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PREFACE TO THE SECOND EDITION

This edition differs in no essential way from the first. The
principal revision occurs in Chap XIII, where the account of

the motion of a particle in an electromagnetic field has been
completely rewritten. The treatment of principal axes of inertia

in Chap XI has been amplified, and some revisions have been
made in the treatments of Foucault's pendulum, the spinning

projectile, and the gyrocompass. The emphasis on units and
dimensions has been increased by the inclusion in the earlier part

of the book of a few short paragraphs, with references to the

Appendix, where these matters are discussed in detail. A few
additional exercises have been inserted, and numerous minor
corrections have been made. We wish to thank all those readers

who have contributed to the improvement of this second edition

by their suggestions, and, in particular. Professors L. Infeld,

A. E. Schild, and A. Weinstein.

John L. Synge
Byron A. Griffith

PllTSBUItOH, Pa.

Toronto, Ont.
July^ 1948





PREFACE TO THE FIRST EDITION

In a sense this is a book for the beginner in mechanics, but in

another sense it is not. From the time we make our first move-
ments, crude ideas on force, mass, and motion take shape in our

minds. This body of ideas might be reduced to some order at

high school (as crude ideas of geometry are reduced to order),

but that is not the educational practice in North America.

There is rather an accumulation of miscellaneous facts bearing

on mechanics, some mathematical and some experimental, until

a state is reached whore the student is in danger of being repelled

by the subject, iis a chaotic jumble which is neither mathematics

nor physics.

This book is intended primarily for students at this stage.

The authors’ ambition is to rovcjil mechanics as an orderly self-

contained subject. It may not be quite so logically clear as pure

mathematics, but it stands out as a model of clarity among all

the theories of deductive science.

Tlio art of teaching consists hirgcly in isolating difficulties

and overcoming them one l)y one, without losing sight of the

main problem while attending to the details. In mechanics,

the main problem is the problem of equilibrium or motion under

given forces—the details arc such things as the vector notation,

the kinematics of a rigid body, or the theory of moments of

inertia. If wo rush straight at the main problem, wo become

entangled in the details and have to retrace our steps in order to

deal with them. If, on the other hand, wo decide to settle all

details first, wo are apt to find them uninteresting because we

do not see their connection with the main problem. A compro-

mise is necessary, and in this book the compromise consists

of the division into Plane Mechanics (Part I) and Mechanics in

Space (Part II). These titles must, however, bo regarded only

as rough indications of the contend. Part I includes some of

the easier portions of threo-rlimensional theory, while Part II

contains an introduction to the special theory of relativity, with

mechanics in only one spatial dimension 1

ix



X PREFACE TO THE FIRST EDITION

There is, of course, nothing novel in regarding plane mechanics
as the preliminary field; but it is rather unusual to divide the
subject in this way in a single volume, or even in a sequence of

volumes. It has made the task of writing more difficult, but
the authors have felt it worth while. Many of the most interest-

ing results in statics and dynamics belong to the plane theoiy,

and it is unfair to deny the reader access to them until he has
mastered the more elaborate technique required for three
dimensions.

Part I is complete in itself and might be used as a textbook
in plane statics and dynamics, with some excursions into three-
dimensional theory. Vector notation is introduced, but used
sparingly. The reader should have a fair knowledge of calculus,

elementary differential equations, and some analytical geometry.
Practical experience in physics is not essential but very desirable;

mechanics is at root a physical subject and should not be treated
merely as an excuse for the exercise of mathematical techniques.

In Part II the language of vectors is used extensively. A
knowledge of three-dimensional analytical geometry is required
and greater power in the use of mathematical processes. This
part is complete in itself, except for occasional references to
Part I. The selection of particular applications follows con-
ventional lines, except for one novel feature—a section on electron
optics. Chapters on Lagrange’s equations and on the special
theory of relativity are included.

The book has developed from lectures delivered by both
authors to Honor Students in their second and third years at the
University of Toronto. These lectures cover about 110 periods
of 50 minutes, and it has been found that the work can be done
toly adequately in that time. But this does not allow suffi-

ciently for the working of problems with the classes; it is felt that
160 periods might well be spent on the contents of the book,
were it not for other demands on the students’ time.
Each chapter is followed by a summary. The summaries to

the chapters dealing with methods are naturally the more funda-
mental—there is little hope of being able to attack problems
unless one is thoroughly familiar with the general principles
outlined there. On the other hand, the summaries to the chap-
ters dealing with applications are intended to provide only a
synopsis of what has been done.
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Maxiy of the exercises are taken with permission from examina-

tion papers set in the University of Toronto and printed by

the University Press. In each set of exercises, the first few

problems are so simple that failure to solve them will reveal a

lack of understanding of basic methods, rather than a deficiency

in skill and ingenuity.

The equations are numbered in such a way tliat, when read

as decimals, they stand in their proper order. The integer

represents the chapter, the first decimal place represents the

section, and the last two decimal places the position of the equa-

tion in the section.

Debts to other textbooks are too numerous to acknowledge.

But we would like to pay tribute to two books and recom-

mend them to the reader who wishes to pursue the subject

further. They are E. T. Whittaker’s Anal3^ieal Dynamics

(Cambridge University Press) and P. Appoll’s M6canique

rationnclle (Gauthier-Villars). These books have suggested the

possibility of reconciling in a textbook on mechanics two opposing

goals—the reduction of the subject to a compact and classified

form and its exposition with sufficient fullness to make the

arguments easy to follow.

We gratefully acknowledge assistance and advice received from

our colleagues. Professor H. S. M. Coxetor, Professor A. F.

Stevenson, Dr. A. Weinstein, and Mr. A. W. Walker. We are

under a particular debt to Professor L. Infold, who read most of the

manuscript and has been unsparing in frank criticism and sug-

gestions; if wo have succeeded in avoiding dullness and obscurity,

it is duo in no small measure to him.

,1. L. Syngm
B. A. Griffith

Tokomto, Ontario
Mkdioinb Hat, Albubta

December, 1041
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PART I

PLANE MECHANICS





CHAPTER I

FOUNDATIONS OF MECHANICS

1.1. SOME PHILOSOPHICAL IDEAS

Why do we study mechanics? There are at least three reasons.

First, we live in an age of machinery, which cannot be designed

without a knowledge of mechanics; in fact, it is the most funda-

mental subject in engineering. Secondly, mechanics plays a
basic part in physics and astronomy, contributing to our knowl-
edge of the working of nature. Thirdly, the mathematician is

interested in mechanics, both in the logic of its foundations and
in the methods employed; a considerable portion of mathematics
was developed for the express purpose of solving mechanical

problems.

The subject of mechanics is not a mere collection of facts.

From certain simple hypotheses an elaborate theory is built up.

Anyone who has studied the subject should be able to answer

questions of interest to engineers and physicists; that is to say,

he should be able to appZy his knowledge. But he should also

have a fair idea of the logical structure. A successful textbook

has to steer a middle course between undue concentration on the

mere working out of problems on the one hand, and an over-

elaborate development of logical structure on the other.

The two ways of thinking.

What the student of mechanics requires more than anything

else is the development of a certain point of view which is difGicult

to describe in a few words. Since the reader is expected to have

a fair knowledge of geometry, it will be helpful to consider the

ways in which we think about that subject.

Every student of geometry learns to think in two ways.

First, there is the -physical way, in which a point is a small dot

on a sheet of paper, a straight line a mark made by drawing

a sharp pencil along a straight edge, a circle a mark made by a

pair of compasses, and so on. Secondly, there is the ideal or

3



4 PLANE MECHANICS [Sbo. 1.1

mathemaMccd way, in which a point is no longer a dot on paper,

but an ideal thing which the dot serves only to suggest. Anyone
who uses geometry has both these ways of thinking at his disposal,

switching from one to the other without confusion. The engmeer
and the physicist generally think in the physical way, but when
there is a theorem to be proved they subconsciously switch to the
mathematical way. On the other hand the mathematician will

think primarily in the mathematical way, but he will change to

the physical way when he wants to aid his thought with a
diagram.

This duality in point of view is confusing to tho begirmer
in geometry. But it is fortunate that he has to face this difficulty

at an early stage in his career, because it prepares him for a
similar duality in mechanics, about which he has also to learn

to think in two different ways.

First, there is the physical way. We think of actual physical
things, natural or man-made. We seek to understand the laws
governing their behavior and to predict how they will behave
under given circumstances—to be able to trace the paths of

comets in advance, or design machinery and bridges with con-
fidence as to their behavior when constructed.

On the other hand, there is the mathematical way. Often
without realizing it consciously, the physicist, astronomer, or
engineer slips over from the physical way of thinking to the
mathematical. Thus the astronomer may treat tho earth as a
perfect sphere—an abstract mathematical concept which does
not exist in nature—or the engineer may discuss a wheel as
if it were a perfect circle.

The transition from the physical to the mathematical and
back again is a source of more confusion than may be suspected,
but it is unavoidable. There is no doubt that the physical
way of thought is the more natural; but as long as it is the only
way, progress is slow. Physical things are very complicated
and hard to think about. Slowly we come to distinguish between
properties which are essential and properties which are incidental.
We learn to simplify problems by forgetting the incidental
properties and concentrating on those which are essential.

To illustrate, suppose we are interested in the periodic time
of a bar suspended from one end, oscillating as a pendulum.
Which properties of the bar is it essential for us to bear in mind.
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and which may we neglect as incidental? Can we predict the

periodic time of oscillation without knowing the material of

which the bar is constructed? Does the form of the cross section

of the bar matter? Does it make any difference whether the

bar is supported on a knife-edge or by bearings? The cautious

well-informed physicist would say that all these things mattered

and many others. One material yields more than another, the

form of cross section influences the distribution of material, and

a change in the mode of suspension may alter the axis about

which the pendulum oscillates. But if we were as cautious as

this wo should have no science of mechanics. To start on the

problem, at any rate, we must simplify it ruthlessly. So we
think of the bar as a rigid mathematical straight line and the

support as a fixed mathematical point. Now we have a problem

which is reasonably simple to handle mathematically. Strictly

speaking, no properties are incidental. Even the color of the

bar affects the pressure of light on it; a subway train stopping

five hundred miles away may cause a vibration in the support and

affect the motion of the bar. Common sense, which is the accu-

mulated experience of centuries, gives us some guide as to the

factors which wo may neglect.

Mathematical models.

Gradually stripping physical things of attributes which arc

unimportant for the question in hand, wo arrive at a mathe-

matical way of thinking about nature. The particular mathe-

matical model* to be used on a given occasion depends on that

occasion. Consider the earth, for example. The simplest model

of the earth is a particle, a mathematical point with mass. This

model suffices to obtain the earth’s orbit round the sun, but

obviously will not do for the discussion of tides or lunar

eclipses. For those phenomena we may think of the earth as a

rigid sphere, but this model will not serve for the discussion

of the precession of the equinoxes (for which we require an ellip-

soidal rigid body) or for the discussion of earthquakes (for which

we require an elastic sphere). Thus there arc many mathe-

* Tho reader will of course understand that when wc speak of a "model”

we do not moan an actual physical reproduction on a small scale. We use

tho word—for want of a bettor—^to describe our simplified mental picture

of a physical object.



6 PLANE MECHANICS [Sac. 1.1

matical models for the earth, and the one which we choose

depends on the question we are discussing at the moment.
In fact, mechanics—and indeed all theoretical science—is a

game of mathematical make-believe. We say: If the earth

were a homogeneous rigid ellipsoid acted on by such and such

forces, how would it behave? Working out the answer to tliis

mathematical question, we compare our results with observar

tion. If there is agreement, we say that we have chosen a good

model; if disagreement, th^ the model or the laws assumed arc

bad.

Let us now sum up the general procedure in theoretical

mechanics in the following five steps.

(1) A physical system is an object of curiosity; we wish to

predict its behavior under various circumstances. (The system

in question might be a pendulum, or a pair of stars attracting

one another.)

(2) An ideal or mathematical model of the physical system is

constructed mentally. (The pendulum is regarded as a rigid

straight line, and the stars are regarded as two particles.)

(3) Mathematical reasoning is applied to the mathematical
model. (This means that differential or finite equations are set

up and solved. Formulas are developed to give answers to

interesting questions, such as those concerning the periodic

time of the pendulum or the orbit of one star relative to the
other.)

(4) The mathematical results are interpreted physically in

terms of the physical problem.

(6) The results are compared with the results of observation,

if possible.

Certain remarks should be made about those five steps. First,

(1) implies a physical curiosity. In spite of the fact that theo-
retical mechanics is a part of mathematics, we should not forgot
that its roots lie in physics and the actual world around as.

Secondly, as has been remarked above, the construction of

a mathematical model (2) at once simple and adequate is by no
means easy in all cases. However, mechanics is an old subject,
and there is much accumulated experience to fall back on. The
concepts of particles, rigid bodies, forces, etc. (all mathematical
idealizations), have been designed for this purpose. Those will

be discussed in Sec. 1.2.
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Step (3) belongs largely to pure mathematics, requiring no
particular knowledge of, or interest in, the physical problem.

Nevertheless, it is often of the greatest assistance to the mathe-
matician to bear the physical problem continually in mind; in

this way, methods of attack may be suggested to him.

The fourth stop in general presents no diflBculty, provided
that we are clear as to the things in nature which correspond to

the things in our mathematical model.

The toclmical details of the fifth step belong to experimental

physics or observational astronomy, and with them wo shall

not be concerned. But we are interested in the fact that the

conclusions drawn from a mathematical theory arc, or are not,

physically true, within the limits of accuracy of observation.

It is necessary to distinguish between mathemaiical truth

and physical truth. In developing the theory of mechanics, we
shall try to make the mathematical arguments fairly complete, so

that we can have confidence that the condusions follow logic^y
from the hypotheses, i.o., that they are mathematically true.

We should not undertake this work, however, if we had not
confidence that our conclusions are also physically true, in the

sense that they agree with observation. A vast accumulation of

physical results confirms our confidence. Nevertheless, it would
be too much to claim that all our conclusions arc physically valid.

Attempts to construct a successful model of an atom on the

basis of Newtonian mechanics have failed. This failure led

to the invention of quantum mechanics. Wo may say in gen-

eral that Newtonian models of small-scale phenomena have
not boon successful, whereas at the other end of the scale we
find difficulty also in the large-scale phenomena of astronomy.

In spite of the many triumphs of Newtonian mechanics in

dynamical astronomy, there remain a few phenomena which
are in apparent disagreement with it; the best-known concerns

the orbit of the planet Mercury. This difficulty was overcome
when Einstein created the general theory of relativity.

To explore with any degree of completeness the theories

referred to above would demand a course of study far wider than
that covered in this book. The reader may feel disappointed

that at this stage he cannot reach the forefront of our mechanical

knowledge. To encourage him, however, it may bo pointed out

that as long as the physical problems concern only apparatus
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of an iatenaediate scale, i.e., neither atomic on the one hand nor

astronomical on the other, one may have complete confidence

that no experimental technique can reveal anjr discrepancy

between observation and the conclusions drawn from New-
tonian mechanics. This confidence may even be extended to

astronomy, because there the relativistic effects are extremely

minute; the vast body of calculations of dynamical astronomy

are still safely based on Newtonian mechanics.

Rdativity and quantum mechanics not only enable iLs to

obtain results which are physically true—they also throw light

on such basic philosophical ideas as simultaneity and causality.

Chapter XVI contains an introduction to the special theory of

relativity. The general theory of relativity and quantum
mechanics both lie outside the scope of this book.

1.2. THE rUTGREDIENTS OF MECHANICS

In any subject there are words which occur again and again,

like the words “point,” “line,” and “circle” in elementary geom-
etry. As well as these technical words, there occur ordinary

words with the meanings of which we are supposed to bo familiar.

When we start a new subject, we are not expected to know
what the technical words mean. They are introduced with som(<

formality, being in fact given definitions. A definition is itself

only a set of words and may not mean much; the general idea is

to explain a new thing in terms of things already familiar.

We are now to try to create mathematical models of phyHi(;al

things. We start with a fair general unprccise knowledges of the
world around us; the places in our minds reserved for the mathe-
matical models are supposed to be absolutely blank. If we
opened these places for the actual world to rush in, w<» should bo
overwhelmed with confusion. We guard the door and admit
only a few ingredients of simple mathematical character.

Particles.

The first thing we admit is a particle. We have seeiv tiny
scraps of matter and it is not difficult for us, with our training
in geometry, to think of a scrap of matter with no size at all,

but with a definite position; that is a particle. When we have
to deal with a physical problem in which a body is very small
in comparison with distances or lengths involved (for example.
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the earth in comparison with its distance from the sun, or the bob
of a pendulum in comparison with the string), we may represent
that body in our mathematical model by a particle.

Mass.

Primitive trade was a matter of barter; later, money was intro-
duced as a standard scale for comparison of values, and equiva-
lence in value is now expressed by equality of price. This
exemplifies a process of deep importance in science, namely,
a concentration on some characteristic (value) of a t.hing and
its expression by means of a number (price). A barrel of apples
is very different from a pair of shoes, but they may bo equivalent
if value is the only characteristic in which we are interested.

That the price is the same expresses complete equivalence as
far as our purse is concerned.

Consider now a great variety of bodies—pieces of stone,
iron, gold, wood, etc.—and mechanical experiments performed
on them. As examples, wo mention two experiments:

(i) The body is placed in the pan of a spring balance and the
reading noted.

(ii) The body is fired from a gun by means of a definite explo-
sive charge and passes into a block of wood, the resulting dis-

placement of which is noted.

If A and B arc two pieces of iron, as nearly identical in shape
and size as it is possible to make them, they will of course ^ve
the same results when used in any experiment, performed first

using A and then repeated using B instead. But it is a remark-
able fact, resting on long experience, that two bodies A and B
may differ in material, size, shape, etc., and yet give the same
result in a groat variety of mechanical experimonts. We then
say that they are mechanically equivalent. A piece of wood and a
piece of gold may be mechanically equivalent, just as a barrel of
apples and a pair of shoos may bo equivalent in value.

As wo assign a price to each article of trade, so wo may assign
a number to each piece of matter, equality of these numbers
implying mechanical equivalence. This number is called mass
and is usually denoted by m. Following the analogy of money,
based on a standard substance (gold), it is easy to see how a
scale of mass is to be constructed. We start with a number of

identical pieces of some standard material such as platinum,
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and we assign to the mass of each the value unity (m = 1).

When n of these pieces are lumped together, we assign to the
mass of the lump the value n{m = n). By cutting the pieces,

we can construct bodies with fractional masses and so obtain
a set of standard bodies of all possible masses. Then, to assign

a mass to a body A (not of the standard material), we subject it

to experiments and find that standard body B to which it is

mechanically equivalent. We then say that the mass of A
is the same as the mass of B.

The comparison of masses is usually made by weighing as

in the experiment (i) mentioned above, except that for reasons

of accuracy the spring balance is replaced by a laboratory balance.

Thus, in practice, two bodies are said to have the same mass
when they have the same weight.

The above considerations deal with physical bodies. In the
mathematical model in which these bodies are represented by
particles, we are to regard each particle as having attached to it

a positive number m, its mass, which does not change during the
history of the particle.

In dealing with a system of particles, we define the mass of

the system to be the sum of the masses of the particles which
compose it.

Rigid bodies.

We have now admitted as a mathematical model the particle

with mass. The next thing to consider is the rigid body.

It is a matter of common experience that bodies may bo soft

like rubber or hard like steel. Even the hardest body, however,
changes its size and shape by measurable amounts under the
action of sufficiently great forces. But just as wo idealized the
small body of our experience into the particle with position

but no size, so we idealize the hard body of our cxporionco into

the rigid body, which never undergoes any change of size or shape.

The rigid body is now admitted as a mathematical model.
We pause for a moment to examine critically something written

just above. We spoke of a body changing its size and shape.

What does this really mean? Suppose, for example, wc have a

bar of steel with two marks on it. Alongside the bar wo lay a
graduated measuring scale and note the readings on the scale

opposite the two marks on the bar. Then we pull the ends of

the bar and note the readings again. The difference between
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them is greater than it was before; hence we say that the bar
has increased in length.

However, an argumentative person might assort that this was
an incorrect statement; he might hold that the length of the bar
was the same as before but that the measuring scale had shrunk.
We cannot say that he is wrong in taking this point of view until

wo clarify our ideas as to the meaning of the word “length.”
The idea of length is one that involves the comparison of

two bodies. Wo decide once for all on a unit of length by making
two marks on a piece of metal and stating conditions with regard
to temperature and pressure under which measurements are

to be made with this piece of metal. We were perhaps a little

hasty in admitting a rigid body as a mathematical model, because
there is no sense in talking about a single rigid body; we must
have some means of measuring it and testing that it is rigid.

So when wo admit the rigid body, wo shall at the same time admit
a measuring scale. When we say that a body is rigid, we mean
that ineasuromontH of distances between marks on it always
have the same values, the measurements being made with the

measuring scale.

Events.

The word event is familiar in ordinary speech. It usually

denotes something a little out of the ordinary, something that

occurs in a fairly limited region of space and is of fairly short

duration. Thus a football game or the arrival of a tniin might bo
described as an event. The word has now acquired an idealized

scientific moaning, the idealization involved being rather similar

to that by which we created the concept of particle. Instead of

occupying a fairly limited region in space, an event (in our mathe-
matical model) occurs at a mathematical point; and instead of

being of fairly short duration, it ocjcurs instantaneously. We do
not carry over into our mathematical model the slightly dramatic
meaning attached to the word in ordinary life. Anything that

happens may bo called an event. Even the continued existence

of a particle forms a series of events.

Frames of reference.

In describing an event in ordinary life, it is usual to specify

the place and time. Thus it is recorded of the flinlring of a
ship that it occurred at a certain latitude and longitude, and
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at a certain Greenwich mean time. Latitude and longitude

define position on the earth^s surface; we are here using the earth

as B. frame of reference. This is the most familiar frame of refer-

ence, but others may be used. Astronomers prefer a frame of

reference in which the sun is fixed and which does not share in

the earth’s motion of rotation. Also, the interior of a train,

streetcar, elevator, or airplane may be used. The essential

thing about a frame of reference is that it should be fairly rigid.

In our mathematical model, we employ a rigid body as frame

of reference. As we may introduce any number of rigid bodies

moving relative to one another, we have thus at our disposal

any number of frames of reference. Selecting one of these

and taking rectangular axes of coordinates in it, we assign to

. any event a set of three numbers a;, y, z, the coordinates in the

frame of reference of the point where the event occurs.

Time.

An event has not only position; it also has a time of occurrence.

This we have now to consider.

The possibility of repeating an experiment forms the basis

of experimental science. It is assumed that, if an experiment is

repeated under the same conditions, the same results will be

obtained. Consider, for example, a tank of water drained

through a hole in the bottom, and then refilled and drained again.

Strictly speaking, it is impossible to reproduce conditions

exactly, and we have to use judgment to decide whether the new
conditions are sufficiently near the old. But in an ideal sense

we may think of an experiment repeated over and over again

under exactly the same conditions.

To define time, we think of some experiment which can bo

repeated over and over again, a new experiment starting just

when the preceding one ends. Denoting time by t, we assign

the value ^ = 0 to the beginning of the first experiment, t == 1

to the beginning of the second experiment, ^ = 2 to the beginning

of the third experiment, and so on. The repeated experiment

thus forms a clock for the measurement of time; we shall call the

unit of time given by some such ideal experiment a Newtonian

unit This is the procedure actually adopted in practice. In

a watch, the experiment is an oscillation of the balance wheel; in

a pendulum clock, it is an oscillation of the pendulum. In
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ancient times the experiment was the emptying of a vessel of

water or a sandglass.

We also use the earth’s rotation with respect to the fixed

stars as an “experiment” to measure time, the unit here being
the sidereal day. Although more perfect than clocks we can
manufacture, the earth is not quite a perfect clock because the

experiments are not reproduced under precisely the same condi-

tions. The friction of the tides slows down the earth in com-
parison with the rotation of a hypothetical rigid body. But,

except for the measurement of extremely long intervals of time,

the earth provides a satisfactory clock, and in practice wo check

our time as measured by watches and clocks by comparison with
the rotation of the earth, the unit of time (sidereal day) being the

interval between successive transits of a star* across any selected

meridian.

Units.

We have now introduced the concepts of mass, length, and
time. In each case we can choose an arbitrary unit. This

means that the xmit of mass is the mass of some arbitrarily

chosen body, the unit of length is the length of some arbitrarily

chosen body, and the unit of time is the duration of some arbitrary

repeatable experiment.

The general results in theoretical mechanics are true no matter
what units are chosen. It may however be well to remind the

reader of the two systems of units moat commonly employed,
namely, the c.g.s. and the f.p.s. systems.

c.g.s. f.p.s.

Unit of lcnp;tli (•.oiitimotfsr (cm.) foot (ft.)

Unit of niiiHS gram fem.) pound (lb.)

Unit of time second (sec.) Hccond (hoc.)

The gram and the centimeter are defined in terms of pieces of

metal preserved in Paris, and the foot and the pound in terms of

pieces of metal preserved in London. The f.p.s. units are arbi-

trary, but the c.g.s. units arc connected wth natural measures;

* Strictly, not a star but the first of Aries; of. H. N. Kuasoll, R. S. Dugan,
and J. Q. Stewart, Astronomy (Ginn and Company, Boston, 1946), Vol.1,
p. 25.
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the centimeter is nearly one thousand-millionth of the quadrant
from the equator to the pole through Paris, and the gram is
nearly the mass of a cubic centimeter of T^ater at the temperature
of greatest density. The second in each system is the same,
namely, 1/86, 164.09 of a sidereal day.
A further discussion of units is given in the Appendix.

Rest and motiLoii.

We sM defer to Sec. 1.3 the discussion of velocity and
acceleration, but the ideas of rest and motion demnnil attention
here. We speak of a ear coining to rest at a street intersection,
meaning, of course, that for some period of time the car occupies
the same position on the earth’s surface. It does not continue
to occupy the same position in the solar system. In fact, rest
and motion are words which have meanings only when some
definite frame of reference is considered. Often, this frame of
reference is clearly understood (as in the case of the car at the
street mtersection); and we should, if challenged, be ready to
say what frame of reference we have in mind when we speak of
rest or motion. In our mathematical model, a particle is at
rest or m motion relative to a stated frame of reference when it
does, or does not, continue to coincide with the sn.me point of
that frame of reference.

ContiiLtliiy and discoHtiiiuity.

We have introduced into our mathematical world particles,
ngid bodies, measuring rods, and a time system. We have
now to say a word about cordinuity and disconUmitty in the
structure of bodies.

