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We design a cross-layer approach to optimize the cooperative use of multi-packet reception and network 
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from this model match the available experimental results, which are for routing and opportunistic network coding. 
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I. INTRODUCTION 

With the increase in wireless use, current wireless systems are throughput limited and are difficult 

to scale to large, dense networks. We develop a simple model that is easily extended to analyze the 

asymptotic regime so that we can evaluate the performance of combining various techniques to increase 

network throughput and reduce overall delay. 

The introduction of network coding [I] led to the proposal of a new forwarding architecture, COPE, 

for wireless networks. Proposed by Katti et al. [2], COPE is a cooperative network coding scheme that 

identifies coding opportunities and exploits them by forwarding multiple packets in a single transmission. 

The use of this simple coding scheme was shown to provide up to 3 to 4 times the throughput capacity. 

Implementing COPE in a 20-node 802.11 test bed, Katti ef al. provided empirical data, seen in the upper 

half of Fig. I, which shows the benefits of using COPE in wireless mesh networks. 

Sengupta ef al., [4] and Le et al., [5] provided analyses of these experimental results, but only considered 

coding a maximum of two packets together at a time or did not address the interaction between network 

coding and the MAC fairness. As a result, their analyses provide throughput gains that are considerably 

smaller than the experimental results and do not explain the non-monotonic behavior of the experimental 

results in Fig. l. Zhao and Medard, [3], modeled the same experimental results showing that the faimess 

imposed by the 802.11 MAC explains this non-monotonic behavior. In addition, they demonstrated that 

the majority of the throughput gain achieved by using COPE is a result of coding three or more uncoded, 

or native, packets together at time. They showed that these gains are not reflected in three node network 

models and at least five nodes are required to accurately capture the throughput effects resulting from 

network coding. The network coding (NC) and routing curves in Fig. I show that the results obtained 

using their model for a simple 5-node cross topo logy component [3] is consistent with the empirical data 

from (2]. Furthermore, Seferoglu ef. al. [6] used this 5-node topology component, and variants of them, 

to analyze TCP performance over coded wireless networks. With this in mind, we consider the 5-node 

cross topology component and additional 5-node topology components, as well as their extensions to any 

number of nodes, in order to help in our understanding of the effects of combining network coding and 

M PR in larger net works. 

While the performance of COPE significantly increases network throughput [2], it does not completely 

alleviate the limitation of multi-user interference. With the development of new radio technologies such as 

OFDMA, the ability to receive multiple packets simultaneously makes it possible to increase throughput 



and also has the potential to reduce contention among users [7]. Extensive research has been conducted 

on MPR with uncoded traffic. For instance, the stability of slotted ALOHA with MPR was studied by [8] 

and several protocols implementing MPR have been proposed by [9] and [10] . However, little analysis 

has been performed in evaluating schemes involving both MPR and network coding. Garcia-Luna-Aceves 

et 01. [II] cOli/pared the use of network coding to MPR, but did not consider the cOli/billed use of both 

MPR and network coding. In addition, Rezaee et 01. [12], provided an analysis of the combined use of 

network coding and MPR in a fully connected network, but did not consider the effects of bottlenecks or 

multi-hop traffic. 

We instead provide an analysis of the combined use of network coding and MPR in a multi-hop, 

congested network. We extend the initial model proposed by [3] to include various topology configurations, 

asymmetric and asymptotic behavior, and various implementations of MPR in order to show that the 

achievable throughput when using network coding in conjunction with MPR in a cooperative lIIulti

hop network is super-additive. We then use this model to design a cross-layer solution to optimize the 

throughput subject to constraints requiring fairness between flows, rather than between nodes, for network 

structures that induce congestion. While MAC fairness has been studied [13], our solution takes into 

account the interaction among MPR, network coding, and MAC. Using our simplified model, we then 

analyze the behavior of our solution as the traffic across the bottleneck becomes asymmetric and in the 

asymptotic regime as the number of nodes in each topology component increases. Finally, we analyze the 

throughput behavior as we limit the MPR capability to a subset of nodes within the network. 

The remainder of the paper is organized as follows: Section II describes the network models used in 

our analysis. Section III provides an analysis of network coding and MPR for 5-node network topology 

components using the existing 802.11 MAC. Section IV demonstrates the importance of considering the 

MAC when using a combined MPR and network coding solution and provides an improved MAC that 

optimizes throughput subject to flow constraints, MPR and network coding. Section V shows the effects 

of asymmetric network traffic on the achievable gains when using the new MAC; and Section VI shows 

that the cooperative use of MPR and network coding provides significant gains when considering delay in 

the asymptotic regime. Section VII provides an analysis of the throughput as we limit the MPR capability 

to a subset of nodes within the network. Finally in Section VIII, we conclude with a comparison of the 

results. 



