIFFRACTION TOMOGRAPHY

All Diffraction Tomography algorithms available today, assume the first
order Born or Rytov approximations; which implies that they are only good for
reconstructing weakly scattering objects. In a multi-component object this
translates into ignoring the interaction between the components. However in
most cases of practical interest the object would be composed of several
distinct components. Our objective in section 4.1 is to study the effect of the
interaction between object components on the reconstructed object, in both the
conventional and the Synthetic Aperture techniques. In this section, we have
also looked into different approaches to reduce the multiple scattering effects in
the conventional technique.

Although the attenuation in tissue is not severe for ultrasound fields, for
microwave it is on the order of 3 db/cm at 4 GHz. Since there exists no
practical reconstruction technique for a lossy medium at the present stage, it is
of importance to study the performance of the current reconstruction
techniques in the presence of attenuation. We have presented this study in
section 4.2.

The data (projections) required for the computer simulations in this
chapter were provided by the algorithms discussed in chapter 2.

4.1 Artifacts Caused by Multiple Scattering Phenomena

As discussed in chapter 9, the scattering interaction between the
components of an object can cause the scattered field on the receiver line to
become quite different from the summation of the first order scattered fields.

"5- First order fields are calculated by adding the contributions from each
component while the others are assumed to be absent. Since the reconstruction
algorithms are based on the weak scattering assumption, the effect of higher
order scattering contributionis present in the projection should appear as a
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distortion term in the final reconstruction. We consider cases in which the

reconstruction of any of the object's components by its own is satisfactory.

Both the conventional and Synthetic Aperture techniques will be tested to

observe the sensitivity of each to multiple scattering phenomena. In section

4.1.2, we consider several possible approaches to reduce the effect in the

conventional technique.

4.1.1 Artifacts in Conventional Diffraction Tomography

The computing procedure discussed in chapter 9 was used to generate a

certain number of projections over 360 degrees around the object. Each
projection is the scattered field measured on a receiver line of finite size when a

multi-component object is illuminated by a plane wave. It should be noted

that there has been a huge computational effort required to generate the

'- - projections. For example, generating 64 projections of an object consisting of

three cylinders took more than a couple of hours of CPU time on the FPS-

AP120B array processor.

* In all the simulations presented in this section, 64 projections were

calculated around the object and a bilinear interpolation based algorithm was-

then used to reconstruct the object cross section; the result follows.

In the reconstructions shown in Figs. 4.1-4.4, we have shown the

magnitude of the deviation of the reconstructed refractive index from that of
the background, which was assumed to be unity. Plots labeled (a) show the

reconstruction obtained when the projections were generated by ignoring the

second and higher order scattered fields. On the other hand, the plots labeled

(b) show the reconstructions when the second order fields are included in the

projections.

In Fig. 4.1 the change in the refractive index of the 6X cylinders was set to
2 percent. Although there is some distortion introduced in the direction of the

line joining the center of the cylinders, it is negligible. However, when the

S refractive index change is increased in Fig. 4.2 to 3 percent, the distortion

becomes quite noticeable; and in Fig. 4.3 a 5 percent change in refractive index
is enough to cause the distortion to dominate the reconstruction. When the

number of cylinders is increased, the distortion is higher, as seen in Fig. 4.4.

This is expected because in this case there are more projections affected by

second order scattering.

" e-p.
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F igure 4.1
Cross section of a two-component object reconstructed using the conven-
tional diffraction reconstruction technique. Diameter of the cylinders is 8
X and their refractive index is 1.02. a) Only the first-order scattered fields
are used for generating the data for this reconstruction. b) Doubly scat-
tered fields are included in the projection data for this reconstruction.
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Figure 4.2
/ Cross section of a two-component object reconstructed using the conv en-

tional diffraction reconstruction technique. Diameter of the cylinders i'S 6
X and their refractive index is 1.03. a) Only the first-order scattered fields
are used for generating the data for this reconstruction. b) Doubly scat-
tered fields are included in the pro'ection data for this reconstruction.
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4 Figure 4.3
Cross section of a two-component object reconstructed using the onven-
tional diffraction reconstruction technique. Diameter of the cylinders is 8
X and their refractive index is 1.05. a) Only the first-order scattered fields
are used for generating the data for this reconstruction. b) Doubly scat-
tered fields are included in the projection data for this reconstruction.

W.

%



033'

016

a 00 ~ ~ I

93

3 111

_ of -16 i

(a)

033

]'l6,' / ' "i';,

co 7 3

-8 93

(b)

*,. Figure 4.4
Cross section of a three-component object reconstructed using the conven-
tional diffraction reconstruction technique. Diameter of the cylinders is 6
X and their refractive index is 1.05. a) Only the first-order scattered fields
are used for generating the data for this reconstruction. b) Doubly scat-

~.--- tered fields are included in the projection data for this reconstruction.
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4.1.2 Different Approaches to Reduce the Artifacts

We have experimented with three different approaches for reducing the
distortions caused by multiple scattering in the conventional Diffraction

Tomography technique. First a statement about the motivation for this
experiment: in chapter 9, we showed that even when the object components are
weakly scattering, the multiple scattering effects become important if the

components are blocking each other. By blocking we mean the line joining the

component centers is parallel with the propagation vector (see Fig. 4.5a). In
tomographic reconstructions, these multiple scattering effects exhibited
themselves as distortions, especially along the lines joining the components. In
the first approach for reducing these distortions, we use oblique receptions for
all projections. In this method, the receive array is made non-parallel with the
transmit array, as shown in Fig. 4.5b. In this way the blocking effect, which is

quite severe when the propagation vector and the line joining the object
components (for a two-component object) are collinear, is eliminated. As will

. be demonstrated in section -4.2.1.1, although this arrangement substantially
" reduces the distortions in spaces between the object components, the price paid

is a small increase in the general distortion all through the object. This
approach seems appropriate for two-component objects.

In a second approach intended for more complex objects, the object was
illuminated with several non-collinear plane waves for each projection, for each
rotational position of the receive array (see Fig. 4.6). Each plane wave
generates a complete frequency domain coverage; these are averaged prior to

Fourier inversion for object reconstruction. The rationale for this method is
that the errors caused by blocking vary for the three different illuminating
waves, ,ne reason being that some of them correspond to the oblique reception
concept mentioned above. Therefore, averaging in 1he' frequency domain
should diminish the effect of the errors caused by multiple scattering. To
substantiate this, we have shown, in sectin 4.1.2.1, reconst rlict ions obtained

using this idea.

\e have "also considered another approach Nvhich is similar in spirit to the
Synthetic Aperttire technique. For each position o)f the receiv,,r line the object

Sis illuminate'd b incident plane wavs fromi sveral ,irection.. (M)%ever. unlik,,
t,' :q p[r,,:w'h. no averaginq is perfo rmed in the frequetw. ((l)iln.) Th,,

'bje.t is now rtatel by a large an-l, to) i l a -imil:ir 'vra , ov(,r arl,!is lt

blank ifr.; this pr,,.,,ure is r,,p,,:al,, uniil no ,lIi s are I4t in he fr,',uirov
-- d mlin. The ration:ile here is th:t % i1 1 each hl:uri' w : a a i uiltr(Int

oriental i)n w%tith res pect to the receivr line, the e-.eerit (,f 1hw Ickinllf,

. ... . f. . . . . .. d A
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component 1
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* (b)

. Figure 4.5
(a) The condition when the object components block each other is illus-
trated here.
(b) With the oblique reception illustrated here the "direct blockage" is
avoided. Direct blockage occurs when the direction of the propagation of
the incident field is lined up with the line joining the two object com-

. ponents and the normal to the receiver array.
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Incident plane
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Figure 4.6
In the second approach several plane waves are used to illuminate the ob-
ject. The frequency domain coverage obtained with the three plane waves
shown here are averaged prior to inversion.
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caused by multiple scattering should be reduced. In this c he, tie ;IIIOUlit of

" 4p.-: data required is close to that for the usual diffraction tomography. It was
found that this approach does result in better reconstruction of multi-

component objects.