When we examine a piece of steel or other solid material, our
impression is that it is continuous. It seems that we cannot
insert a sharp edge, like a fine razor blade, into it without destroy-mg Its structure. Nevertheless the atomic theory of matter
(now so well foimded on observation as not to be open to question)t^ us that this appearance of continuity is deceptive. A piece
of sted co^ists chiefly of empty space. Even the most modem
phyacist however, does not dare to give a complete mental
picture of a piece of steel. It appears to be made up of protons,
neutrons, and dectrons, but just how these are arranged is not
completely known.

a » uu
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As has been pointed out already, we are not to espect a
mathematical model to have all the complexity of nature. The
model which we shall use resembles in some ways the modem
physicist’s concept of a solid body, but it is greatly
It was invented long before the development of modem atomic
physics, and was originally supposed to be a more complete
representation of nature than we now know it to be. Neverthe-
less, it enables us to predict to a high degree of accuracy an
immense number of phenomena; it is in fact the basis of a great
deal of Newtonian mechanics.

This mathematical model of a solid body is discontinuous
a collection of a vast number of particles. In a rigid body the
distances between the particles remain invariable, but in an elastic
body these distances may change. Since this model involves
a very laige number of things, statistical methods may be used;
instead of following individual particles, we may direct our
attention to their average behavior. In fact, we mentally replace
the discontinuous body, consisting of a great number of paiv
tides, by a continuous distribution of matter. This aimpiifies
the determination of mass centers and moments of inertia,
because the methods of integral calculus can then be used.
To avoid lengthy and perhaps uninteresting arguments, we

shall leave certain gaps in the logical development of our subject.
We shall not give arguments of a statistical nature in order to
pass from a result established for a discontinuous system to the
correspoiiding result for a continuous one. It is usually easier
to establish general theorems for discontinuous systems and to
solve special problems for continuous systems.

Force.

Let us now introduce into our mathematical model the concept
of force, idealizing as usual from our somewhat vague physical
concepts. Our primitive concept of force arises out of our sensar
tion of muscular exertion. Wo pu.sh and pull objects, sometimes
TOth small exertion, sometimes with great effort. But the same
effects as those produced by muscular effort may be produced in
other ways. In this machine age, direct muscular effort is used
to a great extent only to control much greater forces due to the
pressure of steam, the weight of water, the explosive pressure of
gasohne, or forces of electromagnetic type. One also admits the
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existence of huge forces beyond human control, such as the gravi-
tational attraction exerted by the sun on the earth.
On the basis of our experience -with simple muscular forces,

we think of the idealized force of our mathematical model as
something which has

(i) a point of application,

(ii) a direction,

(iii) a magnitude.

For the development of general results in theoretical mechanics,
it would be sufficient to represent the magnitude of a force by a
letter, standing for some unspecified numerical value. But when
we wish to make predictions regarding a physical system subject
to forces, we require a definite procedure by means of which we
may assign numerical values to their magnitudes. We must,
in fact, define a unit of force.

There has been some controversy about this question. Though
all are agreed as to the form of theory which we should ultimately
obtain, there has been disagreement regarding the proper order
of introduction of the various parts of the theory. Thus we
might assume a statement A as an axiom and deduce a statement
B from it, or alternately we might assume B and deduce A.
The order of presentation chosen in this book seenos to the
authors the most natural; but it is hoped that the reader will
explore for himself the possibility of a different approach.*
We define the unit of force in terms of a stretched spring;

it IS that force which produces some standard extension in some
standard spring. Later we shall link up the unit of force with
tke uiiits of mass, length, and time; but for the present the unit
is to be regarded as arbitrary.

To measure a force, we examine the extension which it produces
in a battery of standard springs side by side, all identical with
one another. If the standard extension is produced in n springs,
then the force is of magnitude n. If the magnitude of the force
in question is not an integer, we reproduce it m times so as to get

• See treataents in E. T. mittaker. Analytical Dynamics (Cambridge
(Cambridge University

1928), p. 12, and Dynamics (Cambridge University Press, 1929), p. 17:
J. B. Ames and F. D. Mumaghan, Theoretical Mechanics (Ginn and Com-
pany, Boston, 1929), p. 104. For a critical and historical account of the
develoj^ent of mechanics, see E. Mach, The Science of Mechanics (Open
Court Publishing Company, Chicago, 1919).
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the standard extension in some number n of standard springs;
then the magnitude of the force is n/m.
Having thus given a means of measuring force, we may con-

struct a simplified apparatus. Taking any spring, fixed at
one end, we mark its extensiotss under the action of measured
forces. In this way, we calibrate the spring; the calibrated spring
may be used directly for the measurement of a force.

We have preferred to use the tension in a spring rather than
the weight of a body as the foundation of our definition of force.

It is customary for many practical purposes to speak of a forces

of so many pound.s weight (lb. wt.); by a force of 10 lb. wt.,
we mean a force equal to the weight of a mass of 10 lb. Although
this practice is convenient and adequate for many purposes,
it is open to objection on the following ground: If the w<ught
of a body is measured by moans of a calibrated spring at two
different latitudes, the results are not the same (see See. 6.3).
A definition of force biisod on the extension of a spring gives a
consistent theoiy without contradictions, whereas a definition
based on weight would involve us in explanations as to why a
spring, showing the same definite extension in Toronto and in
Panama, should exert different forces in the two places.

In describing particles, rigid bodies, and forces we have intro-
duced the basic ingredients of mechanics. As we procceni, other
ingredients will appear, but it is remarkable how much of the
subject turns on the simple concepts just mentioned.

1.8. INTRODUCTION TO VECTORS.
VELOCITY AND ACCELERATION

Definition of a vector.

In order to reproduce a game of chess, we must bo able to
describe the moves. There is, of course, an accepted way of
doing this, but we shall describe another. Ijet Icsttera A, li,

C, • •
• (supplemcintwl with other symbols to make up 64)

bo assigned to the squares of the board, one letter to each square.

Then (symbols Huch an AB, CF, UB will represent definite movoH^

the symbol A B, for example, meaning that a piece is moved from
the square A to the square B.

More generally, if wo carry a particle from a position A to a
position B in space, the operation which we perform may be
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represented symboHcally by AB. The directed segment drawn
from A to B, or the carrying operation—or indeed any physical
quantity which can be represented by the directed segment—is
called a vecto^ and the symbol AB is used for any of them.
A vector AB has the following characteristics:
(i) an origin or point of application (A);
(u) a diction (defined analytically by the three direction

cosines of AB with respect to rectangular axes);
(iii) a magnitude (the length AB).

A number of fundamental physical quantities have these char-
actensfaM-Aor example, a force or the velocity of a particle;
each of a^e quantities may be represented by a directed see-^t and IS therefore a vector. They are to be distinguish^

mvolve the idea of direction and are described each by a
number. Quantities of this latter type are called scalars.

It IS convenient to employ the word “vector” in a slightly
widCT sense than that given above and to define the following:

(i) free vector;
®

(ii) sliding vector;

(iii) bound vector.

Afree vector is any one of a system of directed segments having
a co^on direction and magnitude but different origins. Aphysi^ quantity equaUy weU represented by any one of such
directed se^ents is also called a free vector. Such, for example,
IS the displacement, without rotation, of a rigid body, which
IS ^ua^ty well represented by any one of the directed segments
giving the displacements of its various points.

nhLSif ® directed segmentsobtain^ by sh^g a directed segment along its hne. A physicalqu^hty ^uaUy well represented by any one of such directed
segments is also called a sliding vector. Such, for example
is a force antmg on a rigid body, which (by the principle of the
faansn^mbihty of force proved on page 64) may equally wellbe apphed at any point on its line of action.
A hmnd vector is a unique directed segment, or a phsrsioal

quantity so represented. Such, for example, is a force acting on
* The word “vector” is derived from the Latin veho, I carry.
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an elastic body; we cannot in general alter this force, by any
displacement of the directed segment representing it, without
changing its effect.

By the word “vector,” without an adjective, we shall generally

understand “free vector”; but where we have to speak of bound
or sliding vectors, it will be unnecessary to use the qualify-

ing adjective when it may be understood from the context.
Throughout the rest of this section, the vectors are to be regarded
as free.

Notation.

A vector is indicated in print by a boldface letter (P):

in manuscript work the symbol may bo underlined (P) or an

arrow may be written on top (P). Its magnitude is denoted by
the same letter in ordinary typo, or by an unmarked symbol
in manuscript work (P). A vector of unit magnitude is called
a unit vector. To refer to a bound or sliding vector, wo may
write “P acting at the point A" or “P acting on the lino L,"
if there is any doubt as to the origin or lino.

Two vectors are equal to one another when they may bo
represented by equal parallel directed segments with the same
sense. Wo use the usual sign of equality and write

P = Q.

The sign of equality carries the usual algebraic property: vectors
equal to the same vector are equal to one another.

Multiplication of a vector by a scalar.

Let P be a vector and m a scalar. Wo define the product of
m and P (written mP or Pw) os follows: If w is positive, then
wP has the same direction as P and a magnitude mP] if m is

negative, then mP has a direction opposite to that of P and a
magnitude

Wo write (-l)P * -P; thus -P is the vector P reversed.

Addition of vectors.

The sum of two vectors P and Q is written P -f- Q ; it is defined

as the vector represented by the diagonal AD of a parallelogram

of which two adjacent sides AB, AC represent P and Q, respec-
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tivdy (lig. 1). Obviously, an. alternative way of constructing

P + Q is the following (Fig. 2) : Draw a segment AB to represent

P, and from its extremity draw BD to represent Q; then AD
represents P + Q.

This is a mathematical definition of P + Q. It does not
contain the implication that P + Q is the physical resultant of
P and Q, although in almost all cases we shall find that P + Q
is actually the physical resultant. Finite rotations are the out-
standing exceptions; a finite rotation is a vector, but the resultant
of two finite rotations is not the sum of the vectors (cf. Sec. 10.6).

When two vectorsP and Q have the same direction or opposite
directions, the parallelogram constructed to give their sum
collapses into a straight line. But that does not prevent us
from applying the above defimtion, regarded as a limiting process.
It IS easily seen that, if P md Q have the same direction, then”

"t" Q has also that direction and a magnitude P -1- Q; if they
have opposite directions and P is the greater, then P + Q has
the direction of^ P and a magnitude P — Q. Comparing this
TOlh the definition of the product of a vector by a scalar, we
fiad in particnlax "that

P + p = 2P,

aad we verif7 generally that the multiplication of a vector by a
scalar is distnbutive both with respect to the scalar and to the
vector; this means that we have

(1-301) (m -f n)p = otP ^
(1.302) ot(P + Q) = ffiP 4- m,Q.
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It is an immediate consequence of the definition that the
addition of vectors is commiUatwe, that is,

P + Q = Q + P.

The subtraction of vectors is immediately effected by writing

P-Q=P + (-Q)

and applying the rule for addition. The difference between P
and Q is easily constructed as follows:

Draw AB, AC to represent P, Q, re-

spectively (Pig. 3); then CB repre-

sents P — Q.
Applying the rule for subtraction 3-—s«i’traction of Toctors.

to the case P — P, we obtain a vector of zero magnitude, which we
denote by 0, so that

P - P = 0.

We call 0 the zero vector; all vectors of zero magnitude are regarded
as equal to one another.

Any unfamiliar symbol containing vectors must be approached
with caution. It may mean nothing at all (for example, we never
attempt to define the sum of a scalar and A
a vector, m -f- P) ;

on the other hand, it

may be given a meaning. On the basis

of previous definitions, P -H Q + R has

no meaning, bcicause we have defined the
sura of two vectors, not three. But

(P + Q) + R
has a meaning, if wo regard the paren-
theses as carrying the instniction to add
P and Q, and then add R to that sum;

T> -L /'n -L 'D^
^*'*‘*'‘ aasooiativo

“T V.V "r xvj property of vector addition.

has a meaning, also. It Ih then easy to soo that

(P -H Q) + R = P -h (Q + R),

by means of the construction shown in Fig. 4, where A B, BC, CD
represent P, Q, R, respectively, and AD cither of the above sums.
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Thus a unique meaiiiiig can be attached to P + Q + R. We say
that yector addition is assodaUve.

^

Eiunite. If P •+ 2Q - R,
P - 3<3 - 2R,

ahowtliat P has the same direction as R, and Q the opposite direction.

Components of a vector.

be a straight line and P a vector represented in Fig. 5
by AB. If •we draw through A and B planes perpendicular to L,
these planes off_on L a directed segment ch, the orthogonal
projection of AB; CD is a common perpendicular to the pair of
planes. Ifwe take a diffwent directed segment to represent
P, we get a projection CD' oni. No-w if we give AB and the

Rcf. 6- ^The compoaeat of a sector on a lino.

p^5 of planes associated withit a displacement (without rotation)
which cames A ioj', then B will go to B' and the pair of planes
associated wit^AB ^ coincide with the pair of planes asso-
ciated with AB'. CD will become a common perpendicular
to the latter paj of planes, and so CD and CD' are equal in
magnitude and direction. Thus the vector obtained by project-
ing on L a directed segment representing P is independent of the
particular ^gmen^ chosen. Writing Q for the vector repre-
sm^ed by CD otCD

,

we say that Q is the vector component of P

Of the two senses on the line L, let us pick out one and call

"7! being negative; the line L is then
said to be directed.^ Let i he a vector of unit magnitude, lying
on L and pointing in the positive sense. Then it is possible to
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express the projection Q in the form

Q = d,

where c is a scalar, positive if Q has the same sense as i and
negative if Q has the opposite sense to i. The scalar c is called

the scalar component of P on the directed line L.

Since Q is represented by any conumon perpendicular (in the
proper sense) to the projecting planes, it is easy to see that the
scalar component of P on X is Pcos 6, where 6 is the angle

between P and the positive sense of L.
In speaking of a component (without qualification), it will be

clear from the context whether the vector or scalar component
is to be xmderstood.

Unit coordinate vectors.

In a frame of reference S, let Oayz be rectangular Cartesian

axes. Let i, j, k be unit vectors lying on Or, Oy, Oz, respectively,

each in the positive sense. The set i, j, k is e^cd a unit ortho-

gonal triad. Let P be any vector, and Pi, Pa, Pj its components
on Ox, Oy, Oz, respectively. These
components, obtained by projec-

tion, are independent of the par-

ticular directed segment chosen to

represent P; we may therefore take

the representative segment with its

origin at 0 (Fig. 6). From the rule

of vector addition, it is clear that

(1.303) P = Pii-I-Psj + P8k-

This reduction of a vector to the
sum of three vector components

Fiu. (i.—Roflolution along unit
coordimato vectors.

along a imit orthogonal triad is of

great service in mechanics, for it

represents the link between the vector methods and the more
usual methods of analysis. Vector notation is only a shorthand
for the expression of fairly general statements. In the end, we
must work in ordinary numbers, and the above formula is the
bridge by which we pass from vectors to ordinary numbers.
We note that the nosignitude of a vector P is expressed in terms

of its scalar components by
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(1.304) p = VPT+TT+Tl
The components are given in terms of P on/i \ -lt.

cosines of P, by direction

(1.306) Pi r= xP, Pi ^ ^ yp

td. ..tfe . ^

Hence the scalar component of P on Z is

(1.306) P cos <1 = XPi + + ,p,

“lO w®®
in a plane are X, F.

throcgli an angle tf ?

-^ >
1^ on axes Oa: , obtained by rotating Oxy

Position vector.

Let4 beaparticle, moving relatire to a frame of referencefiia
whch^ are rectangular Cartesian axes. The vector OA is

r = ®i + 2/i + 2i,

triad along the axes.As the particle moves, the vector r changes In fact r mav Ka
a,

r = r({).

Difierentialion of a vector.

considerations lead naturally to a more aeneral
^ ‘ - ‘ -

p = P(w).
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We need no longer think of P as a position vector or of u as the
time.

We are familiar with the idea of differentiating a scalar function
of a scalar: can we enlarge the familiar method to obtain a process
for differentiating a vector fxmction ,

of a scalar? /
We may follow the familiar plan /.A?

almost word for word. We consider /
two values of the parameter, u and P+AP /
u + A«, and the corresponding in- ^
crement in P,

p"

_ ^ ^ ,
Fiq. 7.—DitTorontiation of a

AP = P(u -|- Alt) — P(w). vector.

We multiply by 1/Ait, to form the quotient AP/Ait (Fig. 7) and
let Alt tend to zero. Thus we get a limiting vector

(1.308)
dP ,. AP— liin “T—
du

which we call the derivative of P with respect to it.

To find the components of the derivative we introduce unit
coordinate vectors, so that

(1.309) P = Pii -h Pij + Pak;

P 1 , Pt, Pi are scalar functions of w. Increasing u to it -1- Am, wo
have

P -h AP = (Pt -H APt)i + (Pa + APa)j -f (/>, + A;>,)k.

Subtraction gives

AP = APii + APsj + APsk.

Dividing by Am, wo get

AP _ APt,
,
APs,

,
AP,,—— as ^

i 4.
Am Am

i 4- r' ’ ir

Am ' ^ Alt
’

and so, letting Am tend to zero.

(1.310)
dP _ <iPi dPa.

,
dP,.

d^I- dM dM J+ dM^’

the derivatives on the right being of course derivatives of scalars
—the usual derivatives of the differential calc-ulus. Thus the
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components of dPfdn are

du du du'

- equl to

(1.311)
aiCP + Q) = ?+S

I du du du^

= ^p<^dP

^ P, Q toe vector fmctioos ot u, told p ic a sola, fmiotion

( "if“L“^ If0* vsctoto i. J, k are treated oclS , m this proc«.

w. ifiSyf^g Q “cfSlSriS"'
^

SgLTSf
frame of referLee thi^Z^ .

^®^ed from another

Thus, in. (1 309) i i t arp
^ .Q “ay not be constant.

frame of reference moving relative to\
^ “ another

Jf the vector ?(«) is of constant magnitude thon +li« +,.,• ishew, m Pig. 7 is isosceles. As A«S t; ir.^AP/Au tends to perpendicularity 4h P or Z Sk
’ ®

p<u) 0/ coatoto

Velocity and acceleration.

I«t ^ be a frame of reference and 0 a point fired in «? t *be a movmff Darticlfi !+« ^
poiut; nxea jn s. Let A

Wed,diie«,f/--~S:r.^‘ '

(1.312) „ _ dx

T_ .

^ di

T^gdatotoMoatodiffsr«itia,i„atotlirtopc.tto«iri.,
vs have

’ 9~' = ^ + ^j+2k,
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where a;, y, z are the coordinates of A relative to rectangular axes
Oxyz coincident with the unit orthogonal triad i, j, k. Thus the
components of velocity are {i, y, i). The magnitude q of the
velocity is cslled $p€6d,’^

We define the acceleration of A relative to /S to be the vector

(1.314)

or

f = ^
' dt’

(1.315)

The components of acceleration are (Ji, s).
If the velocity is resolved into components,

then
q = td + vj wk.

(1.316) f = id -J- pj -j-

We could, of course, continue this process, defining a super-
acceleration df/dt. However, acceleration is the important
vector in Newtonian mechanics, and so we stop our definitions
Jicre.

As a simple illustration of these ideas, consider a car traveling
along a straight road. It follows from (1.312) and the definition
of the denvative of a vector that the velocity q lies along the roadand points in the direction in which the car is going. Similarly
It follows from (1.314) that the acceleration f lies along the road*
but now there is an important difference. The vector of accelera^
ton does not necessarily point in the direction of motion: thisM the case only if the speed is increasing. If the speed is decreas-
ing under application of the brakes, the vector f points backward.
It M not hard to show that when the car rounds a curve the
velocity continues to point along the road, but the acceleration
points off the road toward the inside of the curve.
The fonnulas (1.313) and (1.315) are particularly useful for

direct cdculation when the motion is described by giving x v z
as functions of t. Suppose, for example, that

' '

* Thus velocity is a vector and speed is a scalar. However whan nn
"velocity" is often used in'the scalarsense to denote the magnitude of the vebeity vector; for example the
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a; = a eos co<, 2/
=» a sin 2 » 0,

where a and w are constants. Then

r — a cos wi • i + a sin co^ •
j,

q = —ow sin • i + oo) cos <d • j,

f = —a«^ cos 6)i • i — oco® sin coi • j.

It is easy to see that this is motion in a circle, the velocity pointing
along the tangent and the acceleration in along the radius.

Units of velocity and acceleration.

In the c.g.s. system of units, the components of r are measured
in centimeters. Any component of the velocity q is obtained by
dividing a number of centimeters by a number of seconds, and
the result is expressed as so many centimeters per second or,

briefly, cm. sec.“^ The unit of velocity is one centimeter per second.

Any component of the acceleration f is obtained by dividing a
velocity component by time or, more precisely, a number of

centimeters per second by a number of seconds, and the result is

expressed as so many centimeters per second per second or,

briefly, cm. sec.“® The unit of acceleration is one centimeter per
second per second.

If f.p.s. units are used, the above italicized statements are
modified by changing the word ''centimeter’^ to "foot.”

Although the c.g.s. and f.p.s. units are commonly used in

scientific work, there is no necessity to limit ourselves to them.
The units of length and time may be chosen arbitrarily. Indeed,
velocities are frequently expressed in miles per hour (m.p.h.).

Since velocity is obtained by dividing length by time, we say
it has the "dimensions” [1/7“^]; similarly, acceleration has the
dimensions [LT-^]. This notation is discussed in the Appendix.

Gradient vector.

When to each point of space, or to each point of a plane, a
scalar is assigned, we say that we are dealing with a scalar field.

Thus the distribution of pressure (or temperature) in the atmos-
phere at a certain time gives a scalar field. Or consider a map on
which heights are marked; the height gives a scalar field over
the map.

When to each point of space or to each point of a plane a
vector is assigned, we have a vector field. The wind velocity in the
atmosphere gives a vector field.

We shall now show that a scalar field defines an associated
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vector field in a very simple way. For generality, we shall make

the alignment three-dimensional, but the reader will find it

interesting to consider by way of illustration the map marked

with heights.

Let Oxyz be rectangular Cartesian axes and V(x, y, z) a scalar

field. (For the map, w'o suppress
g

s; V (x, y) is the height of the land

at the point x, y.) The sm-faces

V = constant are called lead sur- N.

faces. (On the map the level sur-

faces become the contour lines.) \
Let A be any point ^d S the level \

surface passing through A (Fig. 8). \

Ijet us draw the normal to S on the 1

side on which V increases, and „ „ ^
, , . . j- j.

8.—^The gradient vaotor.
proceed an arbitrary distance n

along this normal. Then 7 is a function of n, and

at A, since 7 is increasing.

We now introduce a vector AB, called the gradient of 7 at il,

or briefly grad 7. (It is also denoted by ^7.) The defining

properties of grad 7 are as follows:

(i) Its direction is along the normal to S at A, in the sense of

7 increasing.

(ii) Its magnitude is dV/dn, calculated at A.

In the ease of the map, grad 7 is perpendicular to the contour

line and points in the uphill sense; its magnitude is the rate of

increiuse of height.

We now proceed to find the components of grnd 7 on the axes

of coordinates. Ixst a, S, 7 bo the direction comnes of the normal

to S in the sense of 7 increasing. Then any infinitesimal dis-

placement lying in S, i.c., making

d7 = gdx-h -dy + -^dz

also makes adx + ^dy + 'Ydz^O. Hence,

dV dV 97
(1.317) ^
where ^ is some factor of proportionality. As we proceed along

(1.317) =
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the normal to 5 at -we have, since 7 is a function of x, y, z,

which in turn are functions of n,

dV^dV^
dn dx dn

4- fZ ^ _L
dy dn dz dn

dV j_dV.,dV
dx

Substitution from (1.317) gives

(1.318) ^ ..f.
yga -)- y*) =

When we substitute this value of in (1.317), we get

(1.319)
dy ^ dn’ dz

dV
dn’

and so by (1 .305) thz contponenis of grad V on ffie axes are

^ ^ ^
dx ’ dy’ dz

If i,
j, k is the unit orthogonal triad along the axes, then

(1.320) grad7 = ^i+^j4.^k^ dx ^ dy^^ dz^-

By (1.306) the component of grad 7 on a directed line L is

fl32n x^^j_ ^F, 97
(1.321) + +

where X, fi, v are the direction, cosines of L. Since

.. dx
K = -j-j

dy
11 = dz

" “
ds

where ds is an element of L, this component is

-L ?F^ 4. ^
dx ds dy ds dz ds ds'

The component of grad V in any direction is the rate of change of 7
in that direction.

We have seen how to obtain a vector field (grad 7) from a
scalar field (7). It is not in general possible to express an
arbitrary vector field as the gradient of a scalar field, but we firirl

in mathematical physics many vector fields that can be so
expressed, it Sec. 2.4 we shall discuss fields of force; in most
cases of phs^sical interest a field of force is the gradient of a scalar
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field of potential energy (with a change of sign). Since the

description of a vector field re<11^x68 three functions and a scalar

field only one function, a considerable simplification results from

the use of the scalar field.

Exercise. If in a plane F = a?* H- y*, find the component of grad V at

the point (1, 0) in a direction making an angle of 46® mth the oj-axis.

1.4 FUKDAMBmAL LAWS OF IDSVTONIAN MECHAOTCS

Let us suppose that we are conducting experiments in which

HTnft.n bodies of measured masses are acted on by measured forces.

We choose some frame of reference and observe the motions of the

bodies relative to it. We shall use the following notation:

P * force,

m = mass,

f = acceleration.

The units of force, mass, length, and time are chosen arbitrarily.

We ask this question: As a physical fact, is there any simple

relation connecting P, and f for the motion of a body? The

answer to this question is, in general: There is no simple relation.

We have thought of the experiments as conducted in any frame

of reference—^it might be the cabin of an airplane looping the

loop, or it might be an ordinary laboratory- We ask a second

question: Is it possible to dioose a frame of reference so that

there is a simple relation connecting P, m, and f? The answer

is: Yes.

One frame of reference yielding a simple relation among

P, wi, and f is the oMronomical frame oj reference^ in which the

sun* is fixed and which is without rotation relative to the fixed

stars as a whole. The simple relation is

P - A-mf,

where /r is a universal positive constant, the value of which

depends only on the units employed, t

*More accurately, the mass center of the solar system (see Sec. 3.1);

actually this point is not far from the center of the sun.

t This relation is in excellent agreement with astronomical observations,

but there are exceptions; the orbit of the planet Mercury revels a minute

discrepancy. Although few modem a.stroiiomers accept this relation as

absolute physical truth, its validity is so high that it is taken as the basis of

celestial mechanics. To take a deeper pwint of view, we must recast our

whole mode of thought and follow the general theory of relativity.
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The three laws.