II. NETWORK MODELS AND PARAMETERS 

We lise a simple implementation of opportunistic network coding, COPE [2]. COPE uses the broadcast 

nature of the wireless channel to overhear transmissions from a node's neighbor to extract information 

from any coded packet that it receives. An example of the procedure used by COPE is seen from a 3-node 

tandem network with node R connected to both node A and node B, but A is not connected to B. Source 

A sends packet a to B, and B sends packet b to A; but both a and b must first be sent to R, which then 

forwards each packet. Without COPE, the relay R must send each packet individually using two time 

slots. With COPE, the relay R will generate one coded message, aEflb (where Efl indicates mod 2 addition), 

and will broadcast this packet to both A and B in a single time slot. Since both nodes have their original 

packets, they can both decode the message and extract b and a respectively. When we consider broadcast 

traffic and some nodes requiring multiple degrees of freedom, we generalize COPE by allowing for a 

larger field size in order to transmit different linear combinations of packets. When considering the use 

of MPR, we allow both A and B to send their respective packets to R in the same time slot. R can then 

code the two packets together and transmit a single coded message back "to A and B. In the remainder 

of the paper, we apply this concept to provide an analysis of several S-node topology components. 

We use the basic network topology components shown in Fig. 2 since these are the primary network 

structures in large networks that form bottlenecks and create congestion. We first analyze the throughput 

behavior of using network coding and MPR using these small S-node components and then generalize 

for components with N nodes, shown in Fig. 6, so that we can analyze the throughput behavior in the 

asymptotic regime. We focus our attention on traffic that travels through the center node so that we model 

both bottlenecks and multi-hop networks. Within our model, each node randomly generates a packet and 

then transmits it through the relay node to its destination. The relay is fully connected regardless of the 

topology, and packets generated at the relay require only a single hop to reach their destination within the 

topology component. Each topology component has specific constraints due to their structure. In Fig. 2, 

we define these constraints through the use of a solid edge that depicts active, or primary communication, 

and a dotted edge that depicts pass ive, or overhearllistening communication. The absence of an edge 

between any two nodes indicates that all communication between the two nodes must be routed through a 

relay. Within the cross topology component, each traffic flow originating from a given node is terminated 

at the node directly opposite the center; and in the "X" topology component, all flows originating from 

a node in a given set terminates at a node in the opposite set. Therefore, each flow must pass through 



the center regardless of topology. For example, nodes n[, n2, and n5 in the "X" topology component are 

fully connected and nodes n3, n4, and n5 are also fully connected; but nl and n2 are not connected to n3 

and n4 . All traffic between any node {nl, n2} E XI and a node {n3, n4} E X2 must travel through the 

center. 

We model the MAC using the primary characteristics of the 802.11 MAC based on the empil'ical 

results from (2]. The non-monotonic behavior in the experimental throughput shown in the upper half 

of Fig. I is a result of both collisions and fairness imposed by the 802.11 MAC. Since the effects of 

collisions on throughput are small in ' relation to the effects of the 802.11 MAC fairness mechanisms, 

we do not consider collisions due to either hidden nodes or identical back off times. As a result, the 

model inherently underestimates the full benefits of implementing MPR, which reduces collisions, in 

wireless networks. Furthermore, we do not consider the overhead associated with the virtual 802.11 CS 

mechanisms (RTSICTS) when analyzing unicast traffic . The following analysis of the throughput gains 

produced through the use of MPR and network coding is a lower-bound to the achievable gain as a result 

of these model assumptions. 

The current 802.11 MAC protocol's goal is to distribute time slots equally among all competing nodes 

within a network, regardless of topology, and does not consider fairness of infonnation flolVs. As network 

load increases, the MAC limits each edge node's traffic to the center, or relay, while the rate of traffic 

from sources directly connected to the center (self-generated traffic) will not be similarly constrained. 

Nodes sending both relayed traffic and self-generated traffic in each topology component will therefore 

inherently send more of their own self-generated traffic, and the effectiveness of network coding will be 

reduced. This type of allocation occurs in the first part of our analysis, and we propose a modified MAC 

approach in Section IV that improves throughput by allocating time slots proportional to information 

flows. 

Since our main focus is the interaction between network coding and MPR, we will not address spec ific 

implementation methods for MPR. We assume that each node receives multiple simultaneous packets 

without delay or loss. It is further assumed that the wireless channel is loss less, feedback is perfect, and 

the load required for acknowledgments is contained as part of the initial transmission 's load. If a node 

is not transmitting and it has primary communication or can overhear another node, it will automatically 

overhear any transmission made by that node and use the information to decode any coded messages it 

receives. In addition, packet transmission is never delayed. If a node does not have more than one cod able 
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packet, it does not wait for another codable packet to arrive. Rather, it sends the packet uncoded at the 

first opportunity. Finally, all packets headed towards the same next hop will not be coded together because 

the next hop would not be able to decode such coded packets. 

The total offered load P to the network from the set of source nodes i E N, is defined as P = LiEN Pi, 

where N is the total number of nodes in the topology component and Pi = k,/IOO is each node's individual 

load contribution to the network, or the fraction of time required to send all of its ki packets to the 

next hop. We stochastically determine ki using a binomial distribution given P in each iteration of our 

simulation and average these results for each total offered load evaluated. 