4.1.2.1 First Approach

Examine the reconstruction of a two component obiect in Fig. 4.3; there

the blocking effect led to distortion that was relatively large in regions between

the components. It was, therefore, felt that if we instead used for each

projection the oblique reception scheme shown in Fig. 4.5b, that would

eliminate the blocking effect, at least for regions between the components. For

the projection angle shown in Fig. 4.5b and with this approach, the first order
fields, ull and uoq, from each component can propagate unperturbed to the

receiver line, i.e. without any substantial interaction with the other component

Although the direct blocking (the components being in each other's shadow and
also being lined up with the direction of the incident plane wave) is eliminated

* by this method, this leads to reduced reconstruction distortion in spaces

between the components. Many more projections experience multiple

scattering now, albeit at a lower level. While for the direct reception method
there is only one projection where the normals to the transmit array, the

receive array, and the line joining the centers of the object components are all
lined up, for the oblique reception case there will be more directions in which

the line joining the object centers will be perpendicular to either the receive

array or the transmit array. As a consequence, the oblique reception method

reduces the reconstruction distortion between the components, but it raises

somewhat the overall level of distortion. This is illustrated in the section 4.1.2.4

with computer simulations.
"With regard to the coverage generated in the Fourier domain with the

--'2 oblique reception approach, it, is unaffected. When the incident plane wave is
normal to the receiver line, the Fourier iransform of the projections gives the

values of the Fourier transform of the object on a semicircle, as shown in Fig.

4.7a. When the incident wave is at an oblique angle to the receiver line, the

coverage is still on a semi-circle, but positioned ditferentlv. This can be seen in

Fig. 1.7b. Obviously bv rotating the object fropi 0 to 360 degrees. the arc O:k
S wkill ,over all the area inside a circle of radius ri. wher,, r i-;

r, Ow%...%

.%..
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6. Figure 4.7
(a) When the incident plane wave is normal to the receiver line, the
Fourier transform of the projection gives the values of the object's Fourier
transform over a semi-circle as shown here.
(b) When the incident wave is at an oblique angle with the receiver line,
the coverage is still on a semi-circle, although positioned differently.
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90 °0+0
=2k o sin(

0 is the oblique angle of incidence. A smaller circle also will be covered by
rotation of the smaller arc OB; the radius of this circle is r, where

900-0

r, = 2 ko sin(- ) (4.2)

Therefore we get a double coverage inside the smaller circle.

4.1.2.2 Second Approach

The preceding method can be made somewhat independent of the number
of object components by using several illuminating plane waves for each

angular position of the receive array, as shown in Fig. 4.6, and then averaging
in the Fourier domain the coverages generated by each of the plane waves.
The rationale for this approach is that averaging in the frequency domain
would diminish in importance any distorted values that result from blockages.

With several illuminating waves, it is unlikely that the received fields for all of
them would suffer from blocking effects at the same time.

In this approach the coverage in the Fourier domain would be the union of
the coverage areas for each incident plane wave. As discussed before in the case

of a single incident plane wave, there are two circles associated with the
coverage in the Fourier domain. The points inside the smaller circle get double
coverage, while those in the area between the two circles are covered only once.
It is now clear that having several incident plane waves, there will be many of
these circles, precisely twice the number of existing plane waves. Therefore, the
number of times a point at the center of these concentric circles is covered

would be equal to the number of circles (twice the number of incident plane
Nwaves). .\s the point is moved away from the center of circles, getting out of

", each circle the multil)le coverage is reduced by one. Finally, it should be noted

* that the total coverage area (the area in which all the points are covered at
least once) lies inside the largest of the circles, with the radius of

r 2 k, sin ' (4.3)

wher, max(Oi) is the largest o)lique angl,.

w .
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4.1.2.3 Third Approach

In this approach, we again use a number of plane waves for illumination
for each rotational position of the object. However, the coverages are not

averaged in the frequency domain. Instead, we use the procedure described

below.

If we use five plane waves 15' apart, the combined coverage in the

frequency domain for one rotational position of the object is as shown in Fig.
4.8. The object is now rotated by a large angle to yield a similar coverage over

areas left blank by the first rotational position, and so on. With very few
rotational positions of the object, the complete frequency coverage can be
obtained (The method is similar in spirit to the Synthetic Aperture approach).

We felt that this approach would also yield some protection against the
multiple scattering distortion due to the fact that for each rotational position

the severity of the blocking effect would be somewhat reduced owing to the
plane waves being at different angles to the receive line.

* •4.1.2.4 Simulation Results and Discussion

For the oblique reception method, we first modified our computer
programs for projection data generation to handle any arbitrary direction of
the incident field. We used this program to generate the data required for the
simulations done in this section. Further programming had to be done to code
the reconstruction algorithms used for the results shown here.

In Fig. 4.9a-d we have shown the reconstruction of a two-component

object with each component of refractive index 1.05. The components are I
.D wavelengths in diameter and 12 wavelengths apart from each (other. The

receiver line is at a distan ce of 20 %%avelengths from the cflit,,r of coordintes.
The sampling interval on this line is 0.45 wavelengths and there ir, fit points

in each projection. Plots ab.c and d in Fig. .1.9 represent the rec()nstructions
of the object when the direction of the incident plane wave is. respectivelv, 0'.

* 7.50 , 150 and 300 from the normal to the receiver line. .\s we expected, the

larger the off normal angle. the lower the distofrtion on the line joining the
components. Il-owever. the general level of hack-round disto rtion in the,

,. . reconstruction increases with an infre,:s in this a ngle. a is fvidf'n',d by its
Ieverity x lien the angle is 30'. The reconstruet ions in plots 1.lOb and 1.10c f, r

S. 7.50 and 15' respectively, show ,me, imlproements ,vr the normal anle 'am,

in plot 4.9a.

et%
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Incident plane waves

Space domain
Nr

object

Receiver
* Receiver line

v

Frequency domain center of the semi-circles

Fourier domain

- --coverage

Fiue..

41, are the third approach, again a nmbe of plane waves are used to il-

lumnae te bjethowever no independent frequency domain coverages
aregenratd fom achof these plane waves. For each rotational posi-

tion of the object, the coverage generated by all the illuminating waves is
extracted first, and then the object is rotated till the frequency domain is

* filled up.
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Figure 4.9
* Reconstructions of a two-component object using the first approach. The

cylinders of refractive index 1.05 are 4 X in diameter, and are positioned at
a distance of 12 X from each other. The projections are sampled at 64
points with a sampling interval of 0.45 X. The receiver line is 20 X from
the center of the coordinates. The angle between the direction of illumina-
tion and the receiv,.:- 'Ine is: (a) 0W; (b) 7.5*; (c) 150; (d) 30.
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The results obtained with the second approach are illustrated in Fig. 4.10.
Here the frequency domain coverages for each of the plane waves shown in Fig.
4.6 are averaged prior to Fourier inversion. Three plane waves are considered

at. angles of -15', 0' and 150 in Fig. 4.1la, and -300, -150, 00, 15' and 300 in
plot 4.1lb. Some improvement over the first approach is observed, especially
in plot 4.10a where the edges are enhanced.

The reconstructions in Fig. 4.11 were generated using the third approach,
where we fill a part of the Fourier domain for each receiver position and several
incident plane waves, then rotate the object and do the same thing until a
complete coverage is obtained. In plot .11a, we have considered three incident
plane waves at -7.5' and 7.5', and 32 receiver positions were used. In plot
4.11b the number of plane waves was increased to 5 with illumination angles
between -1.5 and 15. We see a slight improvement in the reconstructions,

especially in plot 4.1lb. When the range of angles is increased to (-30, 300),
the distortion in the direction of the line joining the cylinders is reduced but we
see an increase in the general background distortion.