We shall now state the fundamental laws on which Newtonian
mechanics is based. These are the laws according to which our

mathematical model of nature works. The laws as stated here

are equivalent to those used by Newton, but they are expressed

in a different form.*

Law of Motion. Relative to a basicframe of reference a particle

ofmass m, subject to aforce P, moves in accordance with the equation

(1.401) P -

where i is the acceleration of the particle and k a universal positive

constant^ the value of which depends only on the choice of units of

forcOj mass, length, and time.

Any frame of reference relative to which (1.401) holds is

called Newtonian,

If P = 0, then f = 0 by (1.401). Since f = dq/dt as in (1.314),

it follows that q is a constant vector. In words, a particle under
the influence of no force travels with constant velocity; i.e., it travels

in a straight line with constant speed. This important special

case was stated separately by Newton as his first law of motion,
his second law dealing with the case where P is not zero. Thus,
his first two laws are included in our law of motion as stated
above.

Law or Action and Reaction. When two particles exet't

forces on one another, these forces are equal in magnitude and
opposite in sense and act along the line joining the; particles.

This is often summed up by saying: Action and reaction arc
equal and opposite.

Law of the Paeallelooram of Forces. When two forces P
and Q act on a particle, they are together equivalent to a single force
P + Q, the vector sum being defined by the parallelogram construc-
tion as in Sec. 1.3.

It is usual to call P + Q the resultant of P and Q; P and Q are
called the vector components of P + Q.t

In setting up a system of laws or axioms, it is generally con-

* For the original form of Newton’s laws, see Sir Isaac Newton’s Mathe-
matical Principles, translation revised by F. Cajori (Cambridge University
Press, 1934), pp. 13, 644.

t In Sec. 1.3 we used the expression vector component only in the case where
the components were perpendicular to one another. It is convenient to
use it also in Ihe present more general sense.
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sidered desirable to make them independent, in the sense that

no one of them can be deduced from the others. Many attempts

have been made to deduce the parallelogram of forces, but all

these deductions require the statement of other laws, which are

individually simpler than the parallelogram law but rather long

to state; so, for brevity, we accept the parallelogram law directly.*

The three laws stated above form the logical basis of mechanics.

Their full meaning can be understood only by applying them, and

we shall not delay the development of the subject by fiirther

general discussion. We should, however, point out their

significance for the prediction of the results of ordinary laboratory

experiments.

Let us suppose that we are discussing the motion of a billiard

ball which rolls down an inclined plane in a laboratory. Our

problem is to predict the behavior of the ball by mathematical

reasoning. On the one hand, we have the actual physical

apparatus, on the other our mathematical model, in which the

ball, the plane, and the forces acting are replaced by their

mathematical idealizations. There is a precise correspondence

between the physical things and the ingredients of our mathe-

matical model.

But here there enters an important question: What physical

frame of reference corresponds to the basic Newtonian frame

mentioned in the law of motion—^the frame relative to which

(1.401) holds? We have already indicated the answer: The
physical frame in question is the astronomical frame of reference.

But we do not want to know the behavior of the billiard ball

relative to the astronomical frame of reference; we want to know
its behavior relative to the walls and floor of the laboratory, i.e.,

relative to the earth’s surface. Is it legitimate to regard the

earth’s surface as a physical frame corresponding to the New-
tonian frame of (1.401)? Strictly speaking, it is not. Very

refined experiments would enable us to detect differences between

the physical behavior of the billiard ball and the theoretical

predictions based on that correspondence. These differences

are due to the rotation of the earth, f . But they are very minute

* For on intorosting “proof” of the parallelogram of forces, see W. R.

HamUton, Mathematical Papers (Cambridge University Press, 1940),

Vol. II, p. 284.

t In Sec. 13.5 we shall discuss some of the dynamical consequences of

the earth’s rotation.
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in the vast majority of experiments made in a laboratory and in

all problems connected with engineering structures; excellent

predictions naay be made from our three laws by taking the

earth’s surface to be the physical frame of reference corresponding

to the Newtonian frame.

Units and dimensions.

In the equation (1.401), a constant k appears, and if the equa-

tion is left in this form, this constant k will occur throughout our

dsmanrical equations. To avoid this, we make A- = 1 by a
special choice of the unit of force; the unit so chosen is called the

dynamical unit. When it is used, (1.401) reads

(1.402) P = mf.

Clearly the dynamical unit of force produces unit acceleration

in unit mass, since if P = 1 and m — 1, then / = 1. In the

c.g.s. and f.p.s. systems, the dynamical units of force are called

the dyne and the poundal, respectively. A force of one dyne
produces an acceleration of one centimeter per second per

second in a mass of one gram, and a force of one poundal produces
an acceleration of one foot per second per second in a mass of

one pound.

Since, in (1.402), force is the product of a mass by an accelera-

tion, the dyne may be described as one gram centimeter per
second per second, or briefly,

1 dyne = 1 gm. cm. sec.~*

Similarly,

1 poundal = 1 lb. ft. sec.~®

Force measured in dynamical units has the dimensions {MLT~^.
In dynamical problems, we shall always assume that the

dynamical unit of force is used, so that the law of motion is

(1.402)

. In statical problems, on the other hand, we shall leave
the unit of force arbitrary, since there is no additional simplicity
to be gained by restricting it.

At this point the reader is advised to study the Appendix at
the end of the book in order that he may understand the refer-

ences in the text to units and dimensions. In particular, atten-
tion is directed to the use of the theory of dimensions as an easy
and rapid check against slips in calculation—a check which is of
great value both in elementary and advanced work. In any
equation in mechanics, all terms must haue the same dimensions.
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For example, if we had carelessly derived the formiila (cf.

page 28)

f *= — oci> cos cit'i — <m* sin wt •

j,

a glance would show that something is wrong with this formula.

The acceleration f has dimensions [LT~% aa has dimensions

o«* has dimensions [LT~% while the trigonometrical

functions and the vectors i, j are dimensionless.

1.6. SUMMARY OF THE FOUNDATIONS OF MECHANICS

The purposes of this first chapter have been (i) to dig down

to the fundamental physical ideas and (ii) to lay the foundations

of a logical structure. Before proceeding to the next chapter, we

now extract and emphasize those concepts and laws which will be

required later.

I. The ingredients of mechanics.

() A parUde has position and mass (m).

() A rigid body is a system of particles, the distances between

which remain unchanged. It may also be regarded as a con-

tinuous distribution of matter.

(c) A frame of reference is a rigid body in which axes of coordi-

nates are taken.

(d) A force has point of application, direction, and magnitude.

(e) The units of mass,.length, and time are arbitrary. So also

is the unit of force, but it is convenient in dynamics to connect

the unit of force with the units of mass, length, and time.

n. Vectors.

(a) Addition of vectors is carried out by means of a parallelo-

gram.

(5) The usual simple algebraic rules apply to vectors, but we

do not yet define the multiplication of vectors by one another.

(c) A vector function of a scalar may be differentiated; the

derivative is another vector function.

(d) If

P = Pii+Psj + P3k,

then Pi, Ps, Ps are the scalar components of the vector on the unit

orthogonal triad (i, j, k).

(e) The components of grad 7 are

d̂x’ dy’ dg
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(/) The component of grad V in any direction is dV/ds.

m. Velocity and acceleration of a particle.

(a) Position vector: r == ai + yj + 2k.

(b) Velocity vector: q=5f = ii + yj + ^.

(c) Acceleration vector: f = + +
rV. Basic laws of mechanics.

() Law of motion: P = mf, (P = force).

() Law of action and reaction: Action and reaction are equal

and opposite.

(c) Law of the parallelogram of forces: P + Q is the resultant

of P and Q.
EXERCISES I

1. If two forces of magnitude P and Q act at an inclination B to one

another, prove that the magnitude of the resultant R is given by

]^2 = pa + Qj + 2PQ cos e.

2. A particle is acted on by forces of magnitudes P and Q, their lines of

action making an angle d with one another. They are to be balanced by

two equal forces, acting at right angles to one another. Find the common
magniWde of these forces.

3. Show that if the magnitudes of a number of coplanar vectors are

multiplied by a common factor, the directions of the vectors being

xmchanged, the magnitude of the sum is multiplied by the same factor and

its direction is unchanged. Show also that if all the vectors arc rotated

through a common angle in their plane, without change of magnitude, their

sum is rotated through the same angle without change of magnitude.

4. Forces of magnitudes 3, 4, and 5 lb. wt. act at a point in directions

parallel to the sides of an equilateral triangle taken in order. Find their

resultant.

6.

Two forces acting in opposite directions on a particle have a resultant

of 34 lb. wt.; if they acted at right angles to one another, their resultant

would have a magnitude of 50 lb. wt. Find the magnitudes of the forces.

6. An airplane dives at 400 miles per hour, losing height at the rate of

220 ft. per sec. , What is the horizontal component of its velocity in miles

per hour?.

7. Coplanar forces of magnitude P, 2P, 4P act on a particle. How
should they be directed to make the resultant (i) a maximum, (ii) a min-

imum?
8. If any number of coplanar vectors all of the same magnitude are

drawn. from a point, arranged symmetrically so that the angles between

adjacent vectors are all equal, prove that their sum is zero.

9. If 7 = a* + 2/* + 2® + ajy + at what points in space is the vector

grad V parallel to the z-axis?

10.

A scalar field is given,over a plane by

2»
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What are the level curves? Show that, at the point with polar coordi-

nates (r, B), grad V is inclined to the rc-axis at an angle 2$ and its magnitude

is i sec* B,

11. A train, starting at time Z = 0, has moved in time t a distance

X « aZ(l —

where a and 6 are positive constants. Find its velocity and acceleration;

what do these become after a long time has elapsed?

12. A particle travels along a straight lino with constant acceleration /.

Prove

8 ^ ut + \ft\ V ^ u + ft, i;* =* M* -j-

where s is the distance covered from the instant Z « 0, w the initial velocity,

and V the final velocity.

13. A uniformly accelerated automobile passes two telephone poles with

velocities 10 m.p.h. and 20 m.p.h., respectively. Calculate its velocity

when it is halfway between the poles.

14. What curve is described by a particle moving in accordance with the

equation

r =a a cos cZ • i + & sin cZ • j,

where a, 6, c are constants and i, j fixed unit vectors perpendicular to one

another? Show that the acceleration is directed toward the origin.

15. An elevator weighing one ton starts upward with constant accelera-

tion and attains a velocity of 16 ft. scc."^ in a distance of 10 ft. Find in

tons weight the tension in the supportmg cable during the accolcrutcd

motion.

16. A car weighing 2 tons comes to rest with uniform deceleration from a

speed of 30 m.p.h. in 100 ft. Find the force exerted by the car on the road,

showing its direction in a diagram.

17. A particle of mass m moves on the axis Ox according to the equation

a; a a sin pZ,

where a and p arc constants- Express the force acting on it as a function

of X.

18. A tug tows a barge A, which in turn tows another barge B. They

start to move with an acceleration /. l^’ind the tensions in the towing

cal)l(^s, in terms of / and m, m' (the mosses of the barges).

19. Indicsate the fallacy in the following argument: A locomotive pulls

a train. But to every action there is an equal and opposite reaction.

Therefore the train pulls the locomotive backward with a force equal to the

pull of the locomotive, and so there can bo no motion,

20. If the fundamental law of mechanics for a particle moving on a

straight line were

S (Vl - (iVc>))

”

instead of (1.402), m and c being constants, find the distance traveled from

rest in time Z under the action of a constant force P. (This is the relativistic

equation of motion; see Chap. XVI.)



CHAPTER n

METHODS OF PLANE STATICS

2.L INTRODUCTORY NOTE

In order to deal systematicallY with the subject of mechanics,

•we have to break it up into parts. The first di-nsion is into

aUxkics and dynamics: statics deals 'with the equilibrium of systems

at rest, and d3mamics with the motion of systems. As we have
already seen, rest and motion are 'terms which have meanings
only when a frame of reference has been specified. Thus the

question at once arises: When we say that statics deals with

systems at rest, what physical frame of reference have wo iu

mind? The mathematical theory of statics is based on the

fundamental laws of Sec. 1.4. Thus we should be confident of a
close agreement between theory and observation if we were to

develop statics relative to the astronomical frame. But that

would not be physically interesting, because there are actually

no systems at rest in that frame; the earth’s surface is tho

physically interesting frame of reference for statics. Although
(1.401) is not satisfied 'with great precision relative to the earth’s

surface, it is possible by a modiScation of the forces (i.e., by
inclusion of centrifugal force) to ob'tain extremely satisfactory

results in statics relative to the earth’s surface. Thus in the
mathematical theory of statics the frame of reference will be such
that the fundamental la-ws hold, and in the physical interpreta-

tion of the results 'the frame of reference 'will be the earth’s

surface.

But there is another di'vision of the subject of mechanics,
namely, a division into plane mechanics and mechanics in space.

This ^'vision is artificial from a physical point of view but is

convenient in learning the subject, because the mathematics
of the plane theory is simpler than the mathematics of the space
theory. This is due to the fact that certain quantities (moments
of forces, angular velocity, and angular momentum) appear as
scalars in the plane theory but as vectors in the space •theory.

38
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Accordingly, to avoid undue mathematical complications in the
development, wo shall deal first with plane mechanics, hut where
the space theory presents no difficulty we ah».ll devdop it

simultaneously.

To bo precise, the subject of plane mechanics deals with
(i) The statics and dynamics of a system of particles lying in a

fixed plane.

(ii) The statics and dynamics of rigid bodies which can move
only parallel to a fixed plane, the displacement or velocity of

every particle being parallel to the fixed plane.

As an example of (i), we may mention the problem of the
motion of the earth relative to the sun, both being treated as

particles, and as an example of (ii) the motion of a cylinder
rolling down an inclined plane.

The plane in which the system lies, or to which the motion is

parallel, will be called tlie fundamenbd plane.

Wo shall find in both statics and dynamics that the basic

laws lead to certain general principles or methods. When
any specific problem presents itself, we do not attack it directly

from first principles as a rule; we can avoid waste of energy by
applying to the problem one of the general methods. The
present chapter is devoted to general methods in plane statics,

with inclusion of the space theory where it presents no difficulty.

2.2. EQUIUBRIUM OF A PARTICLE

According to (1.401) a particle will have an acceleration unless

the force acting on it vanishes. Thus if P is the force acting

on a particle, the necessary and sufficient condition for equilil^

rium is

(2.201) P « 0.

If several forces P, Q, R • • • act on a particle, the necessary

and sufficient condition for equilibrium is the vanishing of the

resultant force, i.o.,

(2.202) P + Q + R+ ••• =0.

This vector condition may also be expressed in scalar form by

moans of components. Let a particle be acted on by forces

whose components on an orthogonal triad are indicated as

follows:
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P(Pl,P*,P3),

Q(Qi, Qi, Qi),

R(j?2i> ^2} Iit)i

Then the conditions for equUibrium axe

Pi + Qi + Pi + * = 0,

(2.203) }Pi + Qi + Ri+--- = 0,

I P» + Qs + Pa + • • • = 0.

All the above remarks hold whether the forces acting on tho

particle lie in a plane or not. The particular feature of the piano

case is that only two components are to be considered instead of

three.

No difl&culty will be found in using (2.202) to prove the follow-

ing theorems which are often useful:

(i) The Triangle op Forces. If a particle is in equilibrium

under the action of three forces, these forces may be reprcsent(ul

in magnitude and direction by the three sides of a triangle, taken

in order (Fig. 9).

Fiq. 9.—The triaa^e of forces.

(ii) The Polygon of Forces. If a particle is in equilibrium

xmder the action of several forces, these forces may be repn^-

sented by the sides of a closed polygon, taken in order.

(iii) Lamy's Theorem. If a particle is in equilibrium under
the action of three forces P, Q, R, then

(2.204)
P ^ _Q_ ^ P

sin a sin j3 sin 7’

where a is the angle between Q and R, jS the angle between R and
P, and 7 the angle between P and Q.

Exerdae. A particle is in equilibrium under three forces. Two of tho
forces act at right angles to one another, one being double the other. Tho
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third force has a magnitude 10 lb. wt. Find the magnitudes of the other

two.

2.8. EQXnLIBEIUM OF A SYSTEM OF PARTICLES

Systems of particles.

Let us now consider a system of particles. We must in all

cases come to a clear understanding as to what is included in the

ssrstem under consideration. Let us suppose that we are dealing

with a book which rests on a table, the table standing on the

floor. The book and the table are regarded (in our mathematical

model) as composed of a very great number of particles. In

t.ftllfing about this arrangement of matter, we are not compelled

to think of the “system” under consideration as composed

of the book and the table. If we like, we may think of the table

alone as a system, or the book alone as a system, or the hundredth

page of the book as a system.

It is important to realize that the system under consideration

is something wo pick out from the given arrangernent in an

arbitrary manner. It is necessary to understand this in order

to appreciate the distinction between external and internal forces.

External and internal forces.

The book presaos down on the table and the table presses

up on the book with an miual and opposite force (law of action

and reaction). If the system is book + table, those forces arc

both exerted by particles of the system. But if the system

consists of the book only, this is no longer the case; the force

exertcKl by 1.ho table on the book is due, not to particles of the

syskun, but to particles lying outside the system.

We make the following general definition:

A force acting on a particle of a given system is an irUcmal

force when it is exerted by another particle of that system;

otherwise it is an external force.

In accordance with the law of action and reaction, internal

forces occur in equal and opposite pairs, each pair representing

the mutual interactions of a pair of particles of the system.

I’iguro 10 shows three particles A, B, C, the broken lino indi-

cating the boundary of the system. The forces are classified

as follows:
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External: P at A, Q at B, B. at C.

Internal: U at B, -IT at C, V at C, -V at A,
W at A, —W at B.

Figure 11 shows these particles situated precisely as in Fig. 10
and subject to the same forces. The only difference between the
two diagrams lies in the position of the broken line, indicating
the boundary of the system under consideration. In Pig. 11 the
system contains only the particles A and B. Now P at A,
-V at A, Q at 5, tJ at Fare external; and Wat A, —WatF are
internal. If we reduce the system under consideration to one
particle only, there are no longer any internal forces.

Eta W.—Ertemal aad internal Pia 11.—The same particles andfor^
,
”“® system u eitolosed forces aa in Kg. 10, but a different

by the broten line. "system."

The only essential difference between the treatment of this
question of internal and external forces in a plane nnrl its treat-
ment in space is that in the former case we may delimit the
system by a closed curve, whereas in the latter case we require a
closed surface.

Necessary conditions for eqoilibriiun (forces).

We shall now obtain necessary conditions for the equilibrium
of any system of particles. The meaning of the word “neces-
sary” should be emphasized: these conditions must be satisfied if

the system is in equilibrium, but the satisfaction of the conditions
does not imply that there is equilibrium.

Consider any particle of the system, assumed in equilibrium.
That particle is itself in equilibrium, and hence the vector sum of
all forces acting on it is zero. Similarly for aU particles. Hence,
The vector sum oj dU forces acting on all particles is zero.

But the forces are some external, some internal. We may state
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The vector sum of all external forces and all internal forces is zero.

From the equality of action and reaction,

The vector sum of all internal forces is zero.

Comparing this with the preceding statement, we have

(2.301) The vector sum of all external forces is zero.

Here we have the first of the necessary conditions for the equilib-

rium of a system of particles.

Exercise. Consider a glass of water standing on a table, taking as the

system (i) the water only, (ii) the water and the glass. What ore the

external forces in each case, and what does (2.801) tell us about them?

The moment of a vector about a line.

Consider a line L and a bound vector P, perpendicular to L
but not intersecting it. Let a be the length of the common

Fui. 12.—A lino L and
_

a

vector P porpondioulnr to it.

The uiomonts in the two cases

have opposite signs.

perpendicular to L and the lino of action of P. The moment of

P about L is defined to be

(2.302) iJf = ±oP.

The, ambiguous sign is introduced in order that we may distin-

guish between the two cases shown in Fig. 12, in which the vector

P indicates rotations in opposite senses about L. Having decided

to use the + sign for vectors indicating rotations in one sense,

we. use the — sign for vectors indicating rotations in the opposite

sense. The significance of the signs will be better understood

when Sec. 9.3 has been road, but for the present the following

description of the convention will serve.

Lot us suppose the lineL drawn perpendicular to the plane of the

paper, intersecting it at the pointA (Figs. 13o and b)
;
the moment

is ^hon P indicates a counterclockwise rotation around A
in the plane, and —aP when a clockwise rotation is indicated.

Consider now a line L and a bound vector P which is not per-

pendicular to L. The moment of P about L is defined to be the
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moment about L of the projection of P on a plane perpendicular

to L, the latter moment having already been defined above.

The following facts are now obvious

:

(i) The moment of P about L is unaltered if P is made to slide

along its line of action without change of magnitude or sense.

(It is seen at once that this only slides the projection along its

line of action, without change of magnitude or sense.)

(ii) The sum of the moments about any line L of two vectors

P, —P situated on the same line is zero. (Their moments are

equal in magnitude but opposite in sign.)

(iii) The moment about i of a vector P is unaltered if P is

moved without change of magnitude or direction in a direction

parallel to L. (This does not change its projection on a plam*

perpendicular to L.)

When we deal with the moments of coplanar vectors about a
line perpendicular to their plane, we often refer to these momcnl.s

as moments about a point, namely,
the point where the line cuts the

plane.

The theorem of Yarignon.

Consider a line L and a bound
vector R at a point B (Fig. 14).

Let A be the foot of the perpendic-
ular dropped from B on L. IjOt Q
be the projection of R on the phiiie

throughR perpendicular to 7j. Let
N be the line through B perpend i(!-

ular to AB and to L, and lot P be
the projection of Q on A^. It is

clear thatP is also the projection of
R on AT. We wish to prove that the moment of R about L is
equal to the moment of P about L.
Kgure 15 shows the plane containing P, Q, and AB. Ixst A C

be drawn perpendicular to the line of action of Q, and let the
angle CAB be denoted by 6. Then the moment Jlf of R about L
equals the moment of Q about L (by definition), so that*M = Q- AC = Q- AB cos e = AB " Q cos B = AB • P,
which is the moment of P about L. Hence, the moment of a vector

• For simplicity, we have takea the case where M is positive; tho other
case IS dealt "with siirularly.

about L ; it is to be proved that P
also has the same momeat.
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it is zero; hence, by Varignon's theorem the sum of the moments
about L of all forces acting on the particle is zero. Similarly

for all particles. Hence,

The sum of the moments about L of all external forces and all

internal forces is zero.

But the sum of the moments of a pair of equal and opposite

internal forces is zero. Hence,

The sum of the moments about L of all internal forces is zero.

Comparing this with the preceding statement, we have

(2.306) The sum of the moments about L of all external forces is

zero.

From (2.301) and (2.305) we may now state necessary condi-

tions for the equilibrium of any S3rstem of particles.

If a system of particles is in equilibrium^ then

(i) The vector sum of all EXTERNAL forces is zero.

(ii) The sum of the moments of all EXTERNAL forces about

any line is zero.

This result is the key to the solution of statical problems, and
it should be remembered.

The particular form of the above statement applicable to

plane statics is as follows:

If a system of particles is in equilibrium^ then

(2.306) F « 0, iV = 0,

where F is the vector sum of the projections of all EXTERNAL
forces on the fundamental plane, and N the sum of the moments

of all EXTERNAL forces about any line perpendicular to the

fundamental plane.

It is convenient to have an explicit form of (2.306). Let axes

be chosen so that the fundamental plane is z = 0. We shall take

moments about the z-axis. Suppose now that the system is

acted on by external forces with components (Xi, Fi, Zi),

(Xa, 72
,
Z2), • •

• (Xn, Fn, Zn) at points (ri, 2/1, JSi), {xi, 2/2, Z2),

• •
• (a;*, 2/ti, 2;«). By projection on the fundamental plane, it

follows that F and N are unaltered if we replace this system by
forces in the fundamental plane with components (Xi, Fi),

(X2, F2), • •
• (Xn, Yn) at points (ri, 2/1), (0:2, 2/2),

• •
• (aJn, 2/n)-

Hence, by (2.303) we see that if (X, F) are the components of F,

then

(2.307) X = X Z,, r = X n J\r = X (.XiY, - y^,),
i-1 i-1 i-l
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and so necessary conditions for equilibrium are

47

(2.308) i) = 0, X
t»x t“l

It might be thought that, by taking xnomentR about other

lines perpendicular to the fundamental plane, new conditions

might bo obtained; but this is not so. For, by (2.304), if moments

are taken about a perpendicular to the plane at (a, h), then thc^

total moment is

X -a)Y,- (vi - b)Xi] = X
i-1

- 2 + *

and this vanishes automatically if (2.308) arc satisfied. Thus

conditions of the type (2.30C) or (2.308) arc ac.tually threu^ in

number, and no more.

The follounng important resxilts arc easy to establish from Ibe

principles laid down above:

(i) If a system is in equilibrium under the action of only two

external forces, then these forces have a common line of a(d.i<)n,

equal magnitudes, and opposite senses.

(ii) If a system is in equilibrium under the action of only tlu’oo

external forces, those forces lie in a plane and their linos of action

are either concurrent or parallel.

If a force is measured in dynamical units, its moment htis dimemsionH

(H(^e Appendix). In iho. e.g.s. system, the unit moment is 1

dyne cm. or 1 gni. cm.* hoc,*“*; in the f.p.8. system, it is 1 ft. poundal or 1 lb,

ft.* In statics wc fr<uiuently uh(^ a unit of force which is not a dynami-

cal unit, such us the Ih. wt. or the ion \vt. (contrac.tc<l to n^ad lb. and ton).

The (corresponding niomonts arc measured in ft. lb. or ft. ton.

Equipollent systems of forces.

Two systems of forces arc said to bo equipollcM* whcui the

following conditions arc satisfied:

The word equivalent is often used. But there is a danger of confusion

in using a (jommon word in a techni(*.al H(inse. W(^ might think that the

cfTccts of two such force systems were the sanuu this is not always the (‘jise.

If we pull a string with equal and opposite fo^c(^H at its ends, W(5 produce a

very different effect from that caused by pushing it with these forces reversed

in direction
;
yet the two forcjc systems are equipollent.
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(i) The vector sum of all the forces of one system is equal to the

vector sum of all the forces of the other system.

(ii) The sum of the moments of all the forces of one system
about an arbitrary line is equal to the sum of the moments of

aU the forces of the other system about that line.