We assume each node transmits all of its packets to the center node ns. Once every node (i # 5) has 

sent all of its packets, the center node will either identify coding opportunities and transmit a set of coded 

messages optimized for the topology component or send the packets uncoded. When MPR is used, we 

allow m packets to be sent from different sources in a single time slot. Since MPR provides a method of 

avoiding collisions due to hidden nodes, we use the existing CSMAICA protocols employed by 802.11 

for each m = 2 case. Cases involving m = 4 requires an extension to CSMAICA to allow each edge node 

to transmit in the same time slot to ns. In addition, the results shown in the figures found in subsequent 

sections are averaged over the packet arrival distribution and do not reflect the maximum achievable gains 

that occur when ki = kj Vi, j, i # j. 

We also consider a unicast transmission complete when all packets from each source node successfully 

reach their destinations; and broadcast transmissions complete when all nodes have received each packet 

from all sources. Furthermore, each node is half-duplex, and as a result, a node cannot receive other 

node's transmissions while it is transmitting. 

III. MULTI - PACKET R ECEPTION AND NETWORK CODING PERFORMANCE ANALY S IS 

With each of the network topology components shown in Fig. 2, we analyze the topology component 

performance with and without the use of network coding and MPR. We al,so consider both unicast and 

broadcast traffic. 

A. "X" Topology COlllpollell1 Allalysis 

Each node i E [1 ,5], requires Pi of the time to send all of its packets one hop where Pi is the initial 

load originating from node i. The center node ns requires P5 of the time to send its own packets one 

hop plus the load Pll required to route all traffic from the edge nodes to their final destination within the 



topology component. Let P = L~= l Pi where Pi is stochastically determined according to the binomial 

distribution described in Section II; let the relay load be PR = ~ L~= l Pj for j E [1,4] where c is the 

number of packets that can be effectively coded together; and let the total network component load PT 

required to send all packets to their intended destinations be PI' = P + PRo Furthermore, let the fraction 

of allocated time slots a node receives as a result of the MAC be 8i. 

The throughput S for the "X" topology component depicted in Fig. 2(a) with unicast and broadcast 

traffic is shown as a function of P in Fig. 3. The throughput shown in this figure is averaged over the loads 

obtained using the distribution discussed in Section II; the stars depict the maximum achievable throughput 

when the MPR andlor network coding gain is maximized. When PT < 1, each node is allocated enough 

time slots to send all of its packets, and the allocated load is 8j = Pj for j E [1 ,4] and 85 = P5 + PRo The 

throughput S increases linearly as the network load increases, regardless of the use of MPR or network 

coding. The throughput for each case reaches a maximum when PT = 1 and transitions into a saturated 

region for PT > 1, where for each node, the allocated load 8j :<; Pj and 85 :<; P5 + PRo When network 

coding is not used, the throughput is S = 85; and when network coding is used, the throughput will be a 

function of the number of packets that can be effectively coded together. 

1) ROllting (No Network Coding, m = 1): We will use routing as the baseline for our analysis. 

Consistent with the results found in [2] and the analysis performed in [3], the throughput increases 

linearly within the non-saturated region, P E [0, 5/9) . At P = 5/9, the throughput of S = 5/9 is maximized 

and is depicted by a star in Fig. 5. This maximum occurs when each source reaches Pi = 1/9 for i E [1 , 5] . 

The total load of the center node, as a consequence, is P5 + PR where Pn = L;'=1 Pj = "/9 for j E [1 ,4]. 

Since PT = I, 8j = Pj and 8S = Ps + Pn. 

The throughput saturates for P > 5/g. Initially, the 802.11 MAC allocates time slots to nodes requiring 

more resources. The throughput is therefore the amount of time n5 is able to transmit, 85 = 1 - L;'=1 8i, 

which decreases as P increases. The network component completely saturates when each node requires a 

large fraction of the available time slots. The MAC restricts each node's access to the channel by ensuring 

fairness among all nodes, i.e. , 8j = '/5 for i E [1,5] . The total saturated throughput is equal to the total 

amount of information that ns transmits, i.e., S = 8S = l/S . 

2) Network Codillg Dilly (m = 1): The limitations imposed by limiting the ability to overhear other 

edge nodes in the topology component results in a reduction of the number of native packets that can be 



coded together. Packets from different nodes within the same set, i.e., {n}, 112} E Xl and {n3, n.1} E X 2, 

cannot be coded together as they are forwarded through n5 therefore restricting the center node from coding 

all of the edge node packets together. The center node must make a minimum of two transmissions for 

every 4 packets it receives from different edge nodes in order to ensure that each destination node has 

the required degrees of freedom to decode the appropriate packets. 

From Fig. 3, when P E [0, 5/ 9), network coding is seen to provide no additional gains over the use 

of routing alone since n5 can forward each packet received without the MAC limiting its channel use. 

For P E [5/9,5/7) , network coding is instrumental in achieving the throughput shown. The MAC does 

not limit channel resources until the maximum throughput of S = 5/7 is reached. Assuming symmetric 

source loads, this maximum occurs when Pi = 1/7 for i E [1 , 5J and PR = 1/2 2::~= 1 Pi = 2/7, i.e., 

PI' = 2::f=1 Pi + ~ 2::;=1 Pj = 1. At this maximum, the MAC ensures fairness among all competing 

nodes and the throughput saturates for PI' > 1. The non-monotonic behavior is again due to the fairness 

aspect of the 802.11 MAC. Using this topology component, it is evident that the protocols employed by 

802.11 systems restrict the total throughput when the network is saturated and gains can be achieved by 

modification of the existing MAC. 