In the second set of simulations, we changed the distance between the
components to 8 wavelengths and their refractive index to 1.08. Figs. .4121-d

* .- show reconstruct ions of the object when the incident plane wave directions are,

respectively, 0', 100, 20' and 300 from the normal to the receiver line. We sce
the same changes in the case where the comp,nents were farther from each
other. The interesting case is seen in plot 4.12d, in which the distortion in the
region between the components is significantly reduced, but of course some
distortion has been introduced all over the reconstruction area. Since the
components are close to each other in this case, the receiver line has to be quite
a bit oblique in this case so that the componients may, not block each other
when they are in line with the direction of propagation of the illuminating field.
In the reconstruction obtained with the sceond a:pprwch shown in Fig. -1.13 the
recovered Fourier transforms of the object for dilferent angles of incidence are
averaged. In plots a, b and c there are, respectively, 3 incident plane waves in

the range (-10 ° , 10°), 4 in the range (-20' , 20') and 7 in the range (-300
30'). In plot 4.13c, the improvement is quite noticeable. We have shown the

results of the third approach in Fig. .1.11. In plot .1. 1a. there were 13 receiver
positions and 5 incident plane waves in range (-20' 20, ) for each of the

* receiver positions. Comparing these plots with 1.13a, we see no improvement.
As soon as the range of incident angles is increased t, (-30' .30) in plot .1.
the distortion between the cylinders is reduced. These results lead us to the
conclusion that fr closer spacing of components, the angle of off-normal
incident directions should become Lirger. We also see a littlo improvement in

'N
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SFigure 4.10

Reconstructions of a two-component object using the second approach.
The cylinders of refractive index 1.05 are 4 X in diameter, and positioned
at a distance of 12 X from each other. The projections are sampled at 64
points over a sampling interval of 0.45 X. The receiver fine is 20 X from
the center of the coordinates. (a) 3 incident plane waves, with the angle of
illumination between -15' and 15'. (b) 3 incident plane waves, with the

* angle of illumination between -301 and 30".
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Figure 4.11
Reconstructions of a two-component object using the third approach. The
cylinders of refractive index 1.05 are 4 X in diameter, and positioned at a

* distance of 12 X from each other. The projections are sampled at 61
p points over a sampling interval of 0.45 X. The receiver line is 20 X from

the center of the coordinates. (a) 3 incident plane waves, with the angle of
ilumntin ewen7.5' and 7.5' and 32 receiver positions. 1b) .5 in-

cident plane waves, with the angle of illumination between -15* and 150
and 32 receiver positions. (c) 5 incident plane waves, with the angle of il-
lumination between -30' and 30" and 16 receiver positions.
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Figure 4.12
Reconstructions of a two-component object using the first approach con-

* sisting of oblique reception. The cylinders of refractive index 1.08 are 4 X
in diameter, and positioned at a distance of 8 X from each other. The pro-

apled at 64 points over a sampling interval of 0.45 X. The

jectiFigur ar s12.

receiver line is 20 X from the center of the coordinates. The angle betwe, n
the direction of illumination and the receiver line is: (a) 00; (b) 10°; (c)
20°; (d) 300.
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Figure 4.12, continued.
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Figure 4.13
Reconstructions of a two-component object using the second approach.
The cylinders of refractive index 1.08 are 4 X in diameter, and positioned
at a distance of 8 X from each other. The projections are sampled at 64
points over a sampling interval of 0.45 X. The receiver line is 20 X from
the center of the coordinates. (a) 3 incident plane waves, with the angle of

- illumination between -10° and 10'. (b) 5 incident plane waves, with the
angle of illumination between -20 and 200. (c) 7 incident plane waves,

. with the angle of illumination between -30' and 300.
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' - " Fig'ure 4.14
,-" Reconstructions of a two-component object using the third approach. The

-'Z;"cylinders of refractive index 1.08 are 4 X in diameter, and positioned at a
* distance of 8 )X from each other. The projections are sampled at &4 points

• ii;over a sampling interval of 0.45 X. The receiver line is 20 ), from the
4" .. center of the coordinates. (a) 5 incident plane waves, with the angle of il-
'-" "lumination between -2O° and 20° and 16 receiver positions. (b) 7 incident
.'.-.'.plane waves, with the angle of illumination between -30 ° and 30 ° and 8
Iiii receiver positions.
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the results from the second approach over that of the third, but the amount of

data required for the second one is much higher.

We also tested the different techniques for a three-component object; the

results are shown in Fig. 4.15-17. There is just one component added to the

geometry of the first simulation. Plots 1Ga-d show the reconstruction of the

object when the incident plane wave direction is, respectively, 00, 10', 200 and

300 from the normal to the receiver line. The improvement in the

reconstruction is not as noticeable as in the case for a two-component object,
but still the same effects are seen. The same thing can be said about the

results of the second approach shown in the next figure. In the reconstruction

shown in Fig. 4.16. the recovered Fotu."er transform of the object, for different
angles of incidence is averaged. In plo:s a, b and c there are, respectively, 3

incident plane waves in the range (-10° . 10°), 5 in the range (-20' , 20 ° ) and 7

in the range (-30' , 30'). We have shown the results of the third approach in
Fig. 4.17. In plot 4.17a, there were 16 receiver positions and 5 incident plane

waves in the range (-20' , 20') for ea, h of the receiver positions. When the

range of angles is increased to (-30' , 30') in plot 4.17b, the distortion in the

regions between the components is reduced.

4.1.3 Artifacts in Synthetic Aperture Diffraction Tomography

['or simulation purposes, the transmitting transducer can be assumed to be

a point source. Even if the transducer is not an isotropic radiator, the

deconvolution process in Eq. (3.47) (devision by A,(ky)) would make it function

as a point source. Therefore by choosing a point source as the transmitting
transducer, one can avoid the deconvolution computations and the difficulties
associated therewith.

Similar to the conventional technique, the Synthetic Aperture technique
also calls for the interpolation to a square grid in the Fourier domain. An

interpolation-free version is proposed in [Nahamoo82], and implemented in
?. [NahamooSl]. However, the proposed procedure requires no interpolation only

if the sampling interval on the transmitter line, receiver line and in the object

are all the same. Taking recourse to the Fourier domain interpolation
technique, the values of the object's Fourier transform are obtained only over a

finite number of seniicircles in the Fourier domain, which calls for some kind ofi lation scheme.
interpo The approach used in [Nahamoo82 was to find the

neighboring available values of ky, assume the same value of 3 for each of the
neighboring k values and find its neighboring available values of 3. In Figs.

,.18(a,b), the points A and A', B and B', and C and C' have the same values

.,
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Figure 4.1.5
Reconstructions of a three-component object using the first approach con-
sisting of oblique reception. The cylinders of refractive index 1.05 are 4 X
in diameter, and positioned at a distance of 6 X from the center of coordi-
nates. The projections are sampled at 64 points over a sampling interval
of 0.45 X. The receiver line is 20 X from the center of the coordinates. The
angle between the direction of illumination and the receiver line is (a) 0',
(b) 10', (c) 20', (d) 30'.
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Figure 4.15, continued.
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Reconstructions of a three-component object using the second approach.
The cylinders of refractive index 1.05 are 4 X in diameter, and positioned

. at a distance of 6 X from the center of coordinates. The projections are
sampled at 64 points over a sampling interval of 0.45 X. The receiver line
is 20 X from the center of the coordinates. (a) 3 incident plane waves,
with the angle of illumination between -10 and 100. (b) 5 incident plane
waves, with the angle of illumination between -20' and 20'. (c) 7 in-
cident plane waves, with the angle of illumination between -30' and 300.
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i':, Reconstructions of a three-component object using the third approach.
¢ The cylinders of refractive index 1.05 are 4 X, in diameter, and positioned

at a distance or o x from the center of coordinates. The projections are
sampled at 64 points over a sampling interval of 0.45 X. The receiver line
is 20 X, from the center of the coordinates. (a) 5 incident plane waves,

0., with the angle of filumination between -20* and 20' and 16 receiver posi-
,,€ .' ,tions. (b) 7 incident plane waves, with the angle of illumination between
v.',,-300 and 30* and 16 receiver positions.
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of 3, respectively. The values of k, in Fig. 4.18a and 4.18b were chosen to be

close to k. and zero, respectively. If a bilinear interpolation scheme is used, the
four neighbors of a point seem to be the edges of a semi-parallelogram, as
expected. However, a nearest neighbor scheme may result in the completely
wrong nearest neighbor of the point of interest because of the positions of
points A and A', B and B', and C and C' relative to each other. In Fig. 4. 19
we have shown a modified interpolation scheme. Point C is the point at which
the value of the object's Fourier transform is sought. After finding the
neighboring values of ky (points 01 and 02), the intersections of the circle
going through point C and the two semicircles centered at 0 and 0, are found

(p(oints C'1 and ('2) and, finally, the neighboring points reached (points A , BI ,

A.) and B2,).

The old and the new interpolation techniques are compared in Figs. 4.20
and 4.21 for both the nearest neighbor and bilinear schemes. We have used the
computational technique discussed in chapter 9 to generate the required da1a
for the object reconstruction. The number of array elements in both the
receiver and transmitter has been doubled in the simulation result in Fig. 4.21
compared to that in Fig. 4.20. As expected there is a noticeable improvement
in the modified nearest neighbor scheme compared to the old nearest neighbor
technique. But there seems to be no change when the bilinear interpolation

technique is used. The results of the old and the new techniques become more
similar when the number of array elements is increased, which is intuitively

-* justifiable.