For the discussion of plane mechanics, we require only a

restricted type of equipollence, which we shall call plane equi-

poUence, Two systems of forces are said to be plane-equipollent

for the fundamental plane if

(i) The vector sum of the projections on the fundamental
plane of all the forces of one system is equal to the vector sum
of the projections on that plane of all the forces of the other

system.

(ii) The sum of the moments of all the forces of one system
about an arbitrary line perpendicular to the fundamental plane

is equal to the sum of the moments of all the forces of the other

system about the same line.

It is evident that if F, F' are the vector sums of the projections

of the forces of the two systems, and N, N' the moments about
some line, then the conditions for plane equipollence are

(2.309) F = F', N ^ N\

If F = 0, iV = 0, we say that the system is plane-equipollent to

zero. Thus, if a system of particles is in equilibrium, the forces

acting on it are plane-equipoUent to zero.

The idea of equipollence is extremely useful in statics. The
solutions of problems in plane statics turn on the conditions

(2.306), and difficulties may arise in the calculation of F and N.
These difficulties are reduced by splitting up the calculation into
parts, each of which is simple. This reduction depends on the
following fact (obvious from the definition of equipollence) : For the

calculation of the vector sum of the projections of the forces of a sys-
tem on the fundamental plane and the sum of their moments about a
line perpendicular to that plane, any system offerees may he replaced
hy a system plane-equipollent to it.

In what follows below, we shall speak only of forces in the
fundamental plane. This makes for simplicity of expression
without any real loss of generality, because in problems of plane
mechanics we are actually interested in projections on the funda-
mental plane and moments about lines perpendicular to it;
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for the calculation of these, we may replace a given force system

by a plane-equipollent system in the fundamental plane.

Exercise. Find a system of two forces equipollent to a system of three

forees represented by the sides of an equilateral triangle taken in order.

Couples.

A couple is defined as a pair of forces acting on parallel lines,

equal in magnitude and opposite in sense. In fact, a couple

consists of a pair of forces P, —P. A line drawn perpendicular

to the two lines of action and terminated by them is called the

arm of the couple.

17a. 176.

Fio. 17.— (o) Couple with positive moment. (6) Couple with negative moment.

Thus the vec-tor sum of the forces constituting a couple is zero.

Coiisid(!r now the sum of the moments of the forces forming a

couple about any lino L, perpendicular to the plane of the couple

and cutting it at A (Figs. 17o and 171;). If AB, AC are the

perpendiculars dropped from A on the linos of action, the sum

of the moments is

M = P AC - P • AB = P • BC = Pa (Fig. 17o),

M ^ P • AB - P AC = -P-BC = -Pa (Fig. 176),

where a is the arm of the couple. The rule for sign is easily seen

to be as follows:

(2.310) M = ±Pa,

whore the + or - sign is to bo taken according as the forces

indicate a positive (counterclockwise) rotation or a negative

(clockwise) rotation in the plane of the couple about any point

taken between their linos of action.

We observe that the sum of the moments of the forces forming

a couple about a lino perpendicular to its plane is the same for all
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such lines. Hence, we may speak in an absolute sense of the
momerU of a couple. Since the vector sum of forces in a couple is

zero, it follows that two couples in the fundamental plane are
plane'-equipollent if they have the same moment.

It is evident that two couples of moments M, M' in the funda-
mental plane are together plane-equipollent to a single couple of
moment M + M' in that plane.

Reduction of a general plane force system.

Consider a system of forces in the fundamental plane. Let
F be their vector sum and N the sum of their moments about
some point 0 in the plane. * Consider on the other hand a single
force F at 0 and a couple of moment N in the fundamental plane.
Obviously, this simple system is plane-equipollent to the given

system. Hence, we may state

the following general result:

A system of forces in the funda-
mental plane is plane-equipollent

to a single force applied at an arbi-

trary point in the plane, together

with a couple.

It is customary also to express
^his by saying that a system of

forces m the fundamental plane may be reduced to a force and a
couple.

Expressed analytically, a system of forces (Zi, Fi), (Z2, Fs),
points (zi, ffi), (x2, j/i),

• •
• (x„, y„) may be

reduced to^ a single force at the origin with components Z, F,
together with a couple N, where

(2.311)

We shall now show that a still greater reduction is possible.
Let 0 be an arbitrary point. The force system, as we already

know, may be reduced to a force F at 0, together with a couple

of moment N

.

In Fig. 18, the force F at 0 is shown as OB. We
now consider the following two cases:

* That is, the moments about a line perpendicular to the fundamental
plane, cuttmg it at 0 (see p. 44).

Fig-. 18.—^Reduction, of a force and a
couple to a single force.
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Case (i): F 0. let us suppose If positive for sioaplicity,

the case where N is aegative beiag similarly dealt with. We
draw OA perpendicular to OB as ia Fig. 18 and measure off OA
equal toNfl. Then the conpleis equipollent to the pair offerees

OC Cor -F at 0) ; AD (or F at .4).

Thus the given system is reduced to the three forces

F at O, -FatO, Fat A.

Those are equipollent to a single force F at A.
Case (ii) : F = 0. Here the system is reduced to a couple.
Hence wo may state the following general result

:

Any force system in tke fundamental plane may he reduced eilher

to a single force or to a couple.

It may be noted that reduction to a single force will occur much
more frequently than reduction to a couple, because reduction
to a couplo oceai-H only when a special condition is satisfied,

viz., F = 0, or, in other words, when the vector sum of the
forces in the system is zero.

Let us now carry out this reduction to a single force or to a
couplo analytically, the given plane force system being specified
as consisting of forces with components {Xi, Fi), Fa), • • •

(J„, F„) at points with coordinates (»!, yi), (a;5,y2),
••

• (a*, y„).
Lot us suppose that this system may be reduced to a force
with components {X,Y) at (z, y). The conditions of plane
cquipollence are

(2.312) ^ =

xY - (xiYi - yXi).

The first two equations determine the components of the single
force. The last equation gives one relation between the coordi-
nates of the point of application; this relation, being linear,

defines a straight line. It is scon at once that this lino points
in the dinction of the force with components (J, F); it is, in
fact, the lino of action of that force. The last equation of
(2.312) leaves the point of application indeterminate to a certain
extent—^it may take any position on a eertaia line. One particu-
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lax point on this line is given the symmetrical fonnulas

(2.313) X =
%yiKi

' y =

If it should happen that

(2.314) _§x<-o, ^r. = o, J (®r. - Jjro M 0,

It is evident that we cannot find X, Y, x, y to satisfy (2.312)
Then the system cannot be reduced to a single force. To find
the couple to which it can be reduced, we compare it with the
couple consisting of forces (0, -Y), (0, Y) at the points (0, 0),
(0, xjj respectively. The conditions of equipollence are

0 + 0-0, -r + r-0, zY

These equatwna are satisfied protdded that the moment of the
couple IS

(2.316) ^ - ViXi).

To sum up: In general a plane system of forces is plane-emd-
oref »ns are

(2.316) |x,-0, |y._o,

(2.31o). If (2.316) are satisfied and also

^ (XiYi - yiXi) = 0
,

then the given system is plane-equipollent to zero.

2 and 3 act parallel to the fi>-ari8 at points
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2.4. WORK AND POTENTIAL ENERGY

Definition of work.

Consider a particle A on which a force P acts. Let the particle

be given an infinitesimal displacement of magnitude Ss, repre-

sented by AB (Fig. 19). The work done by P in this displace-

ment is defined to be the product of Ss and the component of

P in the direction of the displacement; in fact, the work SlF is

(2.401) = P cos (? • Ss,

where 6 is the angle between P and the displacement.* It will

be positive or negative according us

6 is acute or obtuse. ^
Since the sum of components inany

direction is equal to the component of

the sum in that direction, it follows wo^^hm’thlptrtXo.fwtoh
that the total work done by any niim- rocoivos tho ciiBpiacomont

ber of forces P, Q, R, • •
•

,
acting on

a particle, is equal to the work done by their resultant P + Q
+ R + • ’ • .

It is evident that SW is also equal to tho product of P and the

component of the displacement in the direction of P. Hence
the work done by P in a succession of small displacements is

equal to the work done by P in the resultant displacement.

Let X, Y, Z be tho components of P in the directions of tho
axes of coordinates, and let the coordinates of d, P be (x, y, z),

(x + Sx,y Sy, z + Sz), respectively. Then, since tho direction

cosines of P are X/P, Y/P, Z/P and those of tho displacement

AB are Sx/Ss, Sy/Ss, Sz/Ss, wo have

(2.402) cos 6 = P Ss'^P Ss

,ZSz
+ p-s7

and so the work done by P in the displaccimont ^7? is
’

(2.403) SW^ X 8x + Y 87J + Z Sz,

* Tho use of the symbol 5 instead of tho moro usual d (for differential) is

traditional, and not of much importance as far as statics is concerned, l.hit

in dynamics it is necessary to distinguish betwofm a purely hypotheti(sal
(or virtual) displacement 5x and tho displaccmont dz actually occurring in

time dt (i.c., dz ^ x dt).
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We note that no work is done when the displacement is

perpendicular to the force.

If force is measTored ia dynamical units, work has dimOTiainna [ML‘T-^]
(see Appeudix). In the e.gj. system, the unit of work is the erg, which is 1
dyne cin. or 1 gm. cm.» sec.-»,- in the f.p.s. system, it is 1 ft. poundal or 1 lb,
ft,* sec. * In statics, the ft. lb. and ft. ton are used.

Rate of working is called power. In dynamical units, power dimen-
sions [MUT-*\. A unit commonly emptoyed is the horsepoweir (660 ft. lb.
wt. see.-* = 1 hp.).

Forces which do no work.

Consider a particle in contact with the surface of a fixed rigid
body, and suppose that a force acts on the particle tending to
drive it into the body. If no other force acted, the particle
would have to penetrate the body, in accordance with (1.401),
Since, however, we regard such penetration as impossible,
we must assume the existence of another force, the reaction of
the surface, which prevents the penetration from taking place.
The particle in question may be an isolated particle, or it may
be one of the particles of a rigid body.

In a mechanical problem tbe reactions between particles and
surfaces, or between pairs of surfaces, are not in general to be
regarded as known forces. Tbey are called into play solely to
prevent violation of tbe condition of non-penetration.
Tbe words smooth” and “rough” are familiar in ordinary

life; we speak of polished steel, glass, ice, etc., as smooth,
sandpaper, cloth, etc., as rough. We make such a classification
primarily on the basis of our sense of touch. A more scientific
classification is obtained by examining the directions of the reac-
tions between bodies. It is found that with smooth bodies the
reactions always lie very close to the common normal of the
surfaces in contact. As an idealization of such bodies, we admit
into our mathematical model the concept of a smooth surface
vsuth the following property:

The reaction at a smooth surface is normal to the surface, and
ts of such a mdgniiude as just to prevent penetration or overlappina
in space jrom taking 'place.

^

The reaction at a rough surface has more complicated proper-
ties which will be discussed in Sec. 3.2.

Since the reaction, at a smooth surface is normal to the surface
the following result is evident from (2.401):

^
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No work is done by the reaction cd a smooth fixed surface in an
infinitesirrud displacemeni which “preserves the contact.

In any contact there are actually two equal and opposite
forces involved, one acting on each body. In what has been
said above, one body was supposed fixed, so that the force acting
on it did no work. Suppose now that both bodies, having
smooth contact, are displaced infinitesimally. The displace-

ments of the particles of the two bodies in contact with one
another may now have components along the common normal,
and so work is done by each of the two forces of reaction. But
it is not difficult to see that the

sum of these two works is zero.

Let us now consider a rolling

contact, confining our attention

here, for simplicity, to the rolling

of a rigid circle on a fixed line in

the fimdamental plane (Fig. 20).

We say that the circle C rolls

on the Une L if it pass^ con-

tinuously through a sequence of positions such that (i) L is

always tangential to C; (ii) if any two points A, B of C rrmlrfl

contact with points A', B' of L, then arc AB = A'B\ (Consider
a motor tiro and the pattern it leaves on the road.)

If C advances a distance hx while it turns through an angle
A9, it is clear that

(2.404) A!B = oAe,

where a is the radixis of C. During this advance the point of C
initially in contact withX receives the following displacements:

Horizontal: A® — o sin A9,

Vertical: a — a cos Ad.

If the displacement A® is infinitesimal, then these displace-

ments are infinitesimals of the orders (A®)*, (A®)®, respectively.

This is easily seen on using the well-known series for sine and
cosine.

Suppose now that there is a reaction R exerted by L on C.

We shall not assume that R is perpendicular to L. The work
W done by R in a succession of infinitesimal rolling operations
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win be a fiinction of x, the fiaal displacement. Itmay be written

•dW

But since the displacenieiit of the point of contact is an infinitesi-

mal of higher order than the increment in x, we have dW/dx = 0
and hence TF = 0. Thus, no work is done by the reaction at a
rolling conta/A* It is true that our proof deals only with the case
of a circle rolling on a linej the general case of a moving curve
rolling on a fixed curve may be discussed by a slightly more
complicated argument leading to the same result. The condition
of rolling is the equality of arcs on the two curves between points
of contact; the essential point in the proof is the fact that the
displacement of the point of the moving curve instantaneously
in contact is an infinitesimal of higher order than the infinitesimal
angle through which the moving curve turns.

When rolling takes place between two moving surfaces, the
sum of the works done by the equal and opposite reactions is zero.

This follows from the fact that
the displacements of the two
particles in contact (one belong-
ing to each body) are equal, to

the first order of small quantities.

The fact that no work is done
at a rolling contact is of enormous
importance in modem transport,

which moves on wheels in con-
trast to the dragged vehicles of

primitive civilizations. It explains why boats are launched or
hauled out of the water with much greater ease when placed on
rollers, and why machinery operates more easily on ball or roller
bearings than on plain bearings..

Let us now consider the work done by a pair of equal and
opposite reactions,- exerted on one another by two particles of
a rigid body, when the body receives an infinitesimal displace-
inent. Let A, B be the positions of the two particles before
displacement, and A', 5' their positions after displacement

21), The lines AB, A!B^ make an infinitesimal angle with
one another, and

(2.405) AB = A'5',

A.
"^0

Fio. 21.—Internal reactions in
rigid body.
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since the body is rigid. If Ao, Bo are the projections of A', B'
respectively on the line AB, we have obviously

(2.406) AAo + AoBq ^ AB + BBo.

Since the inclination of A'B' to AB is infinitesimal, AoBo = A'B'
to the first order of infinitesimals; hence, AoBo = AB by (2.405)
and so (2.406) gives

(2.407) AAo = BBo.

If the forces on A, B are respectively P, — P, the amounts of
work done by them are

P • AAo, -P • BBo,

and the sum of these is zero. Hence, no work is done by a pair of
equal and opposite reactions, exerted on one another by two particles

of a rigid body.

To sum up, we have seen that no work is done by
(i) the reaction on a movable body in smooth contact with a

fixed body;

(ii) the pair of reactions at a smooth contact;

(iii) the reaction on a body rolling on a fixed body; ,

(iv) the pair of reactions at a rolling contact;

(v) the pair of reactions between two particles of a rigid body.
In the cases considered above, the particles forming the systems

are not wholly free. The systems arc, in fact, subject to con-
straints, and the reactions are brought into play to prevent the
violation of these constraints. Since these reactions of constraint

do no work in permissible displacements, we speak of these
constraints as workless.

The principle of virtual work.

Let us start by considering the simple system shown in Fig. 22.

AB is a rigid bar; a small hole is drilled in it at C, and a smooth
pin passes through the hole, attaching the bar to some fixed

support (not shown). Thus the bar can turn about C in the
plane of the paper. Forces P and Q are applied at A and B,
respectively, in directions perpendicular to AB.
There are two ways of regarding this system:

(i) It is just a rigid body, which can turn round C and which
is subjected to the forces P and Q.
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(ii) It IS a collection of a vast nuniber of particles, subjected
not only to the forces P and Q, but also to a vast ninnber of
reactions between the particles and a reaction at C, all adjusted
BO that the distances between the particles remain constant and
the particles near C do not move away from the pin.
For present purposes we regard (ii) as the more useful view.
In developing the principle of virtual work, we have to deal

with displacements
y forces

j

and work.
The only displacement consistent with the constraints is a

rotation around C. But if we take the point of view (ii) above,

B

we may think of other displace-

ments in which the constraints

are violated—^for example, only
one particle of the bar might be
moved from its position. Such
a displacement is merely a
mathematical device. In either
case (whether the constraints
are satisfied or not) the displace-

ment is called “virtual,” this vrord implying that the displace-
ment is a h3rpotheticaJ one an.d not a displacement actually
experienced. -

two types:

Ra. 22.— rigid bar pinned at C.

We note then that virtual displacements are of

(a) virtual displacements satisfying the constraints,
(5) 'virtual displacements violating the constraints.
Aa for forces, we have P and Q and the reactions of constraint.

We need a word to distinguish P and Q from the latter; we
cannot use the word “external” because the reaction exerted by
the pin at C is external. So we shall callP and Q applied forces,
with this general definition for any system with workless con-
stramts: Forces other than reactions oj cormtraini are called applied
forces. Thus the forces acting on the system are of two types:

(a) applied forces,

(6) reactions of constraint.

for the work done in a •virtual displacement (called virtual
iomk), we are to observe that no work is done by the reactions
of constraint provided that the constraints are of the workless
"type and are satisfied hy 'the virtual displacement.
We shall now proceed to state and prove the principle of

virtual work. The argument will be quite general, covering
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the case of any system in which the constraints are of the workless
type.

Peinciple or Vietual Work. A system with workless con-
straints is in equilibrium under applied forces if, and only if, zero
virtual work is done by the applied forces in an arbitrary infinitesi-

mal displacement satisfying the constraints.

It will be noticed that this statement contains both a suffi-

cient (if) condition for equilibrium and a necessary (only if)

condition. There are two -theorems here, requiring separate
proofs.

Let us first prove the necessity of the condition; that is, we
are given that the system is in equilibrium, and we have to prove
that zero virtual work is done by the applied forces in any
infinitesimal displacement satisfying the constraints. Consider
any particle of the system; it is in equilibrium, and so the result-
ant of all forces acting on it is zero. Thus, zero virtual work is

done by the forces acting on that particle in any displacement of
it. This holds for all particles; and so, in any displacement of
the system, zero -Oirtual work is done by all forces acting. But
the reactions of constraint do no work in any displacement which
satisfies the constraints. Bence the applied forces do no work in
such a displacement, and so the necessity of the condition is

proved.

Let us now prove its suffideney; that is, we are given that
zero virtual work is done by the applied forces in any infinitesi-

mal displacement satisfying the constraints, and wo have to
prove that the system is in equilibrium. Suppose it is not in
equilibrium; then it starts to move. It is clear from (1.401)
that each particle starts to move in the direction of the resultant
force acting on it. Referring to (2.401), we see that a positive

amount of work is done in the initial displacement, since 6 = 0
and cos 6 = 1. This is true for every particle; and so, in the
initial displacement of the system, positive (not zero) virtual
work is done by all the forces. But such an initial displacement
must of course satisfy the constraints, and so the reactions of

constraint do no work. Thus, on the basis of our assumption
that the system is not in equilibrium, we see that it must
undergo a displacement which satisfies the constraints and in

which the applied forces do positive work. But this contradicts
the given information, according to which zero work is done.
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Since our assumption leads to a contradiction, it must be false,

and so the system does remain in equilibrium. The sufldcioncy

of the condition is proved.

Eetuming to the system shown in Fig. 22, let us give the bar
a rotation about (7 in a coimterclockwise sense through an
infinitesimal angle SO. The work done by P is Pa SO and the
work done by Q is —Qb SO, and so the total work is

SW = (Pa — Qb) SO.

If the system is in equilibrium, then STF = 0 and hence

P ^ b

Q a

On the other hand, if P/Q = b/a, then SW = 0 for this displace-
ment. But this is the most general displacement satisfying the
constraints; hence the bar must be in equilibrium if the condition
P/Q = b/a is satisfied.

Although the chief merit of the principle of virtual work lies

in the fact that it does not involve the reactions of constraint,
nev^heless it can be used to find these reactions should they bo
required. Suppose, for example, we wish to know the reaction
at C in the s^ratem considered. If this reaction is R, it is obvious
that the equihbrium will not be disturbed if we remove the pin
at C and apply at C a force R. Since there is now no constraint
at C, other virtual displacements are permissible. We may
slide the bar along its length. In this displacement, P and Q do
no work; haice R does no work, and consequently R acts at
right angles to AB. If we now push the bar through a small
distance Sx, perpendicular to AB in the upward direction, the
work done by P and Q is - (P -H Q) Sx. Hence the work done
by R IS (P -1- Q) Sx; therefore, R has a magnitude P -+ Q and
acts in the direction opposite to the common direction of P
and Q.

We have developed the principle of virtual work for the sim-
plest and most interesting systems, namely, those for which the
constr^ts are workless. But it is easily extended to cover more
gmeral cases by means of the device employed above, namely,me replacement of a constraint by an unknown “applied”

Exweiae. A lever, m the form of the letter
It is in equilibrium under forces applied at the

L, is pivoted at the angle,
ends of the arms, and per-
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pendicular to them. Use the method of virtual work to find the force at
the end of one arm and the reaction at the pivot, the other force and the
lengths of the arms being given.

Infinitesimal displacements of a rigid body parallel to a fiixed

plane.

Let us consider a rigid body which is permitted to move only
parallel to a fixed fundamental plane. The section of the body
by this plane is itself a two-dimensional rigid body; we call it

the representative lamina, A description of the motion of this
lamina specifies the motion of the body, and vice versa. We
may therefore discuss infinitesimal displacements of the lamina

plaooinont of a lamina in

its piano.

Fig. 24.—In an infinitesimal
displaoomont tho quantities o,

6, and 0 roooivo infinitosimai
inoromonts, whilo r and ^ re-
main constant.

in the fundamental plane instead of displacements of tho rigid
body parallel to that plane; they come to the same thing.

In Fig. 23, L is tho lamina before and L' the lamina after an
arbitrary displacement. Let A, B be any two points of tho
lamina before displacement and A', B' their positions after dis-
placement. Obviously the displacement from L to L' may be
achieved in two stops:

(i) a iranslaHon, in which each point of L receives a displace-

ment equal and parallel to Zl';
(ii) a rotation about A' through an angle equal to the angle

between AB and A'B'.

The point A, used in describing the displacement, is called a
base point.
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Let us ttow consider an infinitesimal displacement. For fixed
axes 0*2^ in the fundamental plane (Fig. 24), let (a, 6) be the
coor^ates of A, and B the inclination of AJB to Ox. Then
the increments 5a, 56 describe the translational displacement
and the increment 55 describes the rotation. Let P be any
p^cle^ of the lamina; let us put r = AP, ^ = bAP. Since
the lamina is rigid, r and ^ remain constant as the lamina moyes.Now if {Xy y) are the coordinates of -P, we liave

(2.408) a = a -f r cos (5 + ^), 2/ = 6 -h r sin (9 + 0).

f ‘^Pl'^cement of P in the infinitesimal displacement
oa, oo, of the lamina is

5rr = 50 - r sin (5 + 4,) 55, «2/ = 56 + r cob (5 + ,^) 55.

r sin (5 + ^>), r cos (5 + ^) from (2.408), we

(2.409) 5c = 5a - (2^ - 6) 55, 52/ = 56 -f C® - «) 55.

This gives the infinitesimal displacement of any point in thelamma (or m the rigid body of which the lamina is a section) in
base point (a, 6), and the

y arbitrary infinitesimal values to 5o,
56, 55, yye get the most general infinitesimal displacement of alammam a plane or of a rigid body parallel to a plane.

1

of the particle at the highest point of arolling wheel, when the wheel advajnoes a small distance Sa

SuflScient conditions for the equilibrium of a rigid body movable
parallel to a fixed plane.

We now consider the equilibrium of a rigid body which canmove o^y parcel to a fixed fmdamental plane. There are

to the^e, but there are constraints preventing other motions,^ese are suppo^ to be of the workless type. In addition to
the reactions of these constraints, there act applied forces, notnecess^y parallel to the fundamental plane. Let (®,, y{)

Proiections on the fundamental
^ “* "t^^se forces are applied

^ ^
^ • (-X*, r„) be the components ofthese forces m the directions of the axes Oxy
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(2.410) dW =^ Xi[Sa - ivi - b) de]

+ X + (% — a) 5fl]

= + (ij «*>

n

+ ^ [(J^ -a)Yi- (yt - b)Xi] 59

= X Set •\‘YSb’\-N 59,

where X, Y are the componeats of the vector sum of the applied
forces and N is their moment about the point (a, h).

Thus, if

(2.411) z = 0, y = 0, JV = 0,

we Imve Sir = 0 for the most general infinitesimal displacement
consistent with the constraints. Thus, by the principle of
virtual work, the body is in equilibrium if (2.411) are satisfied.
These are therefore sufl&cient conditions for the equilibrium of
the body. Let us restate this important result, as follows:

If a rigid body is constrained to move parallel to a fixed funda-
mental flaw, then the body is in equilibrium under the action
of any syst^ of external forces plane-eguipoUent to zero; i.e., there
is equilibrium provided theU the vector sum of the projections of
these forces on the fundamental plane vanishes, and the moment of
these forces about some one line perpendicular to the fundamental
'plane vanishes also.

We note that (2.411) are the same as (2.306) or (2.308),
written in a slightly different form. In Sec. 2.3 these conditions
were shown to be necessary for the equilibrium of any system;
now we find them to be sufficient for the equilibrium of a rigid
body movable parallel to the plane « = 0.

Let 5 and S' be two plane-oquipollent force-systems acting
on a rigid body

; then X, Y, N have the same values for S and S'.
It follows from (2.410) that, if is the virtual work done by
S and 5W' that done by S' in the same displacement of the body
parallel to the fundamental plane, then

5W = 5W'.

It is evident that two plane-equipollent force systems are
equivalent in all statical problems concerning the equilibrium
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of a rigid body movable parallel to the fvmdamental plane, in

the sense that one system may be replaced by a plane-equipollent

system mthout disturbing equilibrium. In particular, two forces

are equivalent if they are equal in magnitude, with the same
sense and "with a common line of action. Thus, we may slide

a force along its line of action without changing its effect. This

is known as the principle of transmissibility of force for a rigid

body, and it enables us to regard a force acting on a rigid body
as a sliding vector.

In the same way, two couples in the same plane are equivalent

if they have the same moment N. Since X = Y = 0 for a
couple, it follows from (2.410) that the work done hy a couple of

moment N in, an infinitesimal rotation S6 is N 89.