As both P and (J5 increase, the gain provided by network coding diminishes. The number of packets 

reaching n5 from each edge node is limited by the MAC while packets introduced into the network 

component by n5 are not. The coding gain, therefore, approaches zero as P ~ 00. 

3) Militi-Packet Reception of Order 2 alld 4 (No Network Coding alld rn = 2,4): MPR is similar to 

the routing case described earlier except we now allow a maximum of rn edge nodes to transmit within 

a given time slot. For rn = 2, the total time used by all of the edge nodes to transmit their packets to 

n5 is 1/2 that needed by routing while the center node cannot transmit mUltiple packets simultaneously 

and must transmit each received packet individually. Using CSMA, which restricts nodes opposite each 

other to transmit at the same time, the point at which the protocol saturates for symmetric source loads 

occurs when Pi = 1/7 for i E [1,5J and {J R = 2::~= 1 Pj = <tj7. This maximum, which yie lds a throughput 

of S = 5/7, occurs when each source has equal loads and is not reRected in Fig. 3 because the throughput 

shown is averaged over the packet arrival distribution explained in Section II. The throughput saturates to 

the same throughput as routing for values of PI' > 1 and the gain for rn = 2 is I due to the suboptimal 

saturation behavior of the protocol. 

The behavior for rn = 4 is the same as that for rn - 2 except the maximum of S = 5/6 occurs 



when Pi = 1/6 and PR = L;=1 Pj = 2/3. We allow all of the edge nodes to transmit their packets to 

n5 simultaneously, requiring a total of 1/6 of the time slots. Node n 5 then sends each node's packet 

individually, including its own, to the intended recipient requiring the remainder of the time slots to finish 

each unicastlbroadcast transmission. As P increases, the MAC limits each node's number of available 

time slots and S saturates to 1/5. Again, the gain in the saturated region for m = 4 is equal to the cases 

of m = 2 and routing . 

The gain as a result of the use of MPR depends on an adequate number of source nodes with information 

to send. If m is greater than the total number of nodes with information to send, i.e., m > N , the MPR 

gain will be less than when m ::; N. In addition, the achievable gain for implementations using stochastic 

message arrival and transmission times will be upper-bounded by the results shown in this section and 

lower-bounded by the throughput for the non-MPR (routing) case seen in Fig. 3. 

4) NetlVork Codil/g lVith Multi-Packet Receptioll of airIer 2 al/d 4 (m = 2,4): The case when MPR is 

combined with network coding results in further improvement as seen in Fig. 3. Unlike the case where we 

considered MPR alone, the order in which each node transmits and symmetric traffic across the topology 

component is crucial to achieving the maximum throughput gain. As a result, we continue to use CSMA 

to ensure nodes in opposite sets transmit at the same time so that we both facilitate opportunistic listening 

and enable coding opportunities by n5' The average throughput shown in Fig. 3 for both cases discussed 

in this section do not reach the maxima found below and indicated by a star in the figure because of the 

stochastic load distribution, which results in asymmetric traffic among the set of nodes. Should each node 

have an equal amount of information to send, the maxima found below will be reached. 

The throughput increases linearly until it reaches its maximum at S = 1 when Pi = 1/5 for i E [1,5] 

and PH = 1/2 L;=1 Pj = 2/5. It then saturates to the network coding throughput for PT > 1. The average 

and maximum throughput shown in Fig. 3 for m = 2 is achieved for both unicast. and broadcast traffic 

when using CSMA to force nodes from different sets to transmit to n5 at the same time. Removing this 

constraint results in the same throughput for unicast traffic. Broadcast traffic throughput will be upper 

bounded by the unicast throughput and lower bounded by the m = 2 without network coding case. 

Furthermore, the broadcast throughput will be dependent on the mechanism of determining the order of 

transmissions, such as CSMA, round-robin, or other similar scheme, within the wireless channel. 

For m = 4, the maximum unicast throughput of S = 5/4 is achieved when allowing all four source 

nodes to transmit to the center at the same time. The center node codes a maximum of two native packets 



together from different source node sets and transmits two coded packets back to the edge nodes, including 

its own uncoded packets, in order to complete the unicast transmission. At the completion of the unicast 

transmission, each node still requires a maximum of one additional degree of freedom to complete the 

broadcast transmission. Allowing n5 to code all of the native edge node packets together and send one 

additional coded transmission enables each node to extract the required degree of freedom and obtain the 

full set of transmitted messages. The maximum throughput for this case is therefore the same as the case 

for network coding with m = 2 and is equal to S = 1. Similar to the cross topology component, the 

average throughput for both cases discussed in this section does not reach the maxima found because of 

the stochastic load distribution, which results in asymmetric traffic flows across the center node. If the 

each node had an equal amount of information to send, then the maxima found in this section would be 

achieved. 

Fig. 4 shows a summary of our analysis by plotting the maximum unicast and broadcast throughput as 

a function of the MPR capability. In addition, it illustrates the super-additive behavior of the throughput 

when MPR is used in conjunction with network coding by comparing this throughput with the throughput 

that would be obtained by adding the individual gains obtained using MPR and network coding separately. 