In the formulation of the Synthetic Aperture technique, the transmit and
the receive lines were assumed to possess infinite length. However, in the
simulation environment, the finite size of the transducer arrays may cause some

distortion in the final reconstruction. Let's first consider the receive line. For
those transducer points on the edge of the receiver line which are at the far
field, the change in the field observed by moving to a neighboring point is a

* simple phase change due only to the propagation effect of the wave. If the
receive line is limited in size to a length several times larger than the object's
size, the effect would appear as a lower energy at the spatial frequencies near
ko, which corresponds to the center frequency of the incident field. This

happens because the high frequency oscillations of the field at the end of the
receiver line is simply zeroed. Since k. is the largest spatial frequency
considered in the reconstruction technique, thereby one can associate the finite
size of the receive line with the following limitation on 3 in Eq. (3.47).
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Figure 4.18
A simple interpolation scheme for the Synthetic Aperture technique.
Points A and A' ,B and Y and C and 0 lying on two different semi-
circles SC(-k,,-k ) posses equal values of 3, respciey
(a) small values of k..
(b) values of k.close to ko.
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Figure 4.18, continued.
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Figure 4.20
Magnitude of the reconstructed refractive index of a cylinder with diame-
ter of 8 X and refractive index of 1.03, using the Synthetic Aperture tech-

- . nique. Transmitter and receiver arrays, positioned 20 X apart, have 32 ele-
7 ments with inter-element distance of 0.45 X. (a) Simple nearest neighbor
* interpolation. (b) Modified nearest neighbor interpolation. (c) Simple bil-

inear interpolation. (d) Modified bilinear interpolation.
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* .tagit of th reotrctd refractive index of a.3 csn h yleindAerwthr diae-
ter f 6X ad rfrativeindx o 1.3, sigthed2 Sytei aperturhae t4e-

nique. Transmitter and receiver arrays, positind2 prhv 4ee
ments with inter-element distance of 0.45 X. (a) Simple nearest neighbor
interpolation. (b) Modified nearest neighbor interpolation. (c) Simple bil-

* inear interpolation. (d) Modified bilinear interpolation.
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I3 < a ko (4.4)

where a is a factor less than unity.

A similar argument can be used for the transmit array, except this time

the received field for the transmitter positions at. the edge of the transmit array

are multiplied by a phase factor when one moves to the neighboring

transmitter position. A limitation similar to that in Eq. (4.4) would be imposed

on the magnitude of ky
":' [ky I < a ko  ( 5

The magnitude of the scattered field from a cylinder with refractive index

of 1.03 and diameter of 6 wavelengths, as a function of the transmitter and the

receiver positions, is plotted in Fig. .1.22. The effect of the fPnite size of the

arrays is seen as the chopping of the signal at the end of array positions. The

magnitude of the Fourier transform of the field with respect to the transmitter

and the receiver positions is shown in Fig. 4.23. In plot (a) the number of

- array elements is 32, while in plot (b) the array elements have been increased

to 128 elements. The clearest advantage in plot (b) relative to plot (a) is the
recovry of higher frequencies at the end of the diagonal line (higher values of
k and 3). We expect a constant value at those points for which k = 3,

because that corresponds to the value of the object's Fourier transform at the
origin. To correct this effect as observed in Fig. 4.23b, we normalize the result,

J",;- taking the value at ky = = 0 as the reference point. This point was chosen

because it is the lowest frequency component available and, therefore, ib less

" .- distorted.

It can be easily shown that the limits in Eqs. (4.4) and (4.5) cause the

#-" -coverage in Fig. 3.8, to shrink to the one shown in Fig. 4.24. Finally the

coverage achieved for two rotational views of the object 90' apart, would be

inside a circle of radius

r = v'2k o (a - 1 ) a > (4.6)

rather than v'k o. To avoid the loss of resolution, one can collect the data for

several views of the object. A typical coverage obtained for three rotational

. views )f the object 60') apart is shown in Fg. 4.25. The coverage in this case
would be inside a circle of radius

r ko( a -/3 - V1 a2) a> 1(.7)

, , -e
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Figure 4.22
Magnitude of the scattered field from a lossless cylinder, embedded in a
lossless medium, as a function of transmitter and receiver positions. Di-
ameter and refractive index of the cylinder are 6 X and 1.03, respectively.
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Figure 4.23
Magn~itude of the Fourier transform of the scattered field from a lossless
cylinder, embedded in a lossless medium, with respect to transmitter and
receiver posit Ion. Diameter and refractive index of the cy!inder are 6 X
and 1.03, respectively. (a) 32 element tran~smitter and receiver arrays. (b)
128 element transmitter and receiver arrays.
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Due to tbe loss of high frequency components in the projections in the
Synthetic Aperture technique, for one rotational view of the object the
object's Fourier transform is obtained only in the region shown.
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Figure -150
When the high frequency information in thle projections is lost, larger

K;. number of views can increase the resolution and decrease the distortion in
the reconstructed image. The coverage shown corresponds to three rota-
tional views of the object 60' apart.
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In Fig. -4.26, we have shown the reconstruct,'d Fourier t ran .frm of "a
cylinder with refractive index of 1.03 and dameteyr of 6 'vengths. TE
number of array elements in plots (a) and (b) were t:ken to, be :2 aml 12x.

respectively. The severe distortion in the diagonal direction kr with he
concept explained by Fig. .1.21. In Figs. .1.27 and 1.28 we have showNn the real
(refractive index) and the imaginary (difference in attenuation c(,Iiista nt) part-.

of the reconstructed object function for diffenit t sizes ) r the arrayv

respectively. Of course, the reconstructed attenuati ontfun'ti14 sh(mti haveN
been zero. However, due to the large size (of the object :and large value of the
refractive index, the large estimation error in the phase (alisos a transfer (It

energy from the reconstructed refractive index to the reconstructed atten Uat i(Ii
function. Since the medium attenuation is zero, the magnitude of tie

reconstructed object function would have been a better estimate of the object's

refractive index. We have chosen the real and imaginary parts only for a
better two-dimensional presentation of the distortion. The distortion along the

diagonal direction in the reconstructed object is again due to the loss of the

high frequency components of k. and 3. One can get rid of the distortion by
increasing the size of the arrays, as shown in Figs. 4.27c and -1.28c. The

simulation results show that the loss of coverage, shown in Fig. 4.24, is indeed

correct and a larger number of elements in the transmitter and receiver would

solve the problem.

The simulation study presented in section 4.1.2 persuaded us that the

performance of the Synthetic Aperture technique in the presence of multi-

component interactions would be superior to that of conventional diffraction
tomography. The programs developed, based on the techniques discussed in

chapter 9, were used to generate the required projections from a multi-

component object. The computational time for a three cylinder object was on
the order of 1.4 hours of CPU time in the array processor FPS-..PI20B. The

reconstructions shown in Figs. .4.29-31, for the Synthetic Aperture technique
" correspond to the ones presented in Figs. -1.2-4 for thc. conventional technique.

The number of array elements was taken to be 128, to avoid the effect of the

finite size of the arrays. The arrays were positioned 15 wavelengths away from

the center of coordinates and the inter-element distance was set. to 0.45
wavelengths. The results look very interesting because there is almost no

1 distortion along the line joining the center of cylinders as was the case in the

reconstructions achieved using the conventional teochnique. The reason is that
- the blocking effect is mininizeld in this approach.. .nother interesting point

about the reconst ruct ions shown in Figs. .. 2.9-31 is that the c, ompoen t sI- blocked are more distorted compard too the (,nes which are cls,,er to the
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Real part of the reconstructed object function of a cylinder with diameter
of 8 X aDd refractive index of 1.03, using the Synthetic Aperture tech-
nique. Transmitter and receiver arrays, with the inter-element distance of
0.43 X, are positioned 20 X apart. (a) 32 element arrays. (b) 84 element

4kh 
arrays. (c) 128 element arrays.
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* Figre 4.28
Imaginary part of the reconstructed object function (difference in attenua-
tion constant or object and medium) of a cylinder with diameter of 8 X
and refractive index of 1.03, using the Synthetic Aperture technique.
Transmitter and receiver arrays, with the inter-element distance of 0.45 X.
are positioned 20 X apart, (a) 32 element arrays. (b04 element arrays.
(c) 128 element arrays.
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Figure 4.281, continued.
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* Manitue oftheFigure 41 29
Magntud ofthereconstructed refractive index of a two-component ob-

ject, using the Synthetic Aperture technique. The components are
cylinders with diameter of 6 X and refractive index of 1.03. Transmitter
and receiver arrays positioned 30 X apart, have 128 elements with the
inter-element distance of 0.43 X. a) Only the first.-order scattered fik Ids are