There is no unique way in which the principles of mechanics
must be developed. Two rival methods exist, the method of

forces as used in Sec. 2.3 and the method of virtual work as used
here. In developing the theory up to this stage, we have used
one method to establish some points and the other method to

establish other points. The reader may prefer to work out some
other logical development of the subject, and indeed is most
likely to appreciate the critical points in the chain of reasoning

by so doing.

Exercise. A. card lies on a table. Along the edges, there are applied
forces represented in magnitude and direction by the edges, taJren in order.

The card is given any amall displacement. Show that the work done is

representedby twicethe area of the card, multiplied hy the angle of rotation.

Potential energy.

Consider any system of particles. We shall refer to a set of

positions of all the particles as a configuration of the system.
Let A. 0 he some configuration selected as a standard configuration,

and let A be any other configuration. Let us take the system
from A to Ad, and denote hy W the work done by all forces

acting on the system during this process.

If the system consists of a single particle in the plane Oay,
we might take the origin 0 as standard configuration Ac. Then
if X, T are the components of force acting on it, the work done
in bringing it from the position A is

(2.412) W = f^iXdx + Ydy),

the integral being taken along the curve by which the particle is

brought to the origin. Tor example, if the force depends on the



Sbo. 2.4] METHODS OF PLANE STATICS 65

position of the particle according to the equations X = 2x,

Y = 6y and if the coordinates of A are o, b, then

(2.413a) W = (2z dx + 6y dy) - |^a:® +
°

=’ -o* - 36*.

This value is independent of the particular path along which

the particle is brought to 0.

To take another example, if X = 6j/, 7 = 2x, we have

(2.4136) F= f°'°(6ydx -h2xdy).
Ja>tO

The value of this integral is not independent of the path of

integration, as is easily seen by taking the two paths along the

sides of the rectangle x = 0, y = 0, x — a, y = b. Thus it is

only in some cases that W is independent of the path.

Passing from the case of a single paiticle to a general ssrstem,

we naake the following de&ution:

When the forces acting on a system are such that the work

done by them, in the passage of the system from a configura-

tion A to the standard configuration ^lo, is independent of

the way in which this passage is carried out, then the system

is said to be conservative. The work done by the forces in the

passage from A to .4o is called the “potential energy* of the system
at the configuration A.

Since the standard configuration may be chosen arbitrarily,

the potential energy of a conservative system is indeterminate
to within an additive constant, the value of which depends on
the standard configuration chosen.

Potential energy will be denoted by V. Thus, in the case
of (2.413a), the system (a single particle) is conservative and
the potential energy V at the position x,yis

(2.414) 7 = _a;2 _ Zyi.

Generally speaking, most of the systems considered in me-
chanics are conservative. The outstanding exceptions are

systems in which frictional resistances arc involved. Cases
like that of (2.4136) occur rarely.

Lot there be a conservative system, Aa being the standard
configuration. We shall use the following notation:

* Since potential onorgy is defined as work done, it has the same dimen-
sions [MUT~^] and is measured in the same units as work (of. p. 64 ).
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7(il) = potential energy at configuration A,
W(,A, B) = work done by forces in passage from A to B.

By the definition of 7, ve have

(2.415) 7(A) = F(A, Ao).

Now give the system an infinitesimal displacement from A to B;
let57 be the increment in potential energy and SW the work done.
We have

SV = 7(B) - V(A)
= WiB, Ao) - P7(A, Ao).

But since work done is independent of path and additive, we
have

WiB, Ao) = W(B, A) -\- W(A, Ao),
and

T7(B,A) = -F(A,B) = -8W.
Hence we have

(2.416) «7 SW.

In words, the increment in potentiai energy equals the work done,
with its sign changed.

Consider a particle which can move in a plane subject to
the action of a force which depends only on the position of the
particle. If Z, 7 are the components of force and x, y the
coord^tes of the particle, then X, Y are functions of x, y.
This is called afiM of force. It is said to be a conservative field
if the particle under its influence is a conservative system. In
that case, denoting the potential energy by 7, we have by
(2.403) and (2.416) the equation

(2.417) XSx+ Y Sy = -87,

where Sx, Sy are the components of an arbitrary mfiniiagimal
displacement given to the particle. It follows that

(2.418) X = - y = _ £1.
dx dy

The preceding result may be extended without any difficulty
to a conservative field in space; we have then

(2.419) x=-^, y=-^,
dx dy dx
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In the language of Sec. 1.3: In a conservative field, the force is the

gradient of potential energy, with sign reversed.

A uniform field of force is one in which X, Y, Z are constants.
Such a field is conservative, with potential energy

(2.420) V = ^(Xx + Yy + Zz).

Returning to a general conservative system, let us note a
useful consequence of (2.416) in connection with the principle of
virtual work. If a conservative system
is in equilihrium, the change in potential

energy in any infinitesimal displacement

is zero. This is also expressed by say-

ing that the potential energy has a
stationary value.

Example. As an illustrative example of the
principle of virtual work, consider the sys-

tem shown in Fig. 25. Two heavy particles of

weights V), le?' arc connected by a light inex-

tensiblo string and hang over a fixed smooth
circular cylinder of radius a, the axis of which
is horizontal. We wish to find the position of

equilibrium.

Here we have a system of two particles. The forces acting on them are
(i) gravity,

(ii) forces due to the tension in the string,

(iii) reactions exerted by the cylinder.

If we give a virtual displacement satisfying the constraints, only gravity does
work. The system is conservative, and the potential energy is, by (2.420),
with suitable choice of the standard configuration,

V » ica cos ^ + w'a cos e\

where 0,
0' are the inclinations to the vertical of the radii drawn to the

particles. In an infinitesimal displacement,

8V » —wa sin 0 8$^ w'a sin 0' 80'.

But ^ ia constant, since the string is incxtonsible. Thus 80' » —5^,
and

w

Fia. 25.—Two heavy par-
ticles balanced on a smooth
cylinder.

SV » a 80(w' sin 0' ^ w sin 0).

Hence, when the system is in equilibrium, the following condition must be
satisfied:
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. 2.6. STATICALLY INDETERMINATE PROBLEMS

Consider a rigid body which can move parallel to a fixed

fundamental plane, in equilibrium under external forces in that

plane. Let X and Y be the total components of the external

forces on axes of coordinates in the fundamental plane and N
their total moment about the origin. Then, as in (2.411),

we have the scalar equations of equilibrium

(2.601) X = 0, y - 0, iV = 0.

It is important to note that these equations are three in number.
This means that, in any problem concerning the plane statics

of a rigid body, we can find three unknowns and no more. If

there are more than three unknowns, the problem is statically

Pia. 26 .—^A statically mdeterminate problem.

indeterminatey which means that it cannot be solved by means of
the conditions of equihbrium alone. We shall illustrate with a
simple example.

A ripd bar AB (Fig. 26) is fixed at its ends; at its middle point
there is applied a force with components P, Q along and per-
pendicular to the bar. Find the reactions on the bar at A
and B.

Let the components of the reactions be Xi, Yi at A and
•3^2, Y2 at B, and let AB = 2a. Taking components along and
perpendicular to the bar and moments about A, by (2.501)
we have

(2.602)

Hence,

— Xi + P -1- X3 = 0,

I" = Fi + 0 -t- F2 = 0,

iV = oQ + 2072 = 0.

(2.503) Fs = -iQ, Yi = -iQ, Xi + X3 = -P.
We have only three equations for four unknowns; the problem
IS statically indeterminate, and nothing more can be found out
about the reactions from the conditions of equilibrium alone.
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If such a problem were to occur in physical reality, the foiur

unknown quantities,would have vsdues which might bemeasured.
Apparently our mathematical methods have failed us; they have
not provided us with the answer to a question of physical inter-

est. The fault actually lies in the selection of a mathematical
model. Rigid bodies do not exist in nature, and this problem*
is one where the use of a rigid body as a mathematical model is

not justified. We should take an elastic bar as a model instead
(cf. Sec. 3.3).

A simple modification in the constraints may render an
indeterminate problem determinate. Cpnsider the same prob-
lem, altered by the condition that the end B, instead of being

Fro. 27-

—

A. statically dotorminato problem.

fixed, slides on a smooth plane inclined at an angle of 46® to
AB (Fig. 27). Again, we have (2.503), but also an additional
equation

(2.504) Z* + Fs = 0,

arising from the condition that the reaction at R is perpendicular
to the plane. Now the problem is statically determinate, and
we have

(2.605)
X, = -P -

-IQ, Y, = -iO,
X2 = ¥i, Y, = -iQ.

Had wo taken one of the axes parallel to the plane of constraint

at B, wo should have obtained a slightly simpler treatment,

because only three unknowns would have appeared.

2.6. SUMMARY OF METHODS OF PLANE STATICS

I. Conditions of equilibrium.

(a) For single particle (necessary and sufficient)

:

(2.601) Vector sum of all forces vanishes.
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or

(2.602) Total components in two perpendiculax directions

vanish.

(b) For any system (necessary) or for rigid body (necessary

and sufficient)

:

(2.603) F = 0, N = O’, or X = 0, 7 = 0, = 0.

(c) For any system with workless constraints (necessary and

sufficient)

:

(2.604) 8T7 = 0 (work done by applied forces).

n. Moment of a vector in a plane about a point in that plane.

(2.605) M = ±aP (+ for counterclockwise);

(2.606) M — zY — yX (about origin).

m. Plane equipoUence.

() Conditions for plane equipoUence:

(2.607) F = F, 2V = N'.

() General system of forces can be reduced to a single force

at an assigned point, together with a couple.

(c) General system of forces can be reduced to a single force

or to a single couple Gutter case exceptional).

IV. Work and potential energy.

(a) Definition of work:

(2.608) SW = P cos 6 • Ss — X dx + Y $y.

(b) Reactions do no work at smooth contacts, rolling contacts,

and inside rigid body.

(c) For the infinitesimal displacement of a rigid body,

(2.609) SW = X da + Y Sb + N 56.

(d) Potential energy:

(2.610) 57 = -SW,

(2.611) r - -2

.

(Force is gradient of potential energy with sign reversed.)
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EXERCISES n
The method of virtual work may be used in any of these problems; it will

be found particularly useful in the case of those marked with an asterisk.

1 . A particle is in equilibrium under the action of six forces. Three of
these forces are reversed, and the particle remains in equilibrium. Prove
that It will still remain in equilibrium if these three forces are removed
altogether.

2. A ladder of weight W rests at an angle a to the horizontal, with
Its ends resting on a smooth floor and against a smooth vertical wall. The
bwer end is joined by a rope to the junction of the wall and the floor.
Find, in terras of W and a, the tension of the rope and the reactions at the
w^l and the ground. (Assume that the weight of the ladder acts at its
middle point.)

3. The comer A of a square plate ABCD is held fixed by means of a
smooth hinge which pennits the plate to turn freely in its own plane. Four
forces, each of magnitude P, act along the four sides in order. Find the
smglo addition^ force which, applied at the center of the plate parallel to
the side AS, will keep the plate in equilibrium. What is the corresponding
reaction at the hinge?

4. A door of weight TT, height 2a, and width 26 is hinged at the top and
bottom. If the reaction at the upper hinge has no vertical component,
find the components of reaction at both hinges. (Assume that the weight
of the door acts at its center.)

6.

A particle of weight W is suspended from a fixed
point by a light string. A horizontal force II is applied to it,

and the particle takes up a position of equilibrium with the
string inclined to the vertical. If the string breaks when the
tension in it reaches a value find the smallest value of H
necessary to ])rcak the string.

6. A heavy beam AB, 8 ft. long, rests horizontally on two
supports, one at A and the other 3 ft. from B. If the greatest
weight that can })e hung from B without upsetting the beam is

20 lb., find the weight of the beam. (Assume that the weight
of the beam acts at its middle point.)

7. Show that if a light cable passes round a pulley
mounted on smooth bearings, the tensions in the portions on
either side of the pulley arc equal. Hence find the tension T
in the cable for the i)ulley system shown, supporting a weight
W, the pulleys and cable being supposed light and the distance
between the upper and lower pulleys so great that the cables
may bo regarded as vertical.

8. A force of magnitude P, acting up and along a smooth
inclined plane, can support a weight W; when acting horizon-
tally, it can support a weight w. Find a relation among P, W,
and Wf not involving the inclination of the plane.

9. Four lamps each weighing 4 lb. are suspended across a road between
posts 40 ft. apart by light cords attached at points P, C, P, P of a cord
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ABCDEFf whose ends A and F are fixed at the same level to the posts. The

cords supporting the lamps divide the horizontal distance between the posts

into equal parts. C and D are 12 ft. below AF^ Find the tension in CD.

*10. A light rigid rod of length 26, terminated by heavy particles of

weights Wf Wf is placed inside a smooth hemispherical bowl of radius a,

which is fixed with its rim horizontal. If the particle of weight w rests

just below the rim of the bowl, prove that

too® =s Tr(25* — o*).

11. A system of forces acting on a rigid body consists of n forces acting

along the n sides of a closed polygon taken in order. If the magnitudes of

the forces are proportional to the lengths of the sides along which they act,

show that the system reduces to a couple whose moment is proportional to

the area enclosed by the polygon, a proper convention as regards the sign

of this area being made. Give a simple example of such a system of forces

which would keep a rigidbody in equilibrium.

12. Explain why in a motion picture the spokes of a rotating wheel some-

times appear to be moving the wrong way.
13. A force P of constant magnitude and fixed direction is applied to one

end of an arm of length o, which can turn about the other end in a plane

containing the direction of P. Find the total work done by the force as it

ptiUs the arm into its own direction from a position perpendicular to it.

14. Show that a field of force with components (X, Y) is conservative if,

and only if,

dX ^ dY
dy ” dx'

16. Find the potential energy of a particle attracted toward a fixed

point by a force of magnitude k^/r% r being the distance from the fixed

point and A, n any constants.

*16. A light lever, in the form of a letter L with arms a and 6, is pivoted

at the angle so that it can turn freely in a vertical plane. Weights W, w
are suspended from the ends. Show that there are just two positions of

equilibrium.

*17. To a number of fixed points Ai, A 2,

• •
•

, An, situated at equal

intervals o on a straight line inclined at an angle B to the horizontal, there

are attached rods all of the same length a and weight w. The other ends
of these rods, Bi, • •

•
,
J?„, are connected by rods of the same length a

and weight w. The system hangs in a vertical plane, forming a set of

squares, Ai and Bi being connected by a light rigid rod. Find the reaction

in this rod, assuming that all the joints are smooth and that the weight of

each rod acts as its middle point.

*18. A framework ABCD consists of four equal, light rods smoothly
jointed together to form a square; it is suspended from a peg at A, and a
weight W is attached to C, the framework being kept in shape by a light rod
connecting B and D, Determine the thrust in this rod.
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19. A number of coplanar forces act on a rigid body. All the forces are
turned in their plane through the same angle 0 about their points of applica^-
tion, without change of magnitude. Show that their resultant turns
through the angle 8 about a fixed point in the body. (This point is
the astatic center,)

20. Four forces of magnitudes 1, 3, 4, 6 act in order along the sides of a
square ABCD of side a, the force of magnitude 1 acting along AB, Choosing
as ^es in the plane the lines AB and AD, find the equation of the line of
action of the resultant force. Find also the position of the astatic center
(see Exercise 19), if one force only is considered as acting through each
corner of the square and the force of magnitude 1 acts at A,



CHA.ITER III

APPLICATIOHS IN PLANE STATICS

In this chapter we shall be concenied chieflywith systems lying

in a plane. However, mass centers and centers of gravity are

here discussed for systems in space; the presence of a third

coordinate causes no real complication.

8.1. MASS CEBfTERS AHD CEirTERS OF ORAVIT5r

Definition of mass center.

Consider a system of n particles of masses w»i, trii,
• • •

situated at points Pi, P2,

• • * Pn. If the position rectors of

these points relative to some assigned point are ri, rj,
• • • r»,

we de^e the linear moment of the system with respect to that

point to be the vector

miVi.

The mass center of the system is defined to be that point with

respect to which the linear moment vanishes. To show that

this definition is significant, we have to prove two things
:

(i) a

mass center exists; (ii) there is only one mass center.

To establish the existence of a mass center, we take any
point 0; let the position vectors of Pi, P2,

• • • P« relative to 0
he ri, rj, • • • r». Let C be the point such that

(3.101) OC

Then the position vector of the point P, relative to C is

Xi — OC,
74
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and so the linear moment of the system with respect to C is

mi(r< - OC) * rmti - ^
But this vanishes by (3.101), and therefore C is a mass center.
To establish the uniqueness of the mass center, we assume

that there are two mass centers C, C, relative to which the posi-
tion vectors of the particles are ti, r2,

• • • r„ and rj, rj, • • • rj,,

respectively. Then,

(3.102)

But

n n

ri = i:'i + CC';

combined with (3.102), tliis leads to CC = 0, so that C and C'
coincide.

Equation (3.101) gives the position vector of the mass center
relative to an arbitrary origin 0; this position vectm- is the quotient

of the linear moment by the total mass. It follows that the

moment of a system is the same as that of a particle, having a
mass equal to the total mass of the system, situated at its mnaa
center.

If the system consists of only two particles, with masses
mi, mj, the definition shows that the mass center lies on the line

joining them and divides it in the ratio m2 : mi.

For the calculation of mass centers, it is convenient to have

(3.101) in scalar form; referred to any axes, the coordinates of

the mass center are

(3.103)

The numerators arc, of course, the components of the linear

moment with respect to the origin.

It is important to note that when we move a system of particles

rigidly (i.c., without changing mutual distances), the mass

renter is carried along as if rigidly attached to the system.
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This follows from (3.103). For let Oxyz be any set of axes and

a aew set of axes, such that the new position of the

system relative to O'x'y'z' is the same as the old position relative

to Oxyz] this means that = ®c, yj = yt, »< = «i. Then the

coordinates of the new mass center relative to O'x'y'z' will be

the three numbers as the coordinates of the old mass

center relative to Oxyz, and hence the new mass center occupies

the same position relative to the system as the old one did.

Let us now consider a continuous distribution of matter instead

of a system of particles. Viewing the continuous distribution as

the limit of the discontinuous system, we are led to associate a

definite mass with any volume in the continuous distribution.

Density is defined as mass per unit volume; by this we mean that

the density p is

(3.104) p=hm^,

where Am is the mass in the volume At; and the sign “lim”

mctina “limit as At; contracts to a point.” In an infinitesimal

volume dv the mass is

(3.105) dm = pdo.

In homogeneous bodies (with which we shall be chiefly concerned),

p is a constant. If p varies from point to point in a body, tire

body is said to be heterogeneous.

The definition given above for the linear moment of a dis-

continuoxis system suggests that the linear moment of a con-

tinuous system should be defined as

///rp dx dy dz,

where r is the position vector of a general point of the system and

p the density at that point. This vector has components

JJ/rp dx dy dg, mypdxdy dz, fjjzpdxdydz.

The previous definition of mass center leads us to the statement

that the mass center is that point for which, taken as origin, we
have

(3.106)

S^jxpdxdy dz = 0, J"JJyp dx dy dz = 0,

J/Jxp dx dy dz — 0.
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To find the mass center we may use (3.103), changed into
continuous form. Thus, for any axes, the mass center has
coordinates

(3.107)
_ _ jiS^pdxdy dz

~njpd!r^^’
- ^ ii^ypdxdydz

llipdxdy dz
’

_ //fgp dx dy dz

///p dxdy dz

Consideration of a system of particles lying in or very close

to a plane or surface leads to the idealized concept of a con-
tinuous distribution of matter on a plane or surface; we intro-

duce a quantity o- called surface density, such that the mass of an
infinitesimal area dS of the surface is <r dS. The mass center of a
surface distribution has coordinates

(3.108) _ JJg<r

SS<^dS
y

n<rdS’
_ JfzffdS

jjffdS

Similarly, we consider a continuous distribution of matter
along a line or curve; we introduce a quantity X called the line

density

,

such that the mass of an element ds is X ds. The mn.Ra

center of a curvilinear distribution has coordinates

(3.109)
, _ /*X ds „ _ fy\ ds . Jz\ ds
~ 5\ds’ ^ -

7x^’ * ~TW
In (3.107), (3.108), and (3.109) the denominator in each case

represents the total mass of the system.

In the case of uniform distributions of mass (i.e., distributions

of constant volume density, surface density, or line density, as the
case may be), the density factor comes outside the signs of inte-

gration and so disappears by cancellation from (3.107), (3.108),

and (3.109).

Methods of symmetry and decomposition.

In cases of symmetry, it is possible to locate the mass center

(or, at any rate, limit its position) without any calculation.

A system is said to have central symmetry with respect to a
point 0 if the system is left imchanged by reflection in the

point 0. (By reflection wo mean that a particle or element of

mass m at A is replaced by a particle or element of mass m at

B, where OB = —OA.) For such a system, it is immediately

seen that the mass center coincides with the center of sym-
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metry, because the linear moment about that point consists of

contributions which cancel in pairs.

A system has a 'plane of symmetry if the system is left unchanged

by reflection in a plane. It is easily seen that in such cases the

mass center lies in the plane of symmetry.

A system has an axis of symmetry if the system is left unchanged

by a rotation of arbitrary magnitude about the axis. It is

not dififlcult to show that the mass center lies on the axis of

symmetry.

Thus, for example, it is evident that

(i) The mass center of a solid sphere lies at its geometrical

center, when the sphere is homogeneous or when the density

depends only on the distance from

the center.

(ii) The mass center of a solid

homogeneous hemisphere lies on the

radius which is perpendicular to its

plane face.

(iii) The mass center of a plate

in the form of an equilateral tri-

angle (of uniform density and thick-

ness) lies at the centroid.

Sometimes we meet distributions

of matter which may be decomposed

into simple parts, the mass centers

of metal sheeting. The position of whlCh can be fOUnd. DUCh a syS-
Of the mass center is reciuired. ^em is shown in Fig. 28, the Hnes

of decomposition being dotted. We shall now establish the fol-

lowing principle of decomposition: If a system is decomposed into

parts with masses Mi, M2, • • • Mn and mass centers at the

points Pi, P2, • • • Pnt then the mass center of the complete

system is at the mass center of the system of n particles of masses

Ml, M2, • • • Mn, situated at the points Pi, P2, • • • Pn.

We shall prove this principle for a system of particles, the

proof for a continuous system being similar. Further, for

simplicity we shall suppose that the system is decomposed into

three parts, since the proof for n parts is similar. The proof

rests on the fact that linear moments are additive; this is obvious

from the definition of linear moment. Thus the linear moment
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of the complete system is the sum of the linear moments of the
three parts. Sut by (3.101) the linear moment of each part is

the same as the linear moment of a particle situated at its ma ag

center, having a mass equal to the mass of the part in question.
Hence the linear moment of the complete system is equal to
the sum of the linear moments of the three paiticles, and both
vanish when they arc calculated relative to the mnaH center of
the complete system. This point is therefore the mass center of
the three particles.

In the case of the plate shown in Pig. 28, the reader should
verify by this method that the mass center lies ata: = V-
y = V-
The principle of decomposition may also be expressed as

follows: For the calculation of mass centers, any part of a system
may be replaced by a representative particle, situated at the
mass center of the part and having a mass equal to the ma ag of
the part.

In applying the method of decomposition, it is often convenient
to decompose the system into infinitesimal portions. Generally
the use of such a decomposition will require a process of integrar-

tion, but sometimes this can be avoided. Thus, if a triangular
plate is decomposed into thin strips, the representative particles

lie on the median of the triangle which bisects these strips.

Hence the mass cente lies on each of the medians; the mass
center of a triangle is therefoi'e at the centroid.

By an extension of the same method, it is easily seen that the
mass center of a solid tetrahedron lies at the point of inter-

section of the linos joining the vortices to the centroids of the
opposite faces.

If we wish to find the mass center of a body with a hole in it,

wo can regard the body as a superposition of the complete body
with no hole and a fictitious body of negative density (equal in

absolute value to the density of the body) occupying the position

of the hole. Thus, if a circular hole of radius 1 in. is punched
from a circular di.sk of radius 4 in., the edge of the hole passing

through the center of the disk, the mass center is that of a pair

of particles with masses in the ratio 16 : — 1 situated at the centers

of the circles. Hence the mass center lies at a distance of •jV in.

from the center of the larger circle.
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Theorems of Pappus.

Our knowledge of certain surface areas and volumes enables us

to calculate some mass centers quickly by means of the theorems

of Pappus, which state

I. Let there be a uniform distribution of mass along a plane

curve C, which does not cross a straight lineL in the same plane.

Let p be the distance of the mass center from L, I the length

of C, and S the surface area generated by rotating C about L,

to form a surface of revolution. Then

(3.110) 2irvl = /S.

II. Let there be a uniform distribution of mass on a region R
of a plane. Let 1/ be a line in the plane, not crossing R. Let p
be the distance of the mass center from L, A the area of 22, and
V the volume generated by rotating 22 about L, to form a solid

of revolution. Then

(3.111) 2Tr'pA = 7.

To prove these theorems, we take axes Oxy, Ox lying along

L in each case. Then, in the case of I, by (3.109) we have

P - iy ds/l

the integral being taken along C, But

S = J2iryds,

and hence (3.110) follows. In the case of II, by (3.108) wc have

p = SydxdylA,
the integral being taken over 22. But

V = j2Trydxdyj

and hence (3.111) follows. Thus the theorems of Pappus arc
established.

As an example of the use of the first theorem, consider a wire
bent into the form of a semicircle of radius a. We take for L the
diameter joming the ends. Then

(3.112) l=-ra, /S = 4ira», p = A =

As an example of the use of the second theorem, consider a flat

semicircular plate. We take for i the terminating diametei'.
Then

(3.113) A = -JraS y = 4^a*, c = _L =
2}rA Stt
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Mass centers found by integration.

Though much labor may be saved by udng the methods of
symmetry and decomposition or the theorems of Pappus it is
evident from (3.107), (3.108), and (3.109) that yrhea ’these
methods fml we can fall back on direct integration. Usually a
judicious mixture of the several methods will yield the result
most rapidly. As illustrations, we shall calculate the mass
centers of a wire bent to form a quadrant of a circle, a soHd
hemisphere, and a thin hemispherical shell.