B. Cross alld Partial Topology COlllpollellt Allalysis 

As expected, cooperation between nodes within the topology component increases throughput. The more 

a given node can overhear, the higher throughput; but there are limitations to the benefits of increasing 

the number of overhear/listen edges. We first consider the cross topology component shown in Fig. 2(b). 

As explained in Section II, all flows originating at a given node ends at the node opposite the center 

node n5, therefore requiring all flows to pass through the center modeling a bottleneck. We conduct a 

similar analysis performed for the "X" topology component. All cases not involving network coding are 

unaffected by the connectivity of the topology component, but the maximum throughput for those cases 

with network coding is increased. While we will not provide a detailed explanation of the analysis because 

it is identical to the discussion in Section TU-A, Fig. 5 provides the resulting throughput for the cross 

topology component. 

Considering the other possible S-node topology components, shown in Fig. 2(c) and (d), we find that the 

addition or removal of an overhear/listen .edge has little impact on the maximum throughput. In the case 

of the partial cross topology component, the removal of a single edge results in a maximum throughput 

found using the unmodified "X" topology component. In the case of the partial "X" topology component, 



the gain resulting from the use of network coding is reduced; and as a result, the throughput decreases. It 

can be verified that the the maximum throughput for the case where network coding and m = 2 is S = 1 

for unicast traffic and S = 5/6 for broadcast traffic. This is only a slight reduction in throughput from the 

unmodified "X" topology component's throughput. On the other hand when m = 4, the maximum is the 

same as that found for the partial cross and "X" topology components. Since MPR restricts each node's 

ability to overhear other node's transmissions, the limitations imposed by the network topology do not 

impact the gain provided by the combined use of MPR (m = 4) and network coding. 

IV. IMPROVING THE MAC FAIRNESS PROTOCOL 

While several approaches to improve fairness among flows in 802.11 networks have been suggested, 

none have considered the combined use of MPR and network coding. As a result, our approach optimizes 

the throughput of these networks subject to MPR, network coding, the topology component, and fairness 

to flolVs rather than to nodes. The basic premise behind the improved protocol approach is to allocate 

resources proportional to the amount of non-self-generated traffic flowing through each node when the 

network saturates. While allocating fewer resources to flows originating at the center and more resources 

to flows originated at edge nodes yields even higher throughput, our policy ensures that each flow of 

information is given the same priority. The center node will be allocated more resources than each edge 

node in order to relay information; but it must also limit the amount of self-generated traffic so that it 

equals the average per node non-self-generated traffic being relayed. 

We design the revised MAC using a slight modification of the components found in Fig. 2. For the 

cross topology component, we let there be N - 1 edge nodes and a single center, or relay, node. All 

edge nodes are connected with the center node and connected with all other edge nodes except the one 

directly opposite the center. For the "X" topology component, we also let there be N - 1 edge nodes and 

a single center node. The edge nodes are split into two sets Xl and X 2 . All edge nodes within a given set 

are fully connected and also connected to the center node. The MAC is optimized for traffic that travels 

through the center node. Within the cross topology component , each node cOlllmunicates with the node 

directly opposite the center. In the "X" topology component, each node communicates with a node in a 

different set . Fig. 6 provides an illustration of both generalized components. 

We define the throughput S, which is analogous to the throughput defined in Section m, as the total 

number of nodes transmitting data N divided by the total number of time slots needed to complete either 



all unicast or broadcast sessions: 

s = iV 
iVMPR + iVc 

(I) 

The denominator iVMPn + iVc is just the sum of the number of time slots required from the iV - 1 edge 

nodes to the center plus the number of time slots required from the center to the edge nodes. The former 

is determined by the MPR coefficient and the later is determined by network coding. The number iVMPR 

of time slots required from the edge nodes to the center is dependent on the structure of the topology 

component and the implementation of the MAC. The number iVc of time slots required from the center is 

the maximum degrees of freedom that any given node requires in order to decode each coded packet. With 

the cross topology component with network coding, the term iVc = 1 + (m -1) = m where the first term 

in the sum is a result of the flow originating at the center node, and the second term (m - 1) comes from 

the fact that each edge node was able to overhear all but m - 1 degrees of freedom from the rest of the 

edge nodes. With the "X" topology component with network coding, the term iVc = max (IX1 1, IX2 1) + 1 

where the first term is the cardinality of the maximum set of edge nodes representing the maximum 

degrees of freedom that the center must send to the edge nodes and the second term results from the flow 

originating at the center node. 

The allocated number of time slots each node receives so that the throughput S is maximized, subject 

to the flow constraints and 2:~:~ 1 Sjfm + 8R = I, is divided into three cases where where 8j is the fraction 

of time slots allocated to each edge node and 8 n is the fraction of time slots allocated to the center node. 