- used tor generating the data for this reconstruction. b) Doubly scattered
S. fields are included in the projection data for this reconstruction.
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Figure 4.30
Magnitude of the reconstructed refractive index of a two-component ob-
ject, using the Synthetic Aperture technique. The components are
cylinders with diameter of 6 X and refractive index of 1.05. Transmitter
and receiver arrays positioned 30 X apart, have 128 elements with the
inter-element distance of 0.45 X. a) Only the first-order scattered fields are
used for generating the data for this reconstruction. b) Doubly scattered
fields are included in the projection data for this reconstruction.
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Figure 4.31
Magnitude of the reconstructed refractive index of a three-component ob-

. ject, using the Synthetic Aperture technique. The components are
cylinders with diameter of 6 X and refractive index of 1.05. Transmitter
and receiver arrays positioned 30 X apart, have 128 elements with the
inter-element distance of 0.45 X. a) Only the first-order scattered fields are
used for generating the data for this reconstruction. b) Doubly scattered
fields are included in the projection data for this reconstruction.
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t ransm itter. Note that the transmitter array has been positioned {n the

negative side of the axes x and v in those figures. In the case of two-

Component objects the effect is quite clear. In Fig. 1.31 (three-compoi,,t

object), the cylinder which is farther away from the transmitter array in both

the projections, is distorted more than the other two, which seem to hold the

same amount of distortion.

4.2 A Simulation Study of Attenuation in Diffraction Tomography

Due to the lack of any practical Diffraction Tomography technique for a

lossv medium, a study of the performance of the present techniques in the

presence of attenuation was necessary. Although in ultrasonic imaging the role

of attenuation is minor, in microwave imaging it can not be ignored, because

microwaves at 4 GHz undergo almost 3 db of attenuation per centimeter of

travel in water.

Let's consider the case where the object and the medium have different

attenuation constants. Therefore, the wavenumber in the object (kf)) and the

medium (ko) are both complex. kc(Y) is defined as

:, k,(T) = k("-f) + i c l .(4.8)

The reconstruction algorithms based on the Fourier Diffraction theorem

estimate the complex object function defined in Eq. (3.12). Since n(-), as

defined in Eq. (3.10) can also be expressed in terms of the wavenumbers k,(r)

and k., as

n(r) (4.9)

k(0

one can rewrite Eq. (3.12) in the following form

F(IF = k, - k0o
' . (4.10)

* Since k0o is known, both the refractive index and the attenuation of the object

can be estimated simultaneously.

Substituting the expressions given by Eqs. (2.1) and (1.8) in Eq. (4.10) and

restricting T to the interior of the object, we get
" = - k2( - ) + k - + j 2 ko % k(T) ()

2 k, k,, - k)) + j 2 k, ( - k(T) ((r) J(.11)
. '[he last approx mat ion was applied because the imaginary part of the

' 0 I

.-0" ,%-'..,. -'. - ,'...•...'-.. -.. .... .--.'.,



wavenuniber is much less than the real part in all cases of inter,,t.

Considering Eq. (4.11), one can see that even if the objoct inh 0n1ogenoil,,s :ire

negligible (k = kJ, the difference between the attenuation coelicienits ,f th,

object and medium ( - I(r-) may make the imaginary part (and thus the

magnitude) of the object function large enough so that the Born approximatio n
would break down. Therefore, we expect poor reconstructions for large
differences in the attenuation coefficient, even for very small differences in the
refractive index of the object and medium. Perhaps this would not happen in

microwave imaging because the attenuation constants of water-based materials

are very close. It should be noted that since the estimation parameter in Eq.

• (4.11) is a complex function, any error in either the refractive index (k(-)/ko) or

the attenuation ((()) would affect the estimated value of the other.

In all the simulation results in later sections, we will refer to the refractive

index as the ratio of k(-) to k. (the ratio of the speed of the wave in the

medium to that in the object), rather than the complex function n(Tr from Eq.
".-<.(4.0).

4.2.1 A Simplified View of the Problem

In chapter 10 we showed that due to the lack of an inverse Laplace
transform matching the domain of the coverage, the current reconstruction
techniques can not be extended to the case of an attenuating medium. If one is

not dealing with high attenuation in the medium, we will show that it is

possible to approximate the Laplace transformation by a Fourier transfomation

over a sub-domain of the coverage. We will consider both the conventional
technique and the Synthetic Aperture technique.

Consider Eq. (3.28) derived for the conventional technique, expressing the

relation between the Fourier transform of the scattered field on the receiver

line and the object's Laplace Transform. The laplace transformation can be
approximated by a Fourier transformation only if the imaginary part of

Sk - koi ( k

is negligible (see Eq. (3.28)). Since a is real, only the imaginary part of .3-k.

has to be small. Let's define n and o, as fractions of k,

o a k,, (4.13)

b k (1.11)

For microwave in tissue, the upper limit on 1) is about 0.07. ,!km can then be

*., approximated by

%0%
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-,',- 3-ko - ko'-a 2 -k~ o
k - j2b k (4.1.)

nek 1 a 2  b O

Limiting a to values of less than 0.7, approximately. Eq. (4.15) can still be
further simplified

3 .-.k k( 1-a 2 - I +ja( 0  (4.16)

This restriction on a is not required, and the only reason we have applied it is
to make the mathematics much simpler. The imaginary part of /)-k~o in the
equation above is linearly proportional to a2 or in fact a2. Therefore, for values
of a smaller than an upper bound, the imaginary part of 3-ko is negligible and
the Laplace transformation in Eq. (3.28) can be approximated by the Fourier

* .'-:transformation. This point has been mentioned in an unpublished work of
Mueller [Mueller].

In the following we look at an interesting concept, which shows that the
%, limitation on a as suggested in the last paragraph is indeed a physical

constraint on a in an attenuating medium. As we mentioned in section 2.1, the
angular spectrum of a field on the line x = x, propagates to line x = X2

according to the following relation

". A(ky,x 2 ) = A(ky,xl) e j Vk7 (x2-xl) (4.17)

..-- Fig. 4.32 shows a plot of the magnitude of the exponential factor in Eq. (4.17)
as a function of both the attenuation of the medium and the spatial frequency

of the plane wave in the y direction. We have plotted the magnitude in db as
a function of the dimensionless parameter -1, where kx=,7 k0 . Thus, fr -1=0
the wave is traveling directly towards the receiver line, while for -y1 the wa'e
is propagating along the direction of the receiver line. In this plot the
*"ttenuation factor and -y have been changed from 0 to 5.0 db/cm and 0 to 1.0,
respectively. It is clear that the high frequency components (larger -t) are more

': attenuated than those components at lower frequencies (those that travel

-. directly towards the receiver line). This means that as the field propagates in
an attenuating medium, it loses its high frequency components.

r-i_ emenhering the Fourier domain coverage of diffraction transmission

-" tonography, one can now assciate this phenoninon with a degradation in

resolution. This point is illustrated in Fig. 4.33. As in the ease of no
attenuation, the inner circle corresp(,)nds to transmission tomography, while the

outer ring represents the data measured by a reflection tomographic

S-experiment. The difference made by attenuation is shown as the shaded area.

0,
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Figure 4.33
Object's Fourier domain coverage for the conventional tomography in
transmission and reflection modes, in a lossy medium. The lower resolu-
tion in the conventional transmission tomography is due to the smaller ra-
dius of the coverage circle as shown here.
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In this region the attenuation of the medium reduces the amplitude of the

plane wave components below a minimum tolerable Signal to Noise Ratio

(SNR) and thus makes this region of the object's Fourier transform

unmeasurable.

In the Synthetic Aperture technique, the concept of propagation of the

angular spectrum in an attenuating medium can be applied again, and this
-* .results in upper bounds on ky and 3. ky is the spatial frequency associated

with the transmitter, and 3 is the spatial frequency associated with the

receiver. This is very similar to the effect of the finite size of the transmitter
and receiver arrays, as shown in Fig. 4.24. This point is illustrated in Fig.