In terms of polar coordinates r, e in its plane, the equation of a
quadrant of a circle may be written r = a, with 6 running from
0 to The length of an element is r dd; and with a: = r cos 9,

y =‘r sin 8, the Cartesian coordinates of the mass center are’
by (3.109),

cos 6’ade^^^ add =

sin 6‘ ade^ ad9 =

The mass center lies on the radius bisecting the arc at a distance

2 -v/2 • afr from the center. The reader may compare (3.114)
with (3.112) and consider how (3.114) might have been deduced
from (3.112) without calculation

Wo may docomposo a solid hemisphere into thin circular plates
parallel to the plane face. The distance of the mnaa center from
the piano face i.s thus

" “X-o*

where r is the radius of the circular section at a distance z from
the plane face. But »•* = a® — u®, where a is the radius of the
spherical surface. Honce,

(3.115) 2 = e-a.

We may decompose a thin hemispherical shell into thin

circular bands by moans of planes drawn parallel to the open face.

If fl is the angle between any radius and the radius perpendicular

to the open face, the arc3a of the band between 8 and 8 + d8 is

2x0® sin 8 do, where a is the radius of the shell. Hence the

height of the mass center above the open face is
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(3.116)
^

a COS • 2x0® sin d dB
z =

X*"2xa® sisin d dB
= ia.

Historically, this result is famous; it was obtained by Archi-
medes through comparison of the shell with a cylinder of the
same radius, and length equal to the radius, containing the
hemisphere and touching it along the edge of its open face.

It is easy to show that two adjacent planes parallel to the open
face intercept the same areas on the hemisphere and the cylinder.

These two areas contribute the same linear moment, and so the
mass centers of the hemisphere and the cylinder coincide; from
this fact the result follows.

Gravitation.

A body falls to the ground unless it is held up by suitable
forces. This is due to gravitational attraction between the body
and the earth. Every body attracts every other body, and we
accept as one of our hypotheses the following law:
Newton^s La.w of Gravitation*. If two paTticles of fnosses

ffiij m2 are at a distance r apartj ea^k attracts the other with a
gravitational force of magnitude

Gmim2

where 0 is a universal constant^ called the constant of gravitation.

The forces act along the line joining the particles, in accordance
with the law of action and reaction staled in Sec. 1.4.

If we think of the particle of mass mi as fixed and that of mass
m2 as free to take up various positions, we recognize that the
mass mi produces a field of force. It is usual to take m2 = 1 for
simplicity in discussing this field; then the magnitude of the force
of attraction is (Jmi/r®.

If we take coordinates with origin 0 at mi, the direction cosines
of the line drawn from 0 to any point A with coordinates x, y, z
are x/r, y/r, zjr. Hence the components of force on unit mass
at A are

(3.117) Z = - F = - Z = -
r» r® r*

the miniis sign occurring sinee the force is directed from
toward 0. Now

A
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= + + r| =
.,

|.i,

therefore (3.117) may be written^’

(3.118) X =

where

(3.119)

y _ _dV
dy’

This is the potential energy (cf. 2.419) of a particle of unit mass
in the gravitational field of a particle of mass wii, or, briefly, the
potential of the field. Thus the

force of attraction is the gradient of "''PlV..
the potential, with sign reversed, f a/
When a number of attracting / qZL. _4__^ii
particles are present, the resultant I

^
force of attraction is the vector \ /
sum of the individual forces of at-

traction. This resultant force is fio. 29.-A sphorioai shell di-
equal to the negative of the gradi- rings for tho cal-

ent of the total potential, i.e., the
sum of tho potentials due to the several particles. In calculat-
ing the force of attraction due to a system of particles (or a
continuous distribution of matter), it is often convenient to find
the potential first.

Let us consider a thin spherical shell of matter of radius a
(Fig. 29). We wish to find the potential at an external point A,
at a distance r from the center 0.

Let us draw cones with 0 for vertex, OA for axis, and semi-
vertical angles 0, 9 -j- d9. These cut off from the shell a ring of
area 2x0“ sin 9 d9. The elements of this ring are all at tho
distance (i?) from A, and so tho potential due to the ring is

— 2ff<?<ro* sin 9 d9/R,

whore <r is tho mass per unit area of tho shell. Fixpressing R in
terms of a, r, 9 and integrating over the shell, we find for the
potential

fS 1201 F = — f'
27r{f(ra^ sin 9 d9

Jo qS _ 2ra cus 0

“ - Wi.r + 0)* - - a)®],
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the positive values of the square roots being understood. Since
r > a, the last square root is r — o, and so

(3.121) V 47r(y<ra^

r

QM
J

T

where M is the total mass of the shell.

Thus we have the following result: The j>otential (and hence
the force of attraction) of a thin spherical shell at any external point
is the same as if the whole mcLSs of the shell were concentrated at its

center.

If the point A lies inside the shell instead of outside, we proceed
as before down to (3.120). But now a > r, and so the last

square root is a — r. Hence

7 = -AnOea,

a constant. Thus, mside a thin spherical shell the potential is

constant, and the force of attraction is zero.

We can now discuss the gravitational field of the earth, sup-
posing it to be composed of thin spherical shells, each of constant
density. Each shell attracts as if its mass were concentrated
at the center of the earth. Hence we have the following result:
At a point A, outside the earth, the force of attraction is directed

toward the center of the earth and is of magnitude

(3 .122)

GM
^2 ^

where M is the mass of the earth and r the distance of A from the
center of the earth.

In particular, if r is the radius of the earth, (3.122) gives the
force of attraction at the earth^s surface. The constant 0 is very
small (6.67 X lO”® c.g.s. unit), and so gravitational forces are
insignificant unless the masses involved are great. For this reason
we usually neglect the mutual attractions of bodies on the earth's
surface in comparison with the earth's attraction.

Centers of gravily.

We consider now a body near the earth's surface, the body
being small in comparison with the earth's radius. (We have in
mind a piece of laboratory apparatus or even a large engineering
structure, but not anything which would be of appreciable size
on a map of the world.) Throughout this body the direction and
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magnitude of the earth’s attraction are nearly constant This
leads us to the construction of the following model for the discus-
sion of gravity near the earth’s surface: The earth’s surfone {or the
grourt^ ts represented by^ a plane {the horizontat plane). The
earth’s attraction on apartide ofmass mis ofmagnitude mg, whm g
is a constant; it is directed vertically doumward {i.e., perpendicular
to and toward the ground). The value of jf is approxiniately 32 ft.
sec. *, or 980 cm. sec.“*

We shall now show that there is just one point 0, the center of
gravity of a body, which satisfies the following conditions:

(i) The potential energy of the body is equal to that of a single
parMe with mass equal to the total mass of the body, situated at C.

(ii) The whole system offorces due to gravity is phne-equipoUent
(with respect to any vertical plane) to a single verticalforce through C.
Let us take axes Oxyz, Ox and Oz being horizontal and Oy

vertical. Let us choose 0 as standard position for each of the
particles forming the body. Then a particle of mass mi at the
point {xi, yi, Zj) has by (2.420) potential energy mgyi, and so
the whole potential energy is (for n particles)

n
(3.123)

Lot tho coordinates of O' be a, y,z; condition (i) is equivalent to

(3.124) V = Mgy,

where M is the total mass of the body. Hence, comparing the
two cxprcBsionH for Y, we have

ts =

n

..S
rr^i

M
The condition of plane cqxupollence with respect to the plane

« = 0 dcmimds that

Mgx = "^migxi,

these being moments about Oz. Hence

'2^rrnxi
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Similarly,

PLANE MECHANICS

n

Thus the center of gravity C exists, with coordinates

(3.126)

n

Z

n

M

We note, on referring to (3.103), that the center of gravity is in

fact the same point as the mass center.

The force Mg, directed downward through the center of

gravity, is called the weight of the body.

An accurate treatment of statics on the earth’s surface is com-
plicated by the earth’s rotation about its axis and its motion
round the sun. However, the effects due to these causes arc

very small, and we may neglect them without making serious

physical errors. In fact, we get satisfactory results by treating

the earth as a Newtonian frame of reference. Likewise, another

simplification introduced above (the asstimption that the earth is

flat, with a uniform gravitational field) does not cause serious

physical errors. So, if we do not wish to obtain results of

extremely high physical accuracy, we may use the model described

above; this is, in fact, the procedure throughout the rest of the

chapter.

The effects of the rotation of the earth are considered in Sec.

5.3 and also in Sec. 13.5. It will be shown that, as far as statics

is concerned, this introduces no real complication; it merely
modifies the value of g.

3.2. FRICTION

In Sec. 2.4 we introduced the concept of a smooth surface; the
essential property is that, at a smooth contact, the reaction is

normal to the surface. We shall now discuss the reaction at a
rough contact and state the laws of friction.
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Laws of static and kinetic friction.

87

Let A and B (Fig. 30) be two bodies in contact. Let R be the

reaction exerted by B on A. R can be resolved in a unique

manner into the forces N and F, N NR
lying along the normal at the point

-f
yi

of contact and F lying in the plane of /
contact. N is called the normal re- /
action and F the force of friction.

(At a smooth contact, F = 0.) P
On the basis of experiment, certain

^

lam of friction are accepted. These B

are mathematical idealizations from rough <»nta^*rcBoWod°into\ho
the experimental results, and a high nommi reaction (N) and the

degree of accuracy in predictions
fnction (F).

based on these laws is not to be expected.

Law of Static Friction. When two surfaces are in contact and
no slipping takes place, the radio F/N cannot exceed a nurrd)er n, the

coefficient of statie friction, which depends only on the nature

of the surfaces.

In statical problems the two bodies will be at rest, but the

above statement is sufficiently general to cover the case where one

body rolls on another.

The acute angle X defined by

(3.201) tan X = ^

is called the angle of friction. It is seen at once that the law of

static friction

(3.202)

implies

(3.203) e ^ X,

where d is the inclination of the reaction R to the normal. Thus
the direction of R must lie inside the cone of sMic friction, formed

by drawing all hnes inclined to the normal at an angle X.

When one body slides on another, the behavior of the reaction

is controlled by the law of kinetic friction. We shall state this

law for the case whore one body is at rest.

Law of Kinetic Friction. When one surface slides on

another which is at rest, the force of friction F on the former acts
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in the direction opposed to the direction of motion of the particle

at the point of contact, and

(3.204)

where ii' is the coefficient of kinetic friction^ which depends only on
the nature of the surfaces,*

If both surfaces are moving, the law has the same form except
that the direction of the force of friction is opposed to the direc-
tion of relative motion.

The angle of kinetic friction X' is defined by

(3.205) tan X' = /x'.

As an experimental result, y! is less than ju
;

/i is always less than
unity, t

Problems in static friction often present considerable difficulty

because the fundamental relation (3.202) is an inequality and, in

mathematics, inequalities are usually more difficult to handle
than equations. This difficulty may, however, be overcome by
treating cases of limiting fricticn^ for which

(3.206)
F

When this relation holds, the system is on the point of slipping.

Some problems on friction.

Example 1. A light ladder is supported on a rough floor and leans against
a smooth wad. How far up the ladder can a man climb withovi dipping taking
place?

In Fig. 31, AB is the ladder and C is the man (replaced by a particle).
Only three forces act on the ladder: (i) the weight of the man (W); (ii) the
reaction at the wall, this reaction being horizontal on account of the smooth-
ness of the wall; (iii) the reaction of the ground. The lines of action of the
first two meet at D. Hence the line of action of (iii) must pass through D,
and hence the angle DBE, where BE is vertical, must not exceed the angle
of friction X. Thus the highest position that the man can reach may be
found as follows: Draw a line through B, making an angle X with BE\ let it

cut the horizontal through A at D; through D, draw a vertical; the point C
* This quantity will be denoted by ju when there can be no confusion with

the ooef^oient of static friction.

t For further details regarding friction, see P. P. Ewald, Th. P5schl, and
L. Prandtl, The PhsrsicB of Solids and Fluids (BlacHe & Son, Ltd., Glasgow.
1930), p. 67.
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where this line cuts the ladder is the required highest position. This

method is called descriptive or graphical^ because the result may be obtained

by drawing to scale.

Fig. 31.—The ladder
problem for a smooth
wall (doscriptivo
method).

Fig. 32.—The ladder
problem for a smooth
wall (analytical
method).

Let us now discuss the stuno problem analytically. Figure 32 shows the

forces acting on the ladder. Tjot a be the inclination of the ladder to the

vertical. The total vortical component must vanish; thus

JV - ir = 0.

The total horizontal component must vanish; thus

AT' - F » 0.

The total moment about B must vanish; thus

TT • i?C sin a — AT' • AB cos a » 0.

Hence

Thus, by (3.202),

F - AT' » W^ tan a,

AT « F,
F BC
N AB tan a.

BC

,

2^ tan Of s ju.

The highest point C attainable is given by

(3.207) BC « ABy, cot «.

The analytical method appears more complicated than the descriptive,

but it has the advantage of being more systematic. Moreover, since the
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toe condifcioiiB of equilibrium give aU possible information, the solution of
the problem is reduced to algebra as soon as they are written down.

It might be thought that in drawing the arrow for the force of friction to
the left in Fig. 32, we were antici-

pating the result. This is not ac-
tually the case. When we draw
an arrow in connection with a com-
ponent of a force, we are simply
indicating the sense in which this

component is considered positive.
Had we drawn the arrow to the
right in Fig. 32, we should have ob-
tained equations as above, but with
the agn of F reversed. The final

physical result would have been the
same.

^

However, since positive quanti-
ties are easier to think of than nega-
tive quantities, it is advisable
whenever possible to draw the
arrows in the senses in which the
forces really act. Thus, in the case
of N, we draw the arrow upward,

jf i* i* . . .
As for friction, it is generally found

^ opposed to the motion whichwould take placem its absence. That is why the arrow forF in Fig. 32 was
drawn to the left.

Exam/ple 2. The preceding problem
modified by supposing both wall and
floor to be rough, with the same coefficient

offriction /*.

Consider the cones of friction at A
and B, They will cut the plane of the
paper in four lines as shown in Fig. 33,
these four lines giving the quadrilat-
eral FGHJ. Draw the vertical
through C, the position of the man,
and let this vertical cut the sides of the
quadrilateral at K, L. Iiet AT bo any
point on the segment KL, Now the
weight W may be resolved into forces
along MA, MB, and hence JV can be

^ce these lines lie inside the cones of friction, the lav^friJti^ is i^ti^fd!We have here a case of statical indeterminacy (cf Sec 2 61 • nroviHiMt +>io+he vertical tough C cuts the quadrilaW liddS^b^S
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Now let us SiSk: How far can the man go up the ladder before slipping
takes place? Obviouslyi he can climb until the vertical through his position
passes through the point J. When he passes that position, it will no longer
be possible to find reactions satisfying the conditions of equilibrium and the
law of friction.

The question may also be treated analytically. Consider the man slowly
climbing the ladder. If the ladder slips at all, just at the point of slipping
the reactions at both contacts must correspond to limiting friction. Thus,
at the point of slipping, the force system is as shown in Tig. 34, with F => fxN^
F* = jiN\ Taking vertical and horizontal components and moments about
Bj we have the three equations

juiV' -f iV - r = 0,

iV' - MiV « 0,

W * BC sin ct — tiN* • AB sin a — JV' • AB cos a « 0.

These three equations determine iV', JV', BC\ we find

(3.208)
1 + At*

N^
nW

1 -hM*'

BC
AB + cot a).

Example 3. A block rests on a rough horizontal floor and is pushed by a
gradually increasing horizontal Jorce. Wid the Uodk slide, or will it topple

over an edge//

Let the thicknoHS of the block bo 2a, its weight W, and the coefficient of
static friction At. Ijct the horizontal force P bo applied at a height h above
the floor. The first question is: Given W and P as shown in Fig. 35, can
there bo a system of reactions exerted by the ground, satisfying simultane-

ously the law of friction and the conditions of equilibrium for the block?
Any such system of reactions will bo plano-cquipollont to forces X,Y at A as

shown, together with a couple N, If equilibrium exists, it is clear that the
following conditions are demanded by the law of friction and the fact that
the floor cannot pull the block downward:

(3.209) X Y^O, N ^0.
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Taking horizontal and vertical components and moments about A, we
have

Z « P, Y N ^aW -hP,

and so (3.209) give

(3.210) P :S /xTT, ^ ^ X‘
Starting with a small value of P, these inequalities are both satisfied;

but as P is increased, one or other will be violated, and then equilibrium will

cease. If

(3.211) < r
the fiirst inequality of (3.210) will be broken first. At the instant when
P * jLiW, we have

X ^ nY, N >0.

This is a state of limiting friction; and so, if (3.211) holds, equilibrium of the

block will be broken by sliding along the plane. On the other hand, if

(3.212) M ^
then the second inequality of (3.210) wiU be violated first. At the instant

when P = aW/hf we have

X <iiY, y > 0, AT « 0.

The friction is not limiting, and so slipping cannot take place. But any
further increase in P will cause violation of the last inequality of (3,209).

Hence we conclude that, if (3.212) holds, equilibrium will bo broken by
the block turning over the edge A.

The result is in agreement with common experience: the smaller we
make h, the more likely is sliding to occur.

3.3. THIN BEAMS
Tension, shearing force, and bending moment.

Let us consider a straight beam of uniform section (Fig. 36)

and a plane P parallel to its length. P may be regarded as the

S

/ /
' \ /

A
|J

B

/
1

k
/ /

Fig. 36.—Reactions across a section of a beam.

plane of the paper. External forces, parallel to P, act on the

beam. (These forces are not shown. They may consist of

the weight of the beam or loads placed on it.) Let a cross section
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be dra-wn through a point O, perpeudicular to the length of the
beam. Let us take as our “systeia'’ the portion of the beam
esjrtending from the endA up to this section. The external forces
acting on this system will consist of

(i) the external forces already mentioned, acting on this nor-
tion of the beam,

(ii) the reactions exerted across the section by the particles
in the portion of the beam extending from the section to the end

Ito. S7.—Athia bea.]n.

B. These reactions are vniemal forces as far as the whole beam
is concerned, but they are exkrml forces for the system at
present under consideration.

Let us take F as the fundamental plane. The reactions across
the section are plane-equipollent to a force acting at 0, together
with a couple M. The force may be resolved into components
T, »S along the beam and pe^
pendicular to its length, re-

spectively. We define the

following terms:
to)

T == tension,

/S = shearing force,

M = bending moinont.

Wo shall confine our atten-

tion to (llin beam. The thin Kq. SS.—(a) EeaotionB exerted on

beam is a mathematical ideal-

ization, in which the emss sec-

tion is reduced to a point and the beam to a straight line.

Figure 37 shows a thin l)cam AB] C is any point of it. To
dra-w the reactions on AC acres? the section at C without con-

fusion, wc delete the lino CJi as in Fig. 38a. Figure 38E) shows

the reactions on CB; those have the same magnitudes as, but

opposite senses to, those sliown in Fig. 38a, on account of the

law of action and reaction.

Lot us take an origin on the beam, the aj-axis along the beam
and the 2/-axis pcipcndiciiUw to it. Consider a small length of

the beam extending from a: to r -|- di (Fig. 39). Let T, 8, M
be "the values of tension, shearing force, and bending moment at

m, and 2’ + dT, S dS, M-\-dM the values at x+ dx. To

allow for gravity or other continuous external loading, we shall
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add a force -witli components X dx, Y dx (not ehown in Fig. 39)

acting at the middle point of the portion x, x + dx. By taking

components and moments about the point x and neglecting

S
£^6. 39.—Keftotions on tho ends of a small element of a beam.

infinitesimals of the second order, we have, as conditions of

equilibrium for the small length of the beam,

dT + Xdx = 0, dS+Ydx = 0, dM + S dx = 0.

Thus

(3.301)
dx

-3:,
iM. = -
dx

These are the general differential equations for the equilibrium of

thinbeams. Butin statically
determinate cases wo can obtain

all required information regard-

ing internal reactions without us-

ing these equations, or rather

Fio. 40.—A light beam loaded at its by Using them in integrated
middle point. fnrTn

Statically deterininate problems.

We shall illustrate the method by the solution of a problem.

A. light beam 4-B of length 2a is hinged at A and supported on a

smooth horizontal plane at B (Fig. 40). A load W is placed at

the middle point C. Find the bending moment and shearing

force along the beam.

First, by application of the conditions of equilibrium (2.300)
to the whole beam, we find the reactions on the beam at A and B.



S£ic. 3.3] APPLICATIONS IN PLANE STATICS 95

These are each of magnitude iTF, directed upward. Let us take

our origin at A and the a:-axis along the beam. Consider the

Fig. 41.—External 42 .

—

External forces on a
forces 0x1 a portion, of portion of the bourn shown in
the beam shown in Fig. 40 (AD > AC),
40 {AD < AO-

portion of the beam AD, where D lies in AC; let AD = x (Fig.

41). From the equilibrium of AD, we have

/T = 0, S= -iF.
= -xS = ia

(3.302) ^ ^ ^
These give the shearing force and bending moment for any point

in AC; there is no tension. Since S is negative, the shearing

force actually acts in the downward direction.

Now take D in CB (Fig. 42). Instead of (3.302), we have

= aF - xS = (a - hc)W, (x > a).

The shearing force is now positive. We note that the last of

(3.301) is satisfied by (3.302)

and (3.303).

The graphs of B and M along

the beam arc shown in Fig. 43.

The Euler-BemouUi theory of
|

thin elastic beams. S
Fiti. 43.-- -’ Graphs of shearing for(*.o

If a straight beam rests on (S) mid bonding uioiuent (M) along

throe supports, the problem of

finding the reactions due to the supports is statically indeter-

minate (cf. See. 2.5), and wo cannot find tho shearing force and

bending moment by olomontary statical principles. But this

indeterminacy disappears when we take into consideration the

elasticity of tho beam. Although straight initially, an elastic

beam will stretch and bond under the influence of forces. We
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suppose the stretchiug and bending to be very small and ancept

the law of Hooke for stretching and the law of Euler and Ber-

noulli for bending.'''

Hooke’s Law. When a beam is slightly stretched,

(3.304) ,T=Fe,

where e is the extension (increase in length per unit length) and
fc' a constant for the beam. (Actually ¥ = EA, where E is

Young’s modulus for the material and A the area of the cross

section.)

The Ettlbe-Bebnoulli Law. When a beam is slightly bent,

the bending moment is connected with the curvature by the

relation

(3.305) iW =
P

where p is the radius of curvature and k a constant for the beam.
(Actually k = jB7, where E is Young's modulus and I the

moment of inertia" of the cross section about an axis through
its mean center perpendicular to the plane of the couple M,)
When the beam is approximately straight and the axes as in

Fig. 39,

p
^^ approximately,

and (3.305) may be written

(3.306) M = k
da:*’

Let us refer to Fig. 39 and to the equations (3.301). Wo shall

suppose that the beam is subject to a force w per unit length
in the negative sense of the y-axis, due either to its own weight
or to a load placed on it. Then Z = 0, 7 = —w, and (3.301)
read

/n QA7\ dr . dS
(3.307) ^ - 0,

dM
dx

- -S.

We see that the tension T is constant. Elimination of M 3
from (3.306) and (3.307) gives

(3.308) idV

• The law of Euler and Bernoulli foDows from that of Hooke: the proof
boloiigs to th.6 theory of elasticity.
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Tins is the fundamental differential equation in the theory of
thin elastic beams. If it is solved, the bending moment and
shearing force are given by

(3.309)

. dx

It must be realized that the differential equation (3.308) holds
only between isolated loads or supports. To deal with these a
special treatment is necessaxy

.

Figure 44 shows an element Ax
of a thin beam with an isolated

load W suspended from its

noiddle point P. (The case

of a support is covered by
making W negative.)

The element is in equili-

brium under four forces and
two couples: the continuous
load on Ax (not shown), the

isolated load W, the shearing

force S + AS, and the bend-
ing moment M + AM on the

right, and the shearing force

S and the bending momentM
on the left, positive senses

being as indicated.

If Ax tends to zero, the continuous load tends to zero and so
does the moment of this load about P. Henco the condition
of equilibrium give, in the limit, AS = W, and (taking moments
about P) AM = 0.

This means that the bending moment M is continuous across
an isolated load or support, but the shearing force S changes
abruptly. In terms of y and its derivatives (since the beam is

not broken at the isolated load or support) we have continuity
in y, dyjdx, d^fdx^, but discontinuity in d^yldx?.

Example. A uniform heavy beam OP of length 2a and wdght W is hinged
at 0 and rests on two .smooth supports, one at P and the olhsr at its middle point
Q. Find the reactions on the supports, if 0, P, Q are cdl at the same height.

We sMl take the oriRin of coordiiuitcs at 0, the aj^isris horizontal, and the
y-axia directed vertically upward. Integration of (3.308) along OQ gives

(3.310) ky mm — .^*4 ^

M,

w

S

S+AS

^M+AM

Fig, 44,—Elonaont of bo&m oontaixung
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where 4., B are constants of integration; two other constants of integration
haye been put equal to zero on account of the vanishing of y and d^/dx!^ at O.
(There can be no bending moment at a hinge or free end.) Similarly, we
have along QP

(3.311) hy « -Aw?(a; - 2ay + 4' (a; - 2o)3 H- B'(a? - 2a), (QP)

where 4', P' are constants of integration. In these two equations, we have
four unknown constants; they are to be found from the conditions that
2/
« 0 at Q, while dy/dz and d^y/dx^ are continuous there. Thus, we have

the four equations

4a® Ba — “ 0,

4'a* “1- JB'a + ~ 0,

34a® -f P - iwa^ « 34'a® -f P' -f J-wa®,

64a — = --64'a — iwa^.
We find

4 « -4' « A^a, P = -P' = “Attsa®,

and substitution in (3.310) and (3.311) gives the equations of the two por-
tions of the beam

(3.312) .5 -f- — ^gwa% (OQ),

(k/ ^ -Aw(2a - a;) * + Ati?a(2a - xy - Am® (2a - x), (QP)

In OQ the bending moment is

^ 25®
” —Jwaj* + {wax.

Its maximum value occurs at a — fa. The portion OQ is a system in equi-
librium; hence, taking moments about Q, we have for the reaction Ro at O

Roa » Mq -f iwa^ = ftaa® « ^Wa.
When one reaction has been found, the others follow from the usual statical
methods. Hence

(3.313) Bo - ATT, Rq = HW, Rp = ^w.

8.4. FLEXIBLE CABLES
A flexible cable differs from a stiff rod ia the ease with •which it

can be bont into a curve. The bending moment per unit cur’va-
ture is much less for the cable. In mechanics, we idealize t.liia

property and understand by a flexible cable a material cur've such
that there can be no bending moment across any section. By
considering the equilibrium of a small portion of the cable, it is
easily seen that the shearing force must also vanish. Hence the
only survi'ving component of the reaction across a section of a
flexible cable is a tension T, •which acts along the tangent to the
curve in which the cable lies.