Similar to Section ill, the throughput S = 8 n when network coding is not used, and S is a function of 

the number of packets that can be effectively coded together, which is dependent on the MPR coefficient 

m, the use of CSMA, and the traffic type (unicast or broadcast), when network coding is used. The cases 

include: 

• Cross Topology Component witl! Unicast Tl,1ffic or Broadcast Traffic: Assuming that there are no 

constraints on the order in which each node transmits to the center node, the allocation of resources 

is the same for both unicast and broadcast sessions. Without network coding, the center node will 

require a number of time slots equal to the number of source nodes iV. With network coding, 

throughput is maximized by ensuring the center node codes the maximum number of native packets 

together. Implementation of MPR can potentially prevent each node from immediately decoding any 

coded message sent by the center since we are allowing nodes with the ability to overhear each 

other the ability to transmit at the same time. When m = 2, the center node needs to send two 



coded packets, each combined in a different manner, to ensure that each edge node has the necessary 

degrees of freedom to decode each packet. Generalizing for Nand m as well as considering only 

integer numbers of time slots: 

and 

{ 

1 
f(N 1)/m1+ N 

Sj = 

f(N- I)7~'1+m'+1 

{ 

N 

< f(N 1) /m1+N 
SR _ 

metl 
f(N 1)/m1+m,+1 

without NC 
(2) 

with NC 

without NC 
(3) 

with NC 

We define me = m for m = 1 and m = 2 when CSMA is not used and me = m - 1 for m = 2 

when CSMA is used so that only nodes opposite the center are allowed to transmit in the same time 

slot. In addition, the term me = m - 1 for all situations where m = 4. Furthermore, (3) is met with 

equality if CSMA is used for m = 1 and 2 as well as for all cases when m = 4. Equation (3) may 

be met with inequality when CSMA is not used for m = 2 since there is a non-zero probability that 

any given node may miss a packet from a node in which it can overhear while it is transmitting. 

Using a scheme such as CSMA results in a significant throughput gain for small N but becomes 

insignificant as N grows. 

• "X" Topology Component: The fraction of time slots SU allocated to each node for unicast traffic is : 

{ 

1 
U f(N- l )/ml+N 

Sj = Sj = f(N- I)/m1+"'~x(lxtI ,IX'!)+ 1 
without NC 

(4) 

with NC 

and 

{ 

N 
U f(N 1)/m1+N 

SR = sn = 
",ox(IX ,1,IX,!)+1 

without NC 
(5) 

f(N 1)/m1+m,x(IXtI,IX,!)+ 1 with NC 

When considering broadcast traffic, add itional degrees of freedom must be sent by the center to 

complete the session. Without network coding, equations 4 and 5 still hold. With network coding, 

there is a possibility that each destination node will require a maximum of one additional degree of 

freedom per node for m = 2 or three degrees of freedom per node for m = 4 when either I XI I ~ m 

or I X 2 I ~ m and the order of node transmission is not enforced (i.e., CSMA is not used). Providing 



these additional degrees of freedom can be accomplished by the center node sending at most three 

additional coded packets, where each coded packet contains a different combination of all of the 

native edge node packets. Each edge node's fraction of time slots is maximized when the cardinality 

of each set, Xl and X 2 , are equal, and minimized when the cardinalities differ most and transmission 

from the edge nodes to the center is asymmetric, i.e., multiple nodes from a single set transmit at 

the same time. The fraction of time slots each node receives for broadcast traffic, sB, with network 

coding is then bounded by: 

SU > sE > 1 
J - J - [(N 1)/ rnl+max(IXd,IX,I)+rn (6) 

and 

(7) 

We applied our revised fairness protocol to both the 5-node cross and "X" topology components using 

the same model described in Section III. In addition, the throughput S can be calculated using the 

methods described in Section III and earlier in this section for both the non-network coding and network 

coding cases. We find that the throughput saturates at the lIlaxillla found "in Section 1II for each topology 

component. Fig. 7 and 8 show both the unicast and broadcast throughput for the cross and "X" topology 

components, respectively, using our improved MAC approach. The gains associated with our modification 

of the fairness protocol are listed in Table I. 

V. PERFORMANCE OF MPR AND NETWORK CODING WITH ASYMMETRIC TRAFFIC 

The performance of network coding and multi-packet reception in networks with bottlenecks is highly 

dependent on the symmetry of traffic across the bottleneck. Situations in which the traffic is approximately 

symmetric, or equal, across the bottleneck maximizes the performance gains provided by both network 

coding and MPR. This section provides insight into the effects of asymmetric traffic while us ing the MAC 

approach explained in Section IV. For the purposes of analyzing the effect of asymmetric traffic, the "X" 

topology component is used as the primary topology component in our analysis since its limitations from 

the reduced number of nodes any given edge node can overhear compounds the effects of asymmetric 

traffic on network throughput. 



1\yo different asymmetry scenarios are addressed. The first addresses the effects of asymmetry with 

a MAC that does /lot limit the number of nodes that transmit in either set XL or X2 as defined in the 

previous sections. The MAC allows nodes within the same set to take advantage of MPR and does not 

restrict mUltiple nodes from sending to the relay in a given time slot. If only nodes within the same set 

have data to send, the MAC allows for up to m nodes to send their respective packets to the relay. Figure 

9 shows the throughput for an "X" topology component as the asymmetry between traffic from different 

sets is increased. The value plotted on the x-axis is the asymmetry ratio and is defined as: 

(8) 

where k; and kj are the number of packets that each node i E X 2 and j E Xl> respectively, need to 

send to a given node on the opposite side of the relay. In this scenario, the effectiveness of MPR is 

not diminished since MPR can be fully utilized regardless of where the traffic is originating. On the 

other hand, the effectiveness of network coding decreases as v increases. As can be seen in Figure 9, the 

throughput for cases involving network coding is maximized for perfectly symmetric data and saturates 

to the MPR only throughput for very large v. Regardless, Fig. 9 shows that network coding still provides 

significant gains for asymmetry ratios of less than five . 