4.34. The coverage in the reflection mode also shrinks as shown in the figure.

4.2.2 Attenuation in Conventional Diffraction Tomography

In the absence of a reconstruction procedure specifically designed for an

--:'':"object in a lossy medium a study of the performance of the present algorithms

* in the presence of attenuation is in order. Since the quantitative aspect of the
reconstruction is of importance to us, we have compensated for the loss of

energy in the propagation of the field to the receiver array. In the following we

* . present reconstructions achieved in this way, based on the projection data
calculated using the programs discussed in the previous sections.

In Figs. 4.35-47 we have shown reconstructed values for the refractive
index and the attenuation for a number of different cylinders and media. In

each case the first plot (a) represents the difference in the refractive index of
the cylinder and the jurrounding medium and the bottom plot (b) shows the

reconstructed difference in the attenuation constants. In the first set of Figs.

4.35-40, the attenuation constant of the object and medium are taken to be
equal. Considering these figures, we conclude that higher values of attenuation
result in the loss of higher frequencies in the reconstruction and result in a loss

of resolution. The non-zero estimates of the attenuation constant are due to
6 the error in the phase of the object function.

'In Figs. 4.41 through .. 1 we have considered different values for the

attenuation constant of the object and the rnediui., while in all cases we have
kept the refractive index of the object ind the nioium equal. Again, highr

attenia" l If the meditrm causes the los of high frequency components in the
recnConst ruot ion.

Now, let's examine a 1Issy o bjecet in a los.,l,,ss niedium. In Figs.-.15 and

.1.46, we have sh,)wn reconstruct jnfs o)f both th- refractive index and the

* , attenuation constant ()f cylinders ith rfractiv, index )f 1.01 and attenuati,)n
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* Figure 4.3.5
Reconstruction of a cvlinder with diameter of 6 X and refractive index of
1.01, using the conventional technique. Both the object and the medium
are lossless. The projections are sampled at 64 points over a samplingi-
terval of 0.45 X. The receiver line is at a distance of 10 X from the
cylinder. (a) Refractive index. (b) Difference in attenuation constant of
the object and the medium.
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Reconstruction of a cylinder with diameter of 8 X and refractive index of
1.01, using the conventionral tez hnique. The attenuation constant is 1.0
db/cm in both the object and the medium. The projections are sampled

oil at 64 points over a 3ampling interval of 0.45 V. The receiver line is at a
distanct of 10 X from the cylinder. (a) Refractive index. (b) Difference in
attenuation constant of the object and the medium.
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.Figure 4.37

Reconstruction of a cylinder with diameter of 6 X and refractive index of
1.01, using the conventional technique. The atteni-ition constant is 3.0
db/cm in both the object and the medium. The projections are sampled
at 64 points over a sampling interval of 0.45 X. The receiver line is at a
distance of 10 X from the cylinder. (a) Refractive index. (b) Difference in
attenuation constant of the object and the medium.
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Figure 4.38
Reconstruction of a cylinder with diameter of 6 X and refractive index of
1.03, using the conventional technique. Both the object and the medium
are lossless. The projections are sampled at 64 points over a sampling in-
terval of 0.45 X. The receiver line is at a distance of 10 X from the
cylinder. (a) Refractive index. (b) Difference in attenuation constant of
the object and the medium.
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Figure 4.39
Reconstruction of a cylinder with diameter of 8 X and refractive index of
1.03, using the conventional technique. The attenuation constant is 1.0
db/cm in both the object and the medium. The projections are sampled
at 64 points over a sampling interval of 0.45 X. The receiver line is at a
distance of 10 X from the cylinder. (a) Refractive index. (b) Difference in
attenuation constant of the object and the medium.
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Figure 4.40
Reconstruction of a cylinder with diameter of 6 Xand refractive index of
1.03, using the conventional technique. The attenuation constant is 3.0
at/c 64 both the object and the medium. Therojections are sampled

a 4points over a sampling interval of 0.45 X. The receiver line is atadistance of 10 X from the cylinder. (a) Refractive index. (b) Difference in
attenuation constant of the object and the medium.
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O. Figure 4.41
.. Reconstruction of a cylinder with diameter of 6 X and refractive index of

...'.1.0, using the conventional techni ue. The attenuation constant of the
• . .. medium and the object are 0.1 db cm and 0.2 db/cm, respectively. The

projections are sampled at 84 points over a sampling interval of 0.45 X.
The receiver line is at a distance of 10 X from the cylinder. (a) Refractive
index. (b) Difference in attenuation constant of the object and the medi-
um.
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' ..-. ,Reconstruction of a cylinder with diameter of 6 X and refractive index of

1.0, using the conventional technique. The attenuation constant of the
medium and the object are 2.0 db/cm and 2.1 db/cm, respectively. The
projections are sampled at 64 points over a sampling interval of 0.45 X.

0" The receiver line is at a distance of 10 X from the cylinder. (a) Refractive
index. (b) Difference in attenuation constant of the object and the medi-
um.
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Figure 4.43
Reconstruction of a cyfinder with diameter of 6 X and refractive index of
1.0, using the conventional technique. The attenuation constant of the
medium and the object are 0.1 db~em and 1.0 dbicm, respectively. The
projections are sampled at 64 points over a sampling interval of 0.45 X.The receiver line is at a distance of 10 X from the cylinder. (a) Refractive

index. (b) Difference in attenuation constant of the object and the medi-
LUm.
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constants of 0.5 and 3.0 db/cm, respectively. It is only for the ca.sc 6' 3.0

db/cm attenuation that the reconstruction is really distorted quantitatively,
while for the value of 0.5 db/cm attenuation we get a reasonably accurate

reconstruction. Since in moL, practical cases of interest the difference between
the attenuation constants of the object and the medium is not larger than 1.0

db/cm, perhaps the difference in the attenuation constants is not a limiting
factor for the reconstruction algorithms in a lossy medium.

In the final reconstruction (Fig. 4.17) we have tried to consider a case close
to reality, taking all the parameters of the object and medium to be different.
The refractive index of the object has been set to 1.02 and the difference in

attenuation to 0.5 db/cm. The estimation error in the phase of the object
function causes the estimate of the refractive index to become smaller than the

,- . - actual value, while the difference in attenuation is overestimated.

The simulation results presented in this section show that the only effect
of the medium attenuation in the conventional approach is some loss of

% resolution.

4.2.3 Attenuation in Synthetic Aperture Diffraction Tomography

As discussed in chapter 10, one can not extend the Synthetic Aperture
technique to the case of an attenuating medium. Therefore, in the absence of a

reconstruction procedure specifically designed for a lossy medium we will
examine the performance of the present algorithm in the presence of

attenuation. k,; in the conventional tomography, the quantitative aspect of
the reconstruction is of importance to us, thus we should compensate ror the

loss of energy in the propagation of the field to the receiver array. However,
the compensation is quite different from that of the conventional technique. In
the conventional technique, the attenuation is compensated for by multiplying

the each projection data by a constant value, while in thie s)ynthetic Aperture
technique the multiplication factor is dependent on the transducers positions.

*. The scattered field at each position of the transmitter and receiver is amplified

by the amount of attenuation the incident field has suffered traveling between
the two transducers. This means that the field at the end of the arrays is
weighted higher relative to the one at the center. Of cmurse, in the prsence of

O noisP, the noise i ill he amplified as well. In th,, followinq, we present

-? reconstructions achieved in this way. based on the projection data calculated
using the programs disc'ussed in rhapter 2.
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. Figure 4.45
Reconstruction of a cylinder with diameter of 8 X and refractive index of
1.01, using the conventional technique. The medium is lossless while the
attenuation constant of the object is 0.5 db/cm. The projections are sam-
pled at 84 points over a sampling interval of 0.45 X. The receiver line is at
a distance of 10 X from the cylinder. (a) Refractive index. (b) Difference
in attenuation constant of the object and the medium.
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Figure 4.16
Reconstruction of a cylinder with diameter of 6 X and refractive index of
1.01, using the conventional technique. The medium is lossless while the
attenuation constant of the object is 3.0 db/cm. The projections are sam-

.1- pied at 64 points over a sampling interval of 0 45 X. Th rkcpver line is at
* a distance of 10 X from the cylinder. (a) Refractive index. (b) Difference

in attenuation constant of the object and the medium.
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Figurei A17
Reconstruction of a cylinder with dia;iieter of 6 X and refractive index of
1.02, using the conventional technique. The attenuation constants of the
medium and the object are 3.0 db/cm and 3.5 db cm, respectively. The
projections are sampled at 64 points over a sampling interval of 0.45 X.