We use the ^ord “cable ” exclusively, but it is to be understood
that the practical applications cover chains, ropes, strings, and
threads. The theoretical predictions will agree well with the
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results of experiments conducted on cables in which the bending
moments are small.

®

By tho first of those o<itiatioTis, the horizontal component of the
tenszon is constdnt, T'ho soconcl 6C|uatioii may* bo written

If H is the constant horizontal cornponent of tension, we have

(3.402) T^ = E]

substitution in (3.4:01) jdvcs

/•q Ano\ d /dy\ w
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This is a differential equation satisfied by the curve in -which the

cable hangs. When this equation has been solved, the tension

may be found from (3.402).

The suspension bridge.

Let us now suppose that a weightless cable supports a load

uniformly distributed on a hori-

zontal line; for the load on a hori-

zontal length dx, we -write wo dx.

This approximates to the condi-

tion of a cable of a suspension

bridge (Fig. 46), the load consist-

46.—Suspension bri<£>. “S roadway AB, of weight

Wo per unit length.

With the notation used above, we have w ds = wo dx, and so

thus (3.403) reads

or

dx

^ ^
da \dx) ~ Hds

_ Wo

dx^
~ H'

If the origin is chosen at the lowest point of the cable, so that

y = dy/dx = 0 when a: = 0, we obtain as the equation of the

cable

(3.404) y “ 1 Wox^
^ H

'

This is a parabola. The tension in the cable is given by (3.402).

Since

(3.406) d,‘-dx‘ + dy‘,

we have

(3.406) T = = VW+w^\

The common catenary.

We shall now consider a uniform cable hanging freely under its

own weight, w per unit length. The fundamental equation is
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(3.403), in which v> is now a constant. We write it in the form

_ w ds

Si* “ Hdi’
or, by (3.406),

Introducing a variable z defined by

(3.408) sinh z = ^)
ax

we reduce (3.407) to

dz

and so

da: H’

vxx
,

.

z = A,

where A is a constant of integration, 47.-TU0 common
Choosing the origin 0 at the lowest catenary,

point of the cable (Pig. 47), wo have y = dy/dx = 0 fora: = 0,

and hence z = 0 fora; = 0. Thus A = 0, and (3.408) reads

(3.409) | =

Hence

(3.410) j/ = ^cosh~ -
1^,

when account is taken of the conditions at 0. This curve is

called the common catenary; the lowest point 0 is called its

vertex.

It is customary to define the parameter c of the catenary by

(3.411) c =
w’

then (3.410) reads

(3.412) y = c ^cosh
^
— 1^

To find the tension from (3.402), wo note that from (3.406)

and (3.409)

+ sinh* - = cosh ->
c e

(3.413)
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and SO

(3.414) T = = H cosh
j
= H + voy.

So far we have concentrated our attention on two things,
the curve in which the cable hangs and the tension at any
point in it. These have been found in (3.412) and (3.414).
But other problems suggest themselves, and we need other
formulas to solve them. Such problems may involve the length
of the cable and the inclination of its tangent to the horizontal.
Let us denote the length by s (measured from the vertex to a
general point) and the inclination by 6; there are then five

variables involved in the theory of the cable,

X, y, T, s, e.

Any one of these variables is expressible in terms of any other,
and it is an interesting exercise to prepare a table of five rows and
columns showing all the twenty expressions. We shall note here
only the expressions giving s in terms of x, y, and d, as follows:

(3.415) s = c sinh -, s* = y* + 2yc.
c

(3.416) s = c tan

These equations are easy to obtain from (3.413), combined with
(3.412); to get (3.416), we use the fact that dy/dx = tan d. The

equation (3.416) is the intrinsic equa-^

tion of the catenary.

Examples, Problems connected "with

freely hanging cables usually involve the so-
lution of a transcendental equation. Aa
illustrations, two problems will be considered.
These problems may bo stated briefly oh
follows:

(i) Given the span arid length, to find the

maximum tension.

(ii) Gwenthelengthand8ag,to find the span.
A cable, of weight w per unit length and length 21, hangs from two points

A and B, at the same height and at a distance 2a apart (Fig. 48). We wish
to find the maximum tension in the cable.

It is clear from (3.414) that the maximum tension occurs at A and B, and
the value is

Fig. 48 .—

A

hanging cable.

I’nai * H cosh - « U7C COsh -•
.

c c
(3.417)
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Here, as in most problems on the catenary, the solution depends on
the parameters. Applying the first of (3.415) at the point B, we have

(3.418) 1 “ c sinh -•
c

This is an equation to determine c in terms of a and Z; it may be written

(3.419)
sinh (a/e) _ £

a/c a

If tables of (sinh X)/X are available, the numerical value of a/c may be
obtained at once.* The solutioxi of the problem is given by (3.417) on
inserting the value for c, found from (3.419).

If the ratio Z/o is nearly unity, i.e., if the cable is only a Uttle longer than
the span, tho solution of (3.419) for o/c is small, because

lim
sinh X
X = 1 .

In fact, the parameter c is large. Then we can obtain an approximate solu-
tion of (3.419) without recourse to numerical tables. Hetaining only the
first two terms of the expansion for sinh a/c, we have

(3.420) 1 +
j ^2/ « 1 2 = .>^6(1 - a)

® ”
^0(Z - o)‘

Since c is largo, Tmiwe as given by (3.417) is largo; it is approximately equal
to ZT, whore

(3.421) ][ y)c ss yja r-^ — o)

Tho second problem ariHca wlum the distance between two points A and B
at tho same height is ineamircd by a measuring tape which sags under its
own weight. With the notation of Fig. 48, wo are given h, 1; we wish to
find a.

Applying tho second of (3.415) at the point /?, we have

(8.«2)

nie sjaswor to tho probimn is given by (3.418). This is a quadratic equa-
tion for and tlio positivit root givesf

8.«3)

• J. W. Campbell, Numerinal Tables of Hyperbolic and Other Functions
(Houghton Mifilin Company, Boston, 1929), p. 30. These tables were
prepared with the solution of catenary problems in mind.

t Throughout this book "log” means the natural logarithm, that is, log,.
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If the ratio h/l is small, we have approximately

(3.424)

and heoce

(3.425)

with an error of the order of Qi/IY,

Cables in contact with smooth curves.

So far the cables considered have been unconstrained. Let us

now consider the case of a cable lying against a smooth surface, or,

as we may say in two-dimensional language, against a smooth
curve. Gravity will be neglected.

Figure 49 shows a small portion AB of a cable lying in equilib-

rium in contact with a smooth curve. Let 0 be any assigned

point on the cable and s the length

of the cable between 0 and A.

Let the length AB be ds, and let

the inclinations to some fixed di-

rection of the tangents to the cable

at A and J5 be ^ and d + dd. The
element .45 is in equilibrium under
three forces, namely, the tension T
at A, the tension T + dr at 5, and
a normal reaction due to the curve.

This last may be written N ds and
may be supposed to act along the

normal at A. Resolving forces along the tangent and normal at

A, we obtain from the conditions of equilibrium

(3.426) dr = 0, iV da = r d9.

Hence, the tension is constant along a light cable in contact with a
smooth curve. Also, since d$/d9 = p, the radius of curvature,

we have

(3.427) N =-
P

An example of the significance of this last formula occurs in

tying up a parcel: the sharper the edge of the parcel, the smaller p
and hence the greater the tendency of the string to bite into the
parcel.

Fig. 49.—Foroos on an element
of light cable in contact with a
smooth curve.
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Cables in contact with rough curves.

Let us now suppose that the curve shown in Fig. 49 is rough
and that the cable is just on the point of slipping in the direction
AB. In addition to the forces already considered, there is now
a force of friction F d$ on the element, acting along the tangent
at A and opposing motion. The conditions of equilibrium are
now

(3.428) dT =Fds, N ds = T dd.

But F = iiN
,
where is the coefficient of friction. Hence

(3.429) g - rf, J, . rf.

and so

(3.480) f - ,T.

Integration gives

(3.431) r =

where To is a constant of integration.

The rapid increase of the exponential with increasing ^ is of

great practical importance. As a numerical example, consider a
rope wrapped twice around a post, for which the coefficient of

friction is Then

T = To = To e®',

where To, T are the tensions in the vope where it meets and
leaves the post, slipping being about to occur in the direction

of r. We have

= 0.0019.

If T = 2000 lb.. To = 3.8 lb. Thus, a load of one ton can be
sustained by application of a force of loss than 4 lb.; and, of

course, a much greater load might bo sustained if the rope were
wrapped more often round the post. This principle is xosed in

holding ships by ropes passed nmnd mooring posts and in hoists

in which a rope is passed round a revolving drum, the end being
held in the hand.
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3.6. FRAMES

Just-rigid frames.

Figure 50 shows a simple frame or truss, as used in bridges.

It consists of steel girders riveted together at the joints. For

mathematical discussion we simplify the system as follows:

• (i) the girders are treated as light rigid bars, (ii) the joints are

Fio. 60.—A just-rigid frame with loads applied at E and F.

supposed to be smoothly working hinges, each bar being capable

of rotation about the joints on it without any resisting couple.

We shall discuss only frames with joints lying in a plane, and
we shall not consider displacements out of that plane.

In Fig. 50, we suppose the joint A fixed and the joint B con-

strained to slide on a horizontal line. Inspection shows that the

whole frame is fixed by these conditions. In fact, the frame is a
rigid body and is fixed when one of its points is fixed and another

of its points constrained to move on a line. If one bar, for

example CD, were removed, the frame would cease to be a rigid

body. Hence it is called just-rigid. The following is the general

definition: A frame is jusPrigid when the removal of any one of its

bars destroys its rigidUy.

If an additional bar is inserted in a just-rigid frame, it becomes
over-rigid. We shall deal only with just-rigid frames.

We shall now show that a just-rigid frame with j joints has

2j — 3 6ars. Taking any axes in the plane of the frame, we
denote the coordinates of the joints by (* 1, yi), (Xi, yi), • • •

fei Vi) ;
there are 2j coordinates altogether. If the first two

joints are connected by a bar of length I, their coordinates must
satisfy

(*1 - XiY -f (j/i - yiY = i*.

Thus if there are b bars, the 2j coordinates are subjected to 6
relations of this type. If we fix one joint and constrain another
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joint to move on a line, we impose 3 more conditions. If the

frame is just-rigid, these 6-1-3 conditions suffice to fix the whole

frame, i.e., to determine the 2j coordinates of the joints. Hence

6 -f- 3 = 2j, which gives the stated result:

(3.601) b = 2j - 3.

If 6 < 2j — 3, the frame is not rigid.

The smallest number of joints possible in a

just-rigid frame is j = 3. Then the number

of bars is 2j — 3 = 3. In this case, we have a triangular frame

(Fig. 51).

Now take i = 4; then the number of bai's is 2j — 3 = 5.

Examples are shown in Fig. 62. (When two bars cross in a

I'lU. 52. KrdmOrt wit.h four JoiutB and fivo bars.

diagram, without in^cation of a joint, they are supposed capable

of free motion past one another.)

If i = 6, the number of bars is 2j — 3 = 7. Examples

are shown in Fig. 63.

Fio. 63.—Frames with fivo joints and seven bars.

A simple way to build up a just-rigid frame is to start with a

triangle and add two bars at a time. Since, in each operation,

wc add one joint and two bars, after p operations wo have 3 •+ p

joints and 3 + 2p bars; the identity

3 "b 2p = 2(3 -bp) — 3

show.s that the condition for a just-rigid frame is satisfied.

However, all just-rigid frames cannot be constructed in this way.

Fig. 61.—Fr^o
with three joints

and three bars.
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Stresses in bars.

Suppose that a just-rigid frame is fixed by external constraints

so that it cannot move. (The normal plan is to fix one j oint and

constrain another joint to move on a line, as in Fig. 60.) Now
let external forces, or loads, be applied to some or all of the jointe.

bar is in equilibrium under two forces, the reactions at its

ends. These two forces must be equal in magnitude and act in

opposite senses along the bar. If the forces act away from^ one

another (so that the bar tends to be tom in two), the bar is said to

be in tension; if the forces act toward one another (so that the bar

tends to buckle), the bar is said to be in thrust. The word stress

* Thrust

Fig. 64.—Eeactions eicerted by a bar on the joints at its ends.

is used to cover both cases. A plus sign is associated with

tension and a minus sign with thrust. Thus, if we say that the

stress in a bar is t'S tons, we mean that there is a tension of 3 tons

in it j
if the stress is — 5 tons, we mean that there is a thrust of

6 tons. In Fig. 54 the arrows indicate forces exerted on the joints

hy the bars. The forces exerted on the bars by the joints act

in the reverse directions.

For a frame in equilibrium, two problems arise:

(i) to determine the external reactions at the supported joints;

(ii) to determine the stresses in the bars.

The first problem is elementary. It is a question of the equi-

librium of a system, as discussed in Secs. 2.3 and 2.4 and sum-

marized in Sec. 2.6, It is with the second problem that we arc

concerned.

Method of joints.

The following argument is general, but the reader may (!on-

sider the frame shown in Fig. 60 as an example, the loads being

indicated by arrows at the joints E and F. The loads arc given,

and the stresses are to be found. Each joint may be considered

as a particle in equilibrium, under the action of a load (if any)

and the reactions of the bars meeting there. (Since the joint is

the system considered, this method is called the method of joints.)

As the forces lie in a plane, there are two equations of equilibrium

for each joint, and thus 2j equations in aU if the number of joints

is j. These equations involve 3 unknown components of external
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reactions at the supports and a number of unknown stresses

equal to the number of bars, i.e., 2j — 3. Thus the total

number of unknowns is 2j, and we have 2j linear equations to

find them. Thtis, in a justHgid frame the ‘problem of finding {he

external reactions at the supports and the stresses in the bars is a
determi'nate 'problem, iiwdbying the solution of a number of simul-

taneous linear equations equal to tvnee the number of joints.

K the frame were over-rigid, the number of unknowns would
exceed the number of equations, and the problem would be
indeterminate. We should have to consider the elastic properties

of the bars.

A B C D E F G

Fio. 56a.—A frtuno with 14 joints, supporting a load at M.

The problem of the just-rigid frame having been thus reduced
to the solution of simultaneous linear equations, it might be
thought that nothing remained to be said. However, the
system of equations obtained in the manner described above
may bo very involved, and much labor may bo avoided by
modifying the method. This is particularly tnie if we only

require the atro.sscs in certain bars. But the reader should
realize that these are only laborsaving devices. If he cannot
discover the particular device suited to a certain problem, he
can always fall back on the direct laborious method.

Before turning to the special devices, let us see how the method
of joints may be applied without undue complication to the

frame shown in Tig. 55a. This frame has 14 joints, and hence a
direct attack involves 28 simultaneous equations.

The load at M is W. Wo find at once (by taking components
and moments) that the reactions at H andN are both vertical and
of magnitudes lia - ^W, Rk = W- Let Sab, Sbc • • be the

stresses in the bars. From the equilibrium of the joint N, we
have

Saif = —Rh — ~iW, Smr = 0.
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Passing to <?, we have

Sqm sin OL = —Son = %Wf
SpG = —Sqm cos a = cot a,

where a is the inclination of the oblique bars to the horizontal.

Proceeding in this way, step by step, we can find all the stresses.

Incidentally, we shall get a check on our work when we reach the

last joint. It will be noted that, to start the method, we must
begin with a joint where only two bars meet.

Method of sections.

When we require the stresses in only some of the bars, the

.method of joints may prove unnecessarily laborious. Let us

recall the fact, emphasized in Sec. 2.3, that we may choose any
part of the given system as the system to which the conditions of

Fio. 555.—Method of sections: the ** system” is enclosed by the broken line.

equilibriiuxL are applied. Up till now we Lave been thinking of

a single bar, the whole frame, or a single joint as the system.

But here we take a different approach, following the method of

sections.

Figure 5Sb shows the same frame as that of Fig. 55a, with the

same load. We wish to find the stresses in 2LL, KE, DE. Wc
consider as a system the part of the frame enclosed within a

curved line cutting the bars KL, KE, DE, but no others. This

system is acted on by the following external forces:

the load W at M;
the reaction By at N;
the stresses in KL, KE, DE.

Taking moments about E, we have

Ski-EL + W-EF = Ry EG.
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But Rtf may be found by consideration of the equilibrium of the
whole frame; hence

Skl = jW cot a.

From consideration of the total vertical component of force we
have

'

Skb = — -g-TF cosec a;

and, from the total horizontal component,

8db — ““Skl — Skb COS a = — -g-TT COt or.

We note that the method would not have worked had the three
bars cut by the section met in a point.

Method of virtual work.

The method of virtual work may be appUed to the problem just
treated. To find Skl, we suppose the bar KL removed and
forces applied to the jointsX andL equal to the (unknown) stress
in KL. The frame is no longer rigid, but it is in equilibrium.
Hence the virtual work done in an infinitesimal displacement is
zero. For infinitesimal displacement, let us take a rotation
about E of the right-hand portion of the frame. The only forces
to do work arc the load W

,
the reaction Rbj and the force at L

replacing the stress Skl^ Equating the work done by them to
zero, we obtain the expression for Skl given above.
To get the stress in EK, we replace the bar KL and remove

EK, at the same time applying to the joints E and K forces equal
to the (unknown) stress in EK. Now we give a virtual displace-
ment, holding the left-hand portion fixed. The right-hand side
rises slightly with parallel displacement of its bars, the bar DE
hinging at 2) and KL hinging at iC. The only working forces
arc the load W

,
the reaction Rk, and the force at E replacing the

stress Skb- Equating to zero the work done, wo find for Skb
the value given above, Sdb is found similarly without diflBiculty.

Complex frames.

Frames constructed by adding successive pairs of bars to a
basic triangular frame are called simple frames. Those so far
(^cussed have been of this type. But there are also just-
rigid frames which cannot be built up in this way; such frames
are called complex. An example is shown in Fig. 66, in which
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the bars are supposed to cross without touching. The stresses

may be found by solving the 12 equations of equilibrium of

the joints, but that method is com-
plicated. We cannot use the step-

by-step method of joints, because

there is no joint at which only two
bars meet. We modify the method
by assigning an unknown value to

one of the stresses; we find the other

stresses in terms of this one un-
known by the conditions of equilil)-

rium of the joints and finally, on
closing the calculation, determine
the unknown stress and hence all the

stresses.

Let us work this out in the case

shown in Fig. 56, in which the bam
FE, ED, AD, FC are inclined to the

horizontal at 45®, and AB, BC in-

clined to the hprizontal at 30®. Write Sss = S. Then

Fig. 66.-

W
Rq

-A complex frame.

at Ej Sed = Sbf = ’^S/'\/2f

at Dj Sad = --Sed = S/V^, (= Spo, by symmetryj,
at Dj ScD = (SsD — Sad)/‘\/2 = — /S,

at Cf Sod + Spc/ 's/2 + 830/2 + Ro = 0,

at Cj Spc/\^2 /Sbc\/3/2 = 0.

Elimination of Sbc from the last two equations gives

ScdV^ + Sfc(V3 - 1)/V2 + ReVS = 0.

Since Rc = W/2, Sod = —S, Spc = S/'s/^, we obtain

s = - V3);

all the stresses are now easily written down.

Concluding remarks.

The methods described above are adequate in simple cases,
and the reduction of the problem of determining the stresses
to the solution of a set of 2j simultaneous linear equations is

complete and satisfactory mathematically, although often com-
plicated. When we have written down the equations, we know
that we have given complete mathematical expression to all the
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conditions of equilibrium and that the stresses can be found from
the equations ’provided they are consistent.

It may happen that the equations of equilibrium are incon-
sistent; this occurs in the case of critical forms, of which an
example is shown in Fig. 57. This
frame is just-rigid; but since the bars

AB, BC lie in a straight line, no
stresses in them can give equilibri-

um of the joint B, when a load W is

applied there. Such a frame would
be an unsound engineering struc-

ture. Actually the joints would be
slightly depressed (owing to stretch-

ing of the bars)
,
and there would be very great tensions in the bai's

AB, BC.

Fia. 67.—A critical form.

On account of its importance in engineering, the theory of

frames has been elaborately developed. For a more complete
account, with special reference to engineering problems, the
reader is referred to S. Timoshenko and D. H. Young, Engineer-
ing Mechanics (McGraw-Hill Book Company, Inc., New York,
1940).

Most statical problems admit two methods of attack. On the

one hand, we may reduce the problem to the solution of equa-
tions; this is the analytical method. On the other hand, wo may
represent forces by segments, and compound and resolve them
by actual drawing; this is the graphical method. Each method
has its advantages, but throughout this book wo have preferred

to use the analytical method, because it is easier to explain and
has a wider rang(^ of application. For the graphical method in

statics and its application to frames, the reader may consult

for example H. Lamb, Statics (Cambridge University Press,

1928).

8.6. SUMMARY OF APPUCATIONS IN PLANE STATICS

I. Mass centers and centers of gravity,

(o) Formulas for the mass center:

r(3.G01) n (system of particles);
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(3.602) f = Sn^^pdzdydz

///p dxdydz

(6) Devices for finding mass centers:

(continuous system).

(i) symmetry, (ii) decomposition, (iii) theorems of Pappus.

(c) Center of gravity coincides with mass center. Potential
energy = Mg^. With respect to any vertical plane, the weights
of all the particles of a system are plane-equipollent to a single
force (total weight) acting through the center of gravity.

n. Friction.

Static friction: F/N or 6 (tan X = p)
Kinetic friction: P/N = p' or d = (tan X' = p').

m. Thin beams.

(a) S

T - tension, S = shearing force, ilf = bending moment.

(b) Basic assumptions:

(i) Hooke’s law: T = k'e, (e = ejctension, k' = EA).
(ii) Euler-Bemoulli law: M = k/p,

(p = radius of curvature, k = El).

(c) Differential equation of a thin heavy beam:

(3.603)

(3.604) S=-^.
cLx dx

(d) Continuity conditions: y, dy/dx, d^/dx^ are continuous.

IV. Flexible cables.

(o) General formulas:

(3.606) r|-fl

(6) Cable of suspension bridge hangs in a parabola.
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(c) Common catenary:

(3.606) y = c ^cosh
^
— Ijj c

(3.607)
X

s = c sink -J
c

(3.608) s* + = (y + c)*,

(3.609) T = H wy.

(d) Light cable in contact with a smooth curve:

(3.610) T = constant, N —
p

(e) Light cable in contact with a rough curve:

(3.611) T = (for cable on point of slipping).

V. Frames.

(a) Just-rigid frame:

(3.612) & = 2i - 3

(b) Method of joints. Begin with a joint where only two bars

meet.

(c) Method of sections. Section must not cut more than three

bars, and those three bars must not meet at a point.

(d) Method of virtual work. Remove a bar.

(e) Complex frames: (b) and (c) not applicable directly.

Assume one stress S, and use (6).

EZEECISES m
1. Find the mass center of a cubical box with no lid, the sides and bottom

being made of the same thin material.

2. A ladder leans against a smooth wall, the lower end resting on a rough
floor for which the cooflicient of friction is i. Find the inclination of the

ladder to the vortical, if it is just on the point of slipping.

3. A square frame is braced ])y two diagonal bars. One of these con-

tains a tun)buckle, which is tightened until there is a tension T in the bar.

Find the stresses in the other i)aTH.

4. A man of weight W walks slowly along a light plank of length a,

supported at its ends. Find the bending moment in the plank directly

beneath his feet as a function of his distance from one end of the plank.

Find also the shearing forces j ust in front of him and j ust behind him. Draw
diagrams to show the senses of the bending moment and shearing forces.

5. Find the mass center of a wire bent into the form of an isosceles right-

angled triangle.

6. A rod 4 ft, long rests on a rough floor against the smooth edge of a

table of height 3 ft. If the rod is on the point of slipping when inclined at an

angle of 60** to the horizontal, find the coefiSicient of friction.



116 PLANE MECHANICS [Ex. m
7. A body of weight w rests on a rough inclined plane of inclination z,

the coefficient of friction (ju) being greater than tan i. Find the work done
in slowly dragging the body a distance a up the plane and then dragging it
back to the starting point, the applied force being in each case parallel to
the plane.

8. A heavy cable rests in contact with a smooth curve in a vertical plane.
Show that the difference in the tension at two points of the cable is propor-
tional to the difference in level at these points.

9. Two light rings can slide on a rough horizontal rod. The rings aro
coimected by a light inextensible string of length a, to the mid-point of
which is attached a weight W. Show that the greatest distance between
the rings, consistent with the equilibrium of the system, is

/za/Vi + mS

where n is the coefficient of friction between either ring and the rod.
10. A heavy beam ABCD, of weight 2 lb. per ft., is supported horizontally

by knife-edges at B and 2). The beam is subjected to an additional vertical
load of 20 lb. at C. If AB = FC =- CD = 4 ft., determine the shearing
force and bending moment for all points of the beam.

11. A portion of a circular disk of radius t is cut off by a straight cut of
length 2c. Find the position of the mass center of the larger portion.

If r “ 1 ft., c = 6 in., calculate the distance of the mass center from the
center of the circle.

12. A light cable connects two weights W,w{W > w) and passes over a
rough circular cylinder whoso axis is horizontal. W rests on the ground
and w is suspended in the air. Find the least value of the coefficient of
fnction between the cylinder and the cable in order that W may be raised
from the ground by slowly rotating the cylinder, and find oxprossions for
the work done in turning the cylinder through one revolution (i) if is
raised, (ii) if TT is not raised.

Fmd also the work done in turning the cylinder through one revolution
in the opposite sense.

• “ = 45”, and find the stresses
in M the bars. Make a sketch of the frame, marking with a double lino
each bar in which there is a thrust.

14. A unifom semicircular wire hangs on a rough peg, the line joining its
extremities nuaking an angle of 45" with the horisontal. If it is just on the
point of shppmg, find the coefficient of friction between the wire and the peg.

16. An elastic beam rests on three props, two being situated at the ends
of the bo^ and at the same height, and the third at the middle point of thebeam. Emd the height of this central prop if the pressures on all throe
props are equal.

16. A cable 200 ft. long hangs between two points at the same height.The s^ IS 20 ft., and the tension at either point of suspension is 120 lb. wt.Find the total weight of the cable.

17. A uniform cable hangs across two smooth pegs at the same height,
the ends hanging down vertioaUy. If the free ends are each 12 ft. long
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and the tangent to the catenary at each peg makes an angle of 60® with the
horizontal, find tho total length of the cable.

18. Consider a frame as in Fig. 50, the triangles being equilateral. It is to

carry a load 2TV, either as a single load at B or equally divided between E
and F, In which case is there greater danger of collapse, it being assumed
that collapse is due to a thrust in a bar exceeding some definite value, the

same for all bars?