The second asymmetry scenario involves the use of a MAC that limits the transmission of nodes from 

the same set. In this scenario, it is assumed .that nodes within the same set do not transmit at the same 

time unless the degree of MPR requires that they do so. When m = 2, only a single node from a set will 

transmit in a time slot, corresponding to CSMA. As traffic becomes more asymmetric, one set of nodes 

will eventually run out of data and the other set will be forced to continue sending data to the relay one 

node at a time. The same occurs when network coding is used alone; and as a result, network coding and 

MPR with m = 2 is the same for this scenario. For m = 4, two nodes from the same set will transmit in 

the same time slot since the topology component contains only two sets of nodes. Extending thi s concept 

to large m requires that "'/2 nodes on a given side of the relay are allowed to transmit in the same time 

slot. 

Figure 10 shows the relationship between asymmetric traffic from different sets and the effect on 

network throughput. Unlike the case in which the order is not enforced, the throughput when using MPR 

for some m, in addition to network coding, is reduced for large v. For the case when m = 2 with or 

without network coding, the throughput is maximized when traffic is perfectly symmetric but saturates to 



the throughput obtained for the routing case. This saturation can be seen if we assume that all traffic is 

originating from a single set of nodes. The MAC then limits transmission from each node to the center 

which eliminates the gain resulting from the use of MPR, and the center node must send each relayed 

packet uncoded to the next hop, which eliminates the gain resulting from network coding. The case for 

m = 4 is similar to that of the m = 2 case; but since a maximum of two nodes in a set are allowed to 

transmit in the same time slot, the throughput saturates at large /J to the maximum m = 2 throughput of 

While implementation of a MAC that allows for the full employment of MPR may be more difficult, 

the potential throughput gains achieved when heavily asymmetric data is flowing through a bottleneck are 

great. In addition, the decrease in throughput as v grows is heavily dependent on the network topology. 

As the number of nodes that are connected with each other grows, the effectiveness of network coding 

increases; but also increases the complexity of the MAC depending on the implementation of a system's 

MPR capability. Regardless, it is important to note that in the presence of erasures, even with asymmetric 

traffic, the potential gains are great. While network coding may not necessarily increase throughput under 

highly asymmetric data, the network coding gain will manifest itself when recovering from packet erasures. 

Care must be taken to ensure that the MAC, MPR, and network coding design and implementation are 

done in conjunction with each other so that the maximum achievable gains are realizable. 

VI. PERFORMANCE OF NETWORK CODING AND MPR WITH LARGE N 

The gain provided by using MPR and network coding is dependent on the number of nodes N in 

the topology component. While the gain manifests itself in the throughput of each canonical topology 

component, the major benefit is realized in the delay, or time it takes to complete all flows. 

For purposes of illustration, we now restrict our analysis to the cases in which we have the restrictive 

MAC with CSMA, and we only consider symmetric traffic across each topology component. Combining 

equations (I) and (2) through (5), relaxing the integer constraints, and assuming an equal number of nodes 

in each set within the "X" topology component, lYe take the limit of the throughput for each canonical 

topology component: 

{ 

m 
. m+l 

lIm SCmss = 
N~oo 

m 

without NC 
(9) 

with NC 



{ 

m 

I· S m+l 
lIn x = 

N"---)oo 2m 

m+2 

without NC 
(10) 

with NC 

It is clear from the above analysis that the gain has a dependency on the connectivity of the network. 

As the network becomes more connected, the interaction between network coding and MPR combine to 

create gains that are super-additive. 

Considering the per node throughput SNode = Sj for j E [1, NJ, we see that the throughput for both 

the original 802.11 MAC and improved MAC scales on the order of IjN. Fig. 11 shows the "X" topology 

component's per node throughput, using the improved MAC, as a function of the number of nodes. As 

expected, the throughput per node asymptotically approaches zero as N grows. While there are gains 

from MPR and network coding for moderately sized networks, i.e., N = [5,100J, the throughput gains 

are limited for larger ones. 

On the other hand, there are significant gains from MPR and network coding, while using the improved 

MAC, when considering the delay, or total time to complete all sessions. When a single packet is at every 

node, we determine the time for all packets to reach their intended destinations. Fig. 12 shows the total 

time to complete all flows within an "X" topology component, as N grows. It can be easily verified that 

the delay gains for the MPR with 171 = 2 or 171 = 4 and network coding cases are approximately 2 and 

8/3 respectively for large N. 

VII. LIMITED MPR 

Since implementing MPR in a system may be a difficult and costly upgrade, we now look at the 

throughput gains if we target strategic nodes for implementing MPR and leave the rest without the 

capability. The limitation of not having MPR at each edge node, as would be expected, reduces tbe 

effectiveness of opportunistic network coding and limits the total number of packets that the center node 

can code together. F igures 13 and 14 show the resu lts of our analysis and demonstrate the importance of 

ensuring that each node have the same MPR capability. 