. The receiver line is at a distance of 10 X from the cylinder. (a) Refractive
index. (b) Difference in attenuation constant of the object and the medi-
um.
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In Fig. 4.48a,b we have shown the magnitude of the scattered field from a
cylinder with a refractive index of 1.03 and a diameter of 6 wavelengths and its
Fourier transform. The attenuation constants of the medium and the object
were set to 3.0 db/cm. As one expects intuitively, the field goes to zero at the
end of the receiver array and if no attenuation compensation is performed, the
length of the arrays would not affect the reconstruction. From Fig. 4.48b, the
attenuation of high frequency components is obvious. The reconstructed
object's Fourier transform is shown in Fig. 4.48c. It is quite clear that those
values in the diagonal directions are attenuated and will cause some distortion
in those directions. However, if the attenuation is compensated for, this effect
will be reduced. In Fig. 4.49 we have shown the magnitude of the
reconstructed a refractive index of a cylinder with refractive index of 1.03 and
diameter of 6 wavelengths when the attenuation is compensated for. The
attenuation constant of the medium and the object are both taken to be 3.0
db/cm. In Fig. 4.50 we have shown the reconstruction when no attenuation
compensation has been performed. Of course the reconstruction is qualitatively

* wrong and some distortion is present along the diagonal directions. When four
views, 45 degrees apart, are used the distortion is removed as shown in Fig.
4.51. In Figs. 4.50 and 4.51 the smoothness of the reconstruction is due to the
loss of high frequency components in the projection due to the medium
attenuation.

In Fig. 4.52, the reconstructed difference between attenuation constant of
the object and medium is presented. The attenuation constants of the medium
and the object were set to 2.0 and 3.0 db/cm, respectively. The cylinder was 6
wavelengths in diameter aid the refractive index of the object and medium
were taken to be equal. Other than a small amount of distortion in the
diagonal directions, the quality of the reconstruction is satisfactory.

Finally, in Fig. 4.53 we have shown the reconstruction results for the
object considered in Fig. 4.47. The result obtained under the Synthetic

* Aperture technique (Fig. 4.53) is quite similar to the one obtained using the
conventional technique (Fig. 4.47). In both of these reconstructions the
attenuation has been compensated for.
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Figure 4.49
Magnitude of the reconstructed refractive index of a cylinder with diame-
ter of 6 X and refractive index of 1.03, using the Synthetic Aperture tech-
nique. The attenuation constant of the object and the medium are both
3.0 db/cm. The transmitter and the receiver arrays, positioned 20 X
apart, have 128 elements with the inter-element distance of 0.45 X. The
attenuation of the medium has been compensated for.
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Figure 4.50
* Magnitude of the reconstructed refractive index of a cylinder with diame-

ter of 6 X and refractive index of 1.03, using the Synthetic Aperture tech-
- nique. The attenuation constant of the object and the medium are both

3.0 db/cm. The transmitter and the receiver arrays, positioned 20 X
apart, have 128 elements with the inter-element distance of 0.45 X. The
attenuation of the medium has not been compensated for.
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Magntud ofthereconstructed refractive index of a cylinder with diame-.
ter of 6 X and refractive index of 1.03, using the Synthetic Aperture tech-
nique. The attenuation constant of the object and the medium are both
3.0 db cm. The transmitter and the receiver arrays, positioned 20 X
apart, have 128 elements with the inter-element distance of 0.45 X. The
attenuation of the medium has not been compensated for, but four rota-
tional views of the object has been used.
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Figure 4.52
Magnitude of the reconstructed attenuation constant of a cylinder with di-
ameter of 6 X and refractive index of 1.0, using the Synthetic Aperture
technique. The attenuation constants of the object and medium are 3.0
db/cm and 2.0 db/cm, respectively. The transmitter and the receiver ar-
rays, positioned 20 X apart, have 128 elements with the inter-element dis-
tance of 0.45 X. The attenuation of the medium has been compensated
for.

,4



187

.0 e

.44-

a

'Ar

CD 4

A. a-

CDO~

2 "o~

-CD2



* 188
'.'*e

List of References

iMuellerl R. K. Mueller and M. Kaveh, "Diffraction tomography," Unpub-
lished work.

[Nahamoos2] D. Nahamoo and A. C. Kak, 'Ultrasonic diffraction imaging,"
Purdue University, School of Electrical Engineering, Technical
Report, TR-EE-82-20, 1982.

[Nahamoo84J D. Nahamoo, S. X. Pan, and A. C. Kak, "Synthetic aperture
diffraction tomography and its interpolation- free computer im-
plementation," IEEE Transactions on Sonics and Ultrasonics,
Vol. SU-31, No. 4, pp. 218-221), July 1984.



."." "189

L

5"5

CHAPTER 5
SUMMARY

To give the reader a brief overview of the work presented in the second
part of this thesis, we have devoted this chapter to the summary of the topics
and results already discussed in chapters 2, 3, and 4.

The forward problem in diffraction imaging, by which we mean calculation
; .attered fields from the inhomogeneities present in an object, was addressed

in chapter 2. Two distinct types of objects were considered: single-component
objects and multi-component objects. The object components were assumed to
be cylinders, because in the formulation of the problem for non-cylindrical
objects one is faced with severe mathematical difficulties.

For incident plane waves, we used the well-known mathematical
expressions for the scattered fields derived in most of the classical books on
scattering theory. For the case of an incident field generated by a point source,
we derived similar expressions for the exact scattered fields using the series

expansion of a Hankel function in cylindrical coordinates. A computer program
was developed to simulate the process by utilizing the mathematical

formulations. Some parts of the code was vectorized to speed up the floating
point calculations in the array processor FPS-AP12OB. By usinr, the developed
computer program, we are now capable of generating the exact scattered fields

from a cylinder with arbitrary size, refractive index, and attenuation constant
embedded in a medium with an arbitrary attenuation constant, illuminated by

[ either a plane wave or a point source.

For calculating the scattered fields from multi-component objects, a major
source of dificultv is dealing with the interaction et ween the various

components. Dlpending on the interaction bet%%. en the components, the total
0. scattered field may or may not bear any resemblance to the simple sum of the(

. scattered fields for each of the components, assuming the others to be absent-

%'- In chapter 2, %we presented a new (omputational procedure for calculating the

:- inter-component interaction. We have based our technique on a basic thoor, in

which the scattered field is e'-pressod( as an infinite sunmm:iton of different

%*_

£.4,

O,%,,
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order terms. For the first order scattering, each component interacts

independently with the incident illumination, being oblivious of the existence of
the others. Second order scattering terms are generated when each component

interacts with the first order fields sent in its direction by the other
components, and so on. Second order fields are calculated by expanding the
first order fields from each component as superposition of plane waves and then
analyzing the interaction of each of these plane waves with the other object
components. Higher order fields can be generated similarly.

This technique was coded in a vectorized fashion to benefit from the speed
of available array processor. Although our program only calculates first and

second order scattering terms, extension of the code for calculation of higher
order terms is trivial. Using this procedure we showed by computer
simulations that even when each component of a two-component object is
weakly scattering, the multiple scattering effects become important when the

components are blocking each other. We further showed that when strongly
scattering components that are large compared to a component are not

• blocking each other, the scattering effects can be ignored. Both these
conclusions agree with intuitive reasoning.

In chapter 3. we investigated the inverse scattering problem. In general
inverse scattering is a much more complicated problem than the forward
problem. Inverse scattering techniques are usually accompanied by severe

restrictions on the different parameters of the system under consideration. We
have considered those inverse scattering techniques which are based on the

Fourier Diffraction Projection Theorem. This theorem related the Fourier
transform of an object with the Fourier transform of the scattered field

measured on a straight receiver line when the object is illuminated by a plane
wave. It should be noted that the Fourier Diffraction Projection Theorem is
valid only when the object inhomogeneities are weakly scattering, or in fact

r%. when either the two well known Born or Rvtov approximations hold.

, The two inverse reconstruction techniques considered are: the conventional
techn ique and the Synthetic \,perture technique. In the conventional technique
the (l)ject is illunnit:ited by :a pl:ae wnve and the s.attered fl,d is measured on
a receiver line which i perpendicular to the direction of the propagation of the

S... inent fi,'ld. MN:nv rotational views of the object provides the necessary data

to fill up the Fourier space of the object inside a circle of radius v"2ko (k) is the
wavenumber). The ,hject's cross section is then recovered by an i[v'rse

Fourier t ransformat ion

%0%'-

k:%
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The Synthetic Aperture technique is a more general technique which

permits the use of any type of insonification, as opposed to only plane waves

and also requires only two rotational views of the object. However, for each

rotational position, the projection data is collected by independent traversal

movements of the transmitting and the receiving transducers, over two parallel

lines on both sides of the object. In this technique, the coverage in the Fourier

domain of the object is inside a circle of radius v'2ko, the same as that of the

conventional approach.

We have modified the theorv behind the conventional reconstruction

technique to include the case of lossy objects and media as well. We have

shown that in a lossy medium one would recover the two dimensional Laplace
transform of the object over a surface and moreover the inverse Laplace

transform techniques can not be used to recover the object's cross section.

Using the Synthetic Aperture technique in a lossy medium, the object's

Fourier-Laplace transform is recovered over a surface in the Fourier-Laplace

domain of the object. By Fourier-Laplace transformation we mean Fourier
transformation in one direction and Laplace transformation in the other

direction. Still no inverse transform technique can be used for the inversion

process. A possible way to avoid the inverse Fourier-Laplace transformation is

to impose a constraint on the processed data to convert the transform to a
simple two-dimensional Fourier transform. However, the experimental

procedure has to be repeated for many different rotational views of the object.

Of course this requires enormous amount of data to be collected and may be

quite restrictive in some applications.

In chapter 3, it has also been proven that if the Synthetic Aperture
technique is used in the reflection mode as well as the transmission mode, one

rotational position of the object is enough for recovering the object's Fourier

transform. In addition, the coverage would be inside a circle of radius 2k 0

rather than ,'2k, for the conventional and the Synthetic Aperture techniques.

Further study of this technique still remains to be examined by simulatinal
means.

(-hap , r I is dev,'ted to a siniiuation study o)f multiple scattering and

S. attenuation phenoiena in diffraction imaging. The program, devel(,1p,,l in
chapter 2 f,,r the c-:ilculation of scattered fields together with the reconstru t i(,n

0 schemes presented in chapter 3 were used to generate the computer simulation

results in this chapter.

0N
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All diffraction tomography algorithms available today, including the
conventional and the Synthetic Aperture techniques, assume the first order
Born or Rytov approximations; which implies that they are only good for
reconstructing weakly scattering objects. In a multi-component object this
translates into ignoring the interaction between the components. However in
most cases of practical interest the object would be composed of several

-. distinct components. One of our objectives in chapter 4 has been to study the
effect of the interaction between object components on the reconstructed
object, in both the conventional and the Synthetic Aperture techniques.

We generated two series of reconstructions of a multi-cylinder object using
the conventional reconstruction technique. In the first series, the projections
were generated by ignoring the second and higher order scattered fields. In the
other the second order scattered fields were included in the projections. A
comparisun of these two series of simulations showed that the scattering
interaction between the components cause some distortion along the line
joining the components, the distortion increasing with larger values of the
refractive indices of the components. The distortion also becomes more
noticeable as the number of components increases.

We examined three different approaches for reducing the distortions in the
conventional technique. First we made the receiver array to be oblique to the

S,direction of the incident field. In this way the blocking effect, which is quite
.e'ere when the propagation vector and the line joining the object components

are collincir, is reduced. Simulation results showed that although this
arrangement reduces the distortion in the region between the object
c,)mponent,, the price paid is an increase in the general distortion all through
the object. This approach seems appropriate for two-compornt objects.

In the second approach intended for more complex objects. the object is
illuminated with several non-collinear plane waves for ,ach projection, for each
rotational position of the receive array. lach plane wave generates a complete
frequency dorn:in coverag', these are avcr:ged prior to Fourier inversion for

',bject reconstruction. The rationale for this method is that the error caused
Sby blocking vary for the three different illuminating waves. The simulation
* results were similar to that of the first approach.

We :lso considered another approach which is similar in spirit to the
Synthetic Aperture technique. For each position of the receiver line the object
is illuminated by incident plane waves from several directions. However. unlike
the second approach, no averaging is performed in the frequency domain. The

. object is now rotated by a large angle to yield a similar coverage over areas left

-V
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blank before; this procedure is repeated until no holes are left in the frequ
domain. The rationale here is that with each plane wave at a diff(
orientation with respect to the receiver line, the severity of the blocking e
caused by multiple scattering should be reduced. Simulation results show
this approach does result in better reconstructions of multi-component objei

The superiority of the third approach to the others persuaded us that
performance of the Synthetic Aperture technique in the presence of m
component interactions should be superior to that of the conventi(
technique. Simulation results proved that our expectation was in fact t
There wvas almost no distortion between the components as was the case in
reconstructions achieved with the conventional technique. The reason is t
the blocking effect is minimized in this technique. Another interesting p(
was that the components which were blocked became more distorted compn
to the ones at closer distances to the transmitter array. Our general conclu
was that the performance of the Synthetic Aperture technique in the prese
of multiple scattering is ar superior than that of the conventional technique.

In the second half of the chapter 4, we discussed the effect of
attenuation on the object reconstructions in diffraction tomography. Althot
in ultrasonic imaging the role of attenuation is minor, in microwave imaginc
can not be ignored, because microwaves at I (;iz undergo 3 (b f attenuat

per centimeter in water. In the lack of any rec(,nstruction technique spectfi
d -n-logned f r lossy media, we studied the effect f mediinui attenuation on

clculated projections and thereby on the reon >tru ctions themselves.

We proved that the medium attenuation suppresses the high frequer
components present in the projections. In the conventional technique this le:
to a loss of resolution in the final object's reconstruction. This point is ba,6
by our computer simulation results. However in the Synthetic Aperti
technique, medium attenuation causes a loss of coverage in the object's Four
domain in a manner that the lost region can be recovered ,,nlv by consideri
more rotational views of the object. Heuristic compensation of medit
attenuation in both techniques results is acceptable quantitative obj,
reconstructions. However such compensation techniques may not be advisal
in the presence of noise in the collected projections.

Finallv -iIiiultaneous reconstruction of the refractive index and I
6 attenuation constant of an object was iscussed in ,hapter . It was sh,

that large refractive index of an object could result in an erronec
reconstruction of the attenuation constant, xkhile typical small differen

between the attenuation constants if the medium anl the object would r

iA
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affect the reconstructed refractive index of the object. As long as the noise level

is under certain threshold so that the heuristic compensations for the mc(1tiur1

attenuation can be applied, the attenuation of the medium and object will not
be a limiting factor.

'
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APPENDIX

The aim in this appendix is to solve the following set of equations for ui in
terms of ur, v, ko, and (o

S(u + k,)2 + (v + y)2 kco2  (1)

kX 2 + ky2 = ko2  ,(2)

u = ur + J ui (3)

Skco ko0 + j 0  (4)

Substituting Eq. (2) in (1), we have:

u2 + v2 + 2vky =-2ukX (5)

Squaring both sides of Eq. (5) and making use of Eq. (2), we get

u + (v2 +2vky) 2 + 2u 2(v2 +2vk )--4u 2(k c 2-ksyby 2) = 0 (6)

R eal and imaginary part of Eq. (6) define the following two equations:

(ur2- Ui2)2 - 4U r
2 Ui2 + (v 2 +2vk )2 + 2(Ur 2-U, 2) (v2 +2vky)

- 4(ur2 -Ui2) (ko2-co 2-ky2) + 16uruikoo = 0 (7)

Urui(Ur2 -Ui2) + Urui(v 2 +2vky) - 2(ur2 -Ui2 )koo

-2urui o 2-t-2-k 2)- 0 (8)

Substitution of the expression for ky from Eq. (8) into Eq. (7), provides us with
the following fifth order equation for ui in terms of ur, v, k., and %.

'16Ui5 + 15U1
4 + ' 4 Ui3 + '13 Ui2 + '12UiI + '11 : 0 (9)

where

-u r  ,(10a)

CV'

6
'p
'P
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=4k0E0  (10b)

2 U,(,- 2) ,(lc

=-4k t (2 U 2 V2) ,(10d)

7Y2 = Ur(Ur 4 44(k 0  0.2V + 2u,2 V2 ) ,(10e)

and

71 4Ur 2 kofo(Uv 2 V2  (10f)

A second order equation for ky is achieved by rearranging the terms in Eq.

-~ (8)

-L -(u 2+v2) -(k 0
2-E0

2  k f 0 . (11)
2 UrUi

P.
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