We continue to use CSMA, that is, we force nodes from opposite sets within the "X" topology 

component and nodes opposite the center within the cross topology component to transmit together .when 

considering MPR with 171 = 2. For MPR with 171 = 4, we only allow two nodes from a given set within the 

"X" topology component and any two nodes, as well as the nodes opposite them, within the cross topology 

component to transmit at the same time. Furthermore, we deterministically distribute an equal number 



of packets to each node and calculate the broadcast throughput using eq. (I) as the number of nodes N 

increases towards infinity. We further assume that each node has the ability to capture a packet. That is, 

if multiple transmissions occur in a given time slot, a node without MPR will receive one transmission 

without error and treat the remaining transmissions as noise. If capture is not feasible, implementation of 

MPR in networks with non-MPR nodes will result in throughput gains equal to that of routing or network 

coding alone. 

The number of additional packets that the center node must send when each edge nodes does not 

have MPR is dependent on 711 . Limiting MPR to the center node within the cross topology component 

essentially splits the component into 711 disjoint sets where all edge nodes in a set are fully connected 

and each node is connected to the center. An MPR of 711 = 2 results in two disjoint sets that requires the 

center node to send NH/2 degrees of freedom to each edge node; and an MPR of 711 = 4 results in four 

disjoint sets that requires the center node to send 3NH/4 degrees of freedom to each edge node. Each 

additional degree of freedom needed as a consequence of the limited MPR reduces the throughput so that 

it is upper bounded by the network coding throughput. Limiting MPR to the center node within the "X" 

topology component results in a similar division of edge nodes into disjoint sets except that for 711 = 2, 

the division has already been performed as a result of the topology. These results are displayed in Fig. 

13 for the cross topology component and Fig. 14 for the "X" topology component. 

VIII. CONCLUSION 

We have provided a lower bound to the gains in total throughput from MPR and network coding for 

topology components that create traffic bottlenecks in large networks. We provided an analysis of the total 

throughput and showed that the effectiveness of network coding is highly dependent on the use of MPR; 

and that the combined use of MPR and network coding results in super-additive gains, rather than just 

purely additive ga ins. 

Tn addition, we evaluated the fairness imposed by the 802. 11 MAC and showed that the coding + MPR 

ga in at saturation is not maximized. We argued that while the current 802.11 MAC is fair to lIodes, it is 

inherently unfair to flows of information in multi-hop networks. We further generalized each scenario for 

both unicast and broadcast traffic. 

We then used our simple, validated model to design a new MAC approach using MPR and network 

coding that allocates channel resources by providing a greater proportion of resources to bottle-necked 

nodes and less to source nodes. The new MAC overcomes the constraints of the legacy 802.11 MAC 



and ensures fairness among information flows rather than nodes. Our proposed approach, optimized for 

networks using network coding and MPR, shows an increase in the achievable throughput of as much as 

6.3 times the throughput when neither network coding nor MPR is used in simi lar networks. In addition, 

we analyzed the scalability of the canonical topology components. We showed that the gains provided 

by the use of MPR and network coding are highly dependent on the connectivity of the network and the 

gains are not necessarily realized in the throughput but in the time it takes to propagate information for 

large networks. Finally, we showed that limiting the distribution of the MPR capability to only a subset 

of nodes within a network results in a drastic reduction in performance. All of the analyses outlined in 

this paper show that the cooperative use of MPR, network coding, and MAC in a given network is critical 

to achieving the maximum gain. 
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Figure 3. Average broadcast and unicast throughput for a 5·node "X" topology component. Each vertical double arrow shows the difference 
in the maximum and saturated throughput due to MAC fairness for each case. 

Figure 4. Maximum throughput of a 5·node "X" topology component as function of the MPR capability. Super·additive gains are achieved 
when using network coding in conjunction with MPR. 
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in the maximum and saturated throughput due to MAC fairness for each case. 
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Figure 6. Generalized topology components for N nodes. 
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Figure 7. 5-Node cross topology component unicast and broadcast throughput lIsing the improved MAC 
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Figure 8. 5-Node "X" component throughput using the improved MAC 



Case (a) Cross Component (b) "X" Component 

Unicast Broadcast Unicast Broadcast 

Routing 2.8 2.8 2.8 2.8 

Network 4.2 4.2 3.6 3.6 

Coding (NC) 

MPR 3.6 3.6 3.6 3.6 

(nt = 2) 

MPR 4.2 4.2 4.2 4.2 

(nt = 4) 

NC and MPR 6.3 6.3 5.0 5.0 

(m = 2) 
NC and MPR 6.3 6.3 6.3 5.0 

(nt =4) 

Table I 
GAINS IN THE SATURATED NETWORK THROUGHPUT WITH THE 1t>.IPROVED MAC. EACH GAIN IS DASELINED AGA INST THE SATURATED 

ROUTING THROUGHPUT USING THE OR IGINAL 802.11 MAC. 
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Figure 11. Throughput per node of the "X" topology component for large N using the improved MAC 
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Figure 12. Time to complete all flows if each source has only a single packet 10 send using the improved MAC. 
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