19. Four rods each of length a and weight w are smoothly jointed together

to form a rhombus ABCDj which is kept in shape by a light rod BD. The
angltj BAD is CO®, and the rhombus is suspended in a vertical plane from. A.

Find tho tension or thrust in. BD and the magnitude and direction of the

force exerted by the joint C on the rod CD.
20- Two equal spheres, each of weight W, rest on a horizontal plane in

contact with one another. All throe contacts are equally rough, with

coefficient of friction m- The spheres are pressed together by forces of

magaitudesP,Q (F > Q) acting inward along the line of centers. Show that

tlrnro will be equilibrium if, and only if,

P - Q ^,i(P+Q), P’-Q:^ 42V - (P -Q)].

If P and Q arc increased, their ratio remaining fixed, how will equilibrium

bo broken?

21. Find the stresses in tho frame shown in Fig. 56 if the joint F is fixed,

instead of A.
22. A hanging cable consists of two portions for which the weights per unit

length aro loi and 102 . Show that there is a discontinuity of curvature where

tho two i>ortiona arc connected, the radii of curvature (pi, p 2) on the two sides

of tho join satisfying tho equation pitoi = P2W2 ,

28. A beam AB, of length I and weight W, rests in a horizontal position

with A cdainpcd and a load is suspended from B, If the weight per unit

length of the beam varies as tho square of the distance from B, show that at

distitnce x from A the shearing force S and the bending momentM are given

by

^ - IK' -h y (/ - ®)»,

-a?)+5(Z -»)«.

24. Prove that at a point inside a uniform solid sphere the force of attrac-

tion vnrhiS directly as the distance from the center.

25. Find the potential of a circular disk at a point on its axis. Use tho

result to calculate the potential of a solid sphere at an external point.
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PLANE KINEMATICS

4.1. KINEMATICS OF A PARTICLE

Having completed our study of plane statics, we now prepare
for the study of dynamics by developing some results in W«e-

tim subject deals with the motions of particles and rigid
bodies without any consideration of the forces required to produce
these motions. In the present chapter we discuss kinematics

Tangential and nonnal components of velodiy and acceleration.
Consider a particle P moving in a plane, in which Oxy are

fixed The position vector of the particle (of. Sec. 1.3)
IS r = OP, and the velocity is q = dr/di. If the path of the

y,
particle is the curve C, then dr is an
infinitesimal displacement along C, so

C that

IJ * = i ds,

element of length on
C and i is the unit vector tangent to

Thus

^/L c«oi)
’"‘i?

I?o. «/ a m/rnna
tangent and normal. pcLTiicie has a direction tangent to the

y . ,
and a magnitude ds/dt,

bet 3 be the unit normal vector to C (Fig. 68a), and let d bethe mclmation of i to the a:-axis. As we niove along C i and iMe function of 0. Figure 686 shows the vectors i and i + Ai

coZr respectively) transferred to acommon ongm Since these are both unit vectors, the triangleformed by the three vectors i. i + Ai, Ai is isosceles. The magni-
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tude of Ai is 2 sin and bo the limit of the magnitude of

Ai/A^ is unity. Thus ii/d4 is a unit vector, pointing in the
limiting direction defined by Ai as Ai tends to zero. This direc-

tion is clearly that of j, and so cfi/d^ = j. When a Bimiini-

argument is used to evaluate dj/d<^, we readily see that is

perpendicular to j, but since the limiting direction of Aj is that

of — i, we get dj/d^ = — i. Combining these results we have

To find the acceleration f, we differentiate (4.101); this gives

(4.103) f = ^ = (^Y-^
’ it ^ d4ds\dt)

Hence, by (4.102) and the fact that the radius of curvature of

C is p = d3/d<l>, we have

(4.104) +

or, in words, the acceleration ofa moving particle has a component
dq/dt along the tangent and a component q^/p along the normal to

the path. The tangential component may also be expressed in

the form q dq/de.

It is easily seen that the normal component of acceleration
always points to the concave side of the path.

Afl an example, consider a particle traveling in a circle of radius r with a
speed q w-hioh is (a) constant, (Jb) proportional to L In case (o)

,
the accelerar

^on vector is directed invard along the radius and has a magnitude
in. case (6), the acceleration vector has a constant component along the
tangent and a component along the radius which varies as
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Radial and transverse components.

Consider a particle P moving in a piano, i(,s p<K-<i(i<m ln-ing

described by polar coordinates r, d (Fig. r>0). |.<‘t i lx* llio imi<
vector along OP and j the tmit ve(tl,()r porpondicular (o i. drawn

in the sense shown. Wo nolo lhal

(4.105)
di

do

di

do

Wchavethonr « ri, and Iho \oluril\

is

(4.106) q = r = /-i ( rdj.

the (lot indicating d/df. Tfiun ( r, rd l

arc the componentu a/ reUn'Itu uhni/
and yiTpcndiculttr to the radtuH reetw.

For the mwohn-al ion wo find, on
difTeixmtiating (-1.106) and twing
(4.105),

(4.107) f = 4 « (f _ rd‘)i + 1.^

Thtis

i' - r6\
1 d

rdi
{rH)

are the components of accelerntioti (dmn and perpnidieular to tl„
radius vector.

It IS usual to call the components in tim diroclions i and jthe radial and transticrsc components, n-spc-ctivoly.

The hodograph.

It IS easy to form an intuitive picture of the volocitv of a
particle; we have merely to visualize (,he small dist.Ia.-omon'l
It receives m a small time and then imagine f.lial small di.s|il;ioo
ment greatly mgnified without <d.ang(> of direction. Hut it ismuch more difficult to form an intuitive piduro of (h,. n.-rolora-
tion. The hodograph is a devii^e to facilitate this. Figure 60i,

aUh Z o
velocity q and accoloralim:

: f
now a fictitious purl iclo /•' movingm the plane (Fig. 60ft) with a motion (rorn-Iatod to the motion
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of P by the follo'wring rale: the position vector of P', votive to

some chosen origrin 0\ is equal to the velocity of P. The path
described by P' is called the hodograph of the motioa of P.

q'

0
(fl) (6)

Fio. 60.—(a) Motion. (6) Hodograph.

Donotiuji; by r', q' the position vector and velocity of P', 'we

have

(4.108) r' = q.

Hence, on dilTerentiation,

(4.109) q' = f;

in ‘words, the velocity in th.e hodograph is equal to the acceleration

in die actual motion.

Exercise, Vorify^ tlio follow’ing statements:

(i) If n particle hiw an acceleration which is constant in magnitude and
direction, the ho(lofi;rni>liiB a straight lino described with constant speed.

(ii) If a parti<do moves in a circle with constant speed, the hodograph is a

circle described with (onstant speed.

4.2. MOTION OF A RIGID BODY PARALLEL TO A RIXEI) PLANE

Description of the motion.

As already renaarkod in Sec. 2.4, the motion of a rigid body
parallel to a fixod plane is completely described by the motion
of the representative lamina, i.e., the section of the body by
the plane. Wo may therefore confine our attention to the

representative lamina. We also discussed in Sec. 2.4 the general

infinitesimal displacement of a, lamina in its plane. This dis-

placement was describedby selecting a base point A in the lamina
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and givmg (i) the infinitesimal displacement of A and (ii) the
infinitesimal angle through which the lamina is turned.
A continuous motion of a lamina may be considered as a

sequence of infinitesimal displacements received in infinitesimal
intervals of time. We select some particle A of the lamina as
base point. At any time A has a velocity, say q^.. At time t

the angle between a line fixed in the lamina and a line fixed in the
plane is increasing at some rate which we shall denote by o:

6) is called the angular velocity of the
lamina.* In a small time interval
dt the particle A receives a small
displacement q^i dty and in the same
interval the lamina is turned through
a small angle w dt Hence the
specification of and w as functions
of t describes the succession of
infinitesimal displacements which
the body undergoes. To sum up:
The motion of a lamina in a 'plane is

described by (i) selecting a base point
A in the lamina^ (ii) specifying the

velocity of A as a function of the time t, and (iii) specifying the
angular velocity co of the lamina as a function of t

This description, for the instant tj is shown diagrammatically in
Fig. 61, the curved arrow being used to indicate angular velocity.
The instantaneous velocity of any point P of the lamina ca’n

be found from (2.409), which gives the infinitesimal displacement
of a point. Let (a, 6) be the coordinates of A and (x, y) those
of F, both measmed on fixed axes Oxy. Then the infinitesimal

Fio. 61.—^The motion of alaEoina
described by and co.

displacement of P in the time interval dt has components

(4.201) I
cte = Wa dif — (y — &)co dt^

[ dy = Va + (a; — a)co di,

Thus the velocity of Pwhere Ua., Va are the components of qA.
has components

f w — wa — (y — 5)aj,

1
V =

(4.202)
t^A + (a? — a)co.

• Since the mgle between two lines fixed in a rigid body is constant, it is^ily s^n that tte value of « is the same no matter what Unos are chosen inthe lamina and in the plane.
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Instantaneous center.

At any instant, there is just one point of a moving lami-nf). wUch
has no velocity. Its coordinates are found from (4.202), on
putting = e; = 0; they are

(4.203) r = a — vjca, 3/ = 5 -f

This point is called tiie instantaneous center. Under one excep-
tional condition no instantaneous center exists, namely, when
a> = 0. We may then say that the instantaneous center is at

infinity.

Fro. 02.—Dotenrxination. of the
inetantaneous centor from the
velocitios of two paints.

Pig. 63,—The body centrode B
rolls on the space centrode S.

Once the instantaneous center C is known, it is very easy tQ

visualize \vha.t happens to tlie lamina in a small interval of time

dt: the lamina rotaboa about C through a small angle a dt. Thia

fact enables us to find C when the directions of the velocities of

two points A and JB of the lamina are known. For, since the

lamina is turning about C at the instant, the velocity of any
point P is perpendicular to CP. Hence, C is located at the

intei'section of the lines drawn through A and B perpendicular

to the velocities of those points (Fig. 62).

IVom the dofinition of the rofling of one curve on another,

given in Sec. 2.4, it is now clear that a moving curve rods m a

fixed curve when, the curves touch and the instantaneous center of

ffie moving curve is at tfie point oj contact. In fact, this statement

may be taken as a definition of rolling, instead of that given in

Sec. 2.4. If both cuivoa are in motion, we define rolling by the

conditions that the eurvea touch and that the instantaneous
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velocities of the two particles at the point of contact (one on
each curve) are equal to one another.

As a lamina moves, the instantaneous center C moves in the

fixed plane; the curve described by it is called the space centrode

(/S). But C also moves in the lamina; the curve described by C
in the lamina is called the body cerdrode (B), At any instant, B
and B have the point C in common, and B is turning about C,

since B is carried along with the lamina. The situation at time I

is shown in Fig. 63. A little later, at time t + dt, a point D of B
has moved into coincidence with a point S' of 5 to form the new
instantaneous center, and this is done by turning B about C
through the small angle w dt. Hence, it is evident that B cannot
cut /S at a finite angle; therefore B touches S at C, and sinc^e C is

the instantaneous center of B, we have the following result: The
body centrode rolls on the space centrode.

Exercise, Verify the following statements:
(i) When a wheel rolls on a track, the space centrodo is the tra(^k itsedf

and the body centrode the circumference of the wheel,
(ii) When a rod of length 2a slides with its extremities on two liiu^s which

intersect at right angles, the body centrode is a circle of radius a luid th<j

space centrode a circle of radius 2a.
Example. As an example of our analysis of the motion of a rigid body,

let us consider two wheels Wi and W^oi radii ai and 02, rcspoctivcly, lying
in a plane. Their centers are connected by a rod of length ai + a2/and
the wheels engage without slipping. If we fix the center of Wi, then Wi and
R can turn independently about this center, and Tf2 will roll on Wi, lOaeh of
the three bodies TTi, IV2, 22 has an angular velocity, say wi, o>2, Th(»K<^
three angular velocities are not independent; let us fbiid the relation con-
necting them.

The particles of Wi and W2 at their point of contact have the sanio veloc-
ity. We can find two different expressions for this common velocity

; (‘Cpiat-
ing them, we obtain the required relation. Since Wi turns about its vm\U\r
with anplar velocity «i, the velocity of its particle at the point of contact is
tangenti^ and of magmtude ai«i. The wheel W2 luis a motion which may
be described by means of a base point taken at its center. Tht^ v(docity

^
this base point is perpendicular to R and of magnitude (ai + aalii.

Hence the velocity of the particle of W2 at the point of contact with \Vi is
tangential and of magnitude

(ai + a2)Q — a2«2.

Therefore we have, as the required relation in symmetric form,

ai«i + a26J2 “ (ai -f a2)il.
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As an alternative method of finding tat when «i and Q are given, the follow-

ing general method of finding angular velocity may be used. Take two

particles of the body, say A and J?. Besolve their velocities perpendicular

to AB, The difference of these component velocities, divided by AjB, is the

required angular velocity. The proof of this is left as an exercise.

4.3. SUMMARY OF PLAITE KINEMATICS

I. kinematics of a particle.

(a) Components of velocity and acceleration:

Velocity Acceleration

Tangential q = 8
« ^

Normal 0

Radial r

p

f — rd*

Transverse r6

(6) Position in hodograph is velocity in motion; velocity in

hodograph is acceleration in motion.

n. Kinematics of a rigid body.

() The angular velocity w of a lamina is the rate of change

of the angle between a line fixed in the lamina and a line fixed

in the plane of reference,

() For base point A (a, 6) the velocity at («, y) has components

(4.301) u - uji — {y
— 6)w, v — va + {x — a)w.

(c) The space centrodo (S) is the locus of the instantaneous

center in the plane of reference. The body centrode (B) is the

locus of the instantaneous center in the body. B rolls on S.

EXERCISES IV

1. A particle moves in a plane with constant speed. Prove that its

acceleration is perpendicular to its velocity.

2. A particle moves in an elliptical path with constant speed. At what

points is the magnitude of the acceleration (i) a maxiniuiu, (ii) a minimum?

3. A particle moves along a curve y ^ a sin px, whore a and p are con-

stants. The component of velocity in the a>dircction is a constant (w).

Find the acceleration, and describe the hodograph.

4. ABj BC are two rods, each 2 ft. long, hinged at B. A and C are made

to slide in a straight groove in opposite directions, each with a speed of 8 ft.
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per sec. Find the velocity and acceleration of B at the instant when the
rods are perpendicular to one another.

5

.

Starting from

a? “ r cos 2/
« r sin

calculate ± and Hence, by resolving the acceleration vector along and
perpendicular to the radius vector, establish the formula (4.107).

6. A wheel of radius a rolls without slipping along a straight road. If
the center of the wheel has a uniform velocity y, find at any instant the
velocity and acceleration of the two points of the rim which are at a height k
above the road. Examine in particular the cases h = 0, » 2a.

7. Is it possible for a particle to move in a circle and have a hodograph
which is a straight line? Give reasons for your answer.

8. A wheel of radius a rolls along a straight track, the center having a
constant acceleration /. Show that there is, at any instant, just one point
of the wheel with no acceleration; find its position relative to the center of
the wheel.

9. A rectangular plate ABCD moves in its plane with constant angular
velocity «. At a given instant the point A has a velocity of magnitude V
along the diagonal AC. Find the velocity of B at this instant in terms of
V, «, and the dimensions of the rectangle.

10.

A uniform circular hoop of radius a rolls on the outer rim of a fixed
wheel of radius 6, the hoop and the wheel being coplanar. If the angular
velocity a of the hoop is constant, find

(i) the velocity and acceleration of the center of the hoop;
(ii) the acceleration of that point of the hoop which is at the greatest

distance from the center of the wheel.

11. A motorboat experiences a resistance proportional to the square of the
speed. The engine is switched off when the speed is 50 ft. per sec. When
the boat has moved through a distance of 60 ft., its speed has boon reduced
to 20 ft. per sec. Find (to the nearest foot) the total distance traversed
when the speed has been reduced to 10 ft. per sec.

12. A point A has a uniform circular motion about a fixed point 0 with
angular velocity m. A point B has a uniform circular motion about A with
anpilM velocity n. What relation connects w and n if the acceleration ofB IS always directed toward 0?

13. A circular ring of radius h turns in its plane about its center with
coMtant angifiar velocity Q. A second circular ring of radius a (<5) rollsm the same plane on the inner side of the first ring. The angular velocity
of the center of the smaUer ring about the center of the larger ring is co, a^nstant with the same sign as Q. Find the space and body centrodes fortne smaller rmg.

14. A particle P mo-ving in a plane has an acceleration directed toward a
*

^ varying as 1/0P«. Show that the curvature
of the hodograph is constant and hence that the hodograph is a circle



CHAPTER V

METHODS OF PLANE DYNAMICS

C.l. MOTION OF A PARTICLE

Equations of motion.

In accordance with (1.402) a particle, under the influence

of a force P, moves so as to satisfy the equation

(6.101) jnf = P,

where w is the mass of the particle and f its acceleration rela-

tive to a Newtonian frame of reference. If Qxyz are rectangu-
lar axes in this frame, then (5.101) gives, on resolution into

components,

(6.102) mSi = X, = Y, mS = Z,

where X, Y, Z are the components ofP along the axes.

The above statements hold for a par-

ticle moving in space; let us now confine

our attention to a particle moving in a
plane, the force P being supposed to act

in the plane of motion.

We may resolve P into components

along the tangent and normal to the path

of the particle (Fig. 64). If these com-

ponents are P«, P«, respectively, the

vector equation of motion (6.101) gives,

on resolution along the tangent and and normal to the path,

normal [cf. (4.104)],

(6.103)

An interesting deduction may be noted. If the force acting

on a particle is always perpendicular to its velocity (so that

Pt = 0), then the speed of the particle is constant. If, further,

the force is of constant magnitude, then P» is constant; then
127
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p is constant, so that the particle describes a circle. This occurs

when an electrically charged particle moves in a uniform mag-
netic field with lines of force perpendic-

ular to the plane of motion.

Let us now consider a particle mov-
ing in a plane under the influence of a
force always directed away from, or

toward, the origin (Fig. 65). Such a
force is called a cmtral force. Let R
be the component of force in the direc-

tion away from the origin, so that R is

positive when the force is repulsive and negative when it is

attractive. Then, by (6.101), on resolution along and perpen-
dicular to the radius vector [cf. (4.107)],

0 X
Fig. 66.— central force.

(5.104) m(f — r6^) = R, ^(r»d)=0.

Equations (6.102), (5.103), and (5.104) are all very useful

forms of the equations of motion of a particle.

Exercise. Referring to (3.122), write down the equations of motion of
a particle in the earth's gravitational field, using (i) polar coordinates and
(ii) rectangular Cartesians.

Principle of angular momentum.

The momentum of a particle of mass m, moving with velocity

q, is defined as the vector mq. (This is sometimes called linear

momentum, to distinguish it from angular momentum, defined
below.) The components of momentum for motion in a plane
are

mac, my,

where Oxy are rectangular axes in the plane. Since momentum
is a vector, it has a moment about any point A in the plane; this
moment is called moment of momentum or angular momentum
about A. In Chap. II, we discussed moments of vectora; we
saw that the moment of a vector is the sum of the moments of
its components, and so by (2.303) the angular momentum of a
moving particle about the origin is

(5.106) h = m{xy — yx).

If, instead of resolving the momentum vector along the axes, we
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resolve it along and perpendicular to the radius vector drawn

from the origin, we obtain components [cf. (4.106)]

mr, mrd.

The former component has no moment about the origin; hence

(5.106) h = mr^e.

Consider now a particle moving in a plane under the action

of a force with components X, F. The rate of change of angular

momentum about the origin is

h = rri{xy — yx) = xY — yX N,

where N is the moment of the force about the origin. Hence we

have the principle of angular momentum: For a particle moving in

a plane the rate of change of angular momentum about any fixed

point in the plane is equal to the moment of the force about that

point

We note that, in the case of a central force, the second equation

of (5.104) is equivalent to the statement that the angular momen-

tum about the origin is constant.

Linear momentum, being the product of mass and velocity, has the dimen-

sions [MLT-^]. In the c.g.s. system, it is measured in gm. cm. soc.”^; in the

f.p.s. system in lb. ft. sec.-^ On account of the equivalence of dimensions

(see Appendix), these units may also bo called dyne see. and poundal sec,,

respectively. Angular momentum has the dimensions and is

measured in gm. cm.* sec.”^ or lb. ft.* seo.“"^

Principle of energy-

The kinetic energy* of a particle of massm moving with velocity

q is defined to be hmq^- It will be denoted by jP. Thus, for a

particle moving in space,

(6.107) T = hnq^ = + «*)•

The rate of change of kinetic energy is

t = m(xx + y'S + 22) => Xx + Y'^ + Zz,

where X, Y, Z are the components of the force acting on the

particle. The increase in kinetic energy in the interval {k, <i)

• Dimensions [ML*T~*], as for work or potential energy and measured in

the same units (cf. p. 54).
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is therefore

2*1 — To = (Xx H- Tj/ + Zz) dt.

Let W denote the work done by the force during this time
interval. By (2.403) the work done in an infinitesimal displace-
ment is

dW ^ Xdx+Y dy Zdz => {Xx + Yi! + Zz) dt,

and so

^ (^® + + Zz) dt.

Hence

(5-108) Ti _ jtj

This establishes the principle of energy: The increase in kinetic
energy is equal to the work done by the force.

Differentiating (5.108) with respect to <i and then dropping the
subscript 1, we have

(5.109) t = W\

in words, Oie rate of increase of kinetic energy equals the rate of
working of the force.

If the particle moves in a conservative field of force with
potential energy V, then, as in (2.419),

Then

Z=. dv
dz’

^ + Yy + Zz) dt t dt == - Vi+ Vo,

where Fi, Fo are the potential energies at times «i, io, respectively
Comparison with (5.108) gives

Ti-To= -rc+Vo,
Hence, in general,

ri + Fi = To + Fo.

(5.110) r -1- F = £;,

where S is a constant, called the total energy. Thus ffie sum of
the kinetic and potential energies is constant This is called tite
principle of the conservation of energy.

The principle expressed mathematically by (5.110) is one of
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the fundamental formulas of mechanics, and it is of great use in

the solution of problems. It represents one relation among the

three coordinates and the three components of velocity, V being

supposedly known as a function of the coordinates. In the

absence of a conservative field, we no longer have (6.110), only

(5.108). This is much less useful because W is not a function of

the coordinates. It is an integral the value of which depends

on the path of the particle and thus is imknown, since the path of

the particle is precisely what we have to find in the majority of

problems on the dynamics of a particle.

Exercise. A particle slides down a smooth inclined plane. Use (6.110)

to find its speed in terms of the distance traveled from rest.

B.2. MOTION OF A SYSTEM

Anyone familiar with the usual type of problems posed as

exercises in mechanics must have been struck by their artificial

character. The mechanical systems considered are often too

simple to be of much practical interest. Attention is concen-

trated on such simple systems as rigid bodies swinging about

fixed axes or wheels rolling along lines, instead of on complicated

realities like trains, automobiles, or airplanes. This is because

it has become traditional in the study of mechanics to direct

attention to problems which are soluble, in the sense that the

behavior of the system can be described by simple formulas.

This is an unfortunate practice, because it fails to emphasize one

of the greatest achievements of the applied mathematician,

namely, his capacity to make general statements about com-

plicated systems without paying much attention to the details

of the systems.

To extract the fullest interest from the present section, the

reader should bear in mind the striking generality of the state-

ments. Since, however, it is tiring and confusing to think too

much in terms of generalities, he should bear in mind a few

concrete examples and think of them in connection with the

various principles about to be discussed. The following systems

are suggested as suitable examples:

(i) a stick sliding on a frozen pond;

(ii) a complete automobile;

(iii) a wheel of an automobile;
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(iv) an airplane; .

(v) a man on a trapeze; . ,

(vi) the solar system;

As attention is at present directed toward plane dynamics, it

is advisable to think primarily of two-dimensional motions of
the above systems; e.g., the automobile and the airplane are
traveling straight ahead. Tor the first five systems, wo may
accept the earth’s surface as a Newtonian frame. As for the
solar system, we may merely assume that there is sonic New-
tonian frame and try to identify it by examining the conscciuonccs
of the laws of motion.

The system under consideration is regarded as composed of
particles. The forces acting on the particles are in part internal
and in part external, the internal forces satisfying the law of
action and reaction (Sec. 1.4). A rigid body is a particular tyijc
of system, in which the internal forces are such as to prevent tlie

alteration of the distances between the particles. The internal
forces in a system are, as a rule, complicated; the purpose of
the general principles which we are about to establish is to make
important statements about the motion of the system which
involve, not these complicated forces, but only the external
forces which as a rule are comparatively simple. For (example,
in the case of the automobile, the only external forces artj (i)

gravity, (ii) reactions at the contacts of the tires with the groxind,
and (iii) resistance of the air.

’

Principle of linear momentum; motion of the mass center.

^

The linear momentum of a system is defined as the sum of tho
linear momenta of the several particles of tho system. Thus,
if the masses of the particles are mj, mj, • • • m„, and t,heir

velocities qi, q2
,

• •
• q«, the linear momentum of tho system is

the vector

(6.201) M = V wiiq,-.

We shall now prove the principle of linear momentum: The
rate of change of linear momentum of a system is equal to the vector
sum of the external forces.

From (5.201), we have

(6 .202) * = 2 rndi,

1



Sec. 5.2] METHODS OF PLANE DYNAMICS 133

where f* is the acceleration of the tth particle. Thus,

(5.203) = X (p, + p;.),

where P< is the external force on the iih particle and P< the

internal force on it. But, from the equality of action and reac-

tion, we see that

(5.204) X = 0,

because this summation consists of vectors which are formed

from pairs of forces that are equal and opposite. Hence, (6.203)

gives

(6.205) M = X R,

which proves the principle of linear momentum.

The last equation may be written

(5.206) M - F,

where F is the vector sum of the external forces.

We shall now prove the law of motion of the mass center: The

mass center of a system moves like a particle^ having a mass equal

to the total mass of the system, acted on by a force equal to the vector

sum of the external forces acting on the system.

From (3.101) it follows that the velocity of the mass center

of a system of particles is

n

(5.207) ^ “ X
<•1

where wi is the total mass of the system. Thus if f is the accelera-

tion. of the mass center, wo have

n
'

(5.208) mf = m4 = X rndi — M,
-

1

.

and so, by (5.206),

(5.209) mi = F.

This is the equation of motion of a particle of massm acted on by

a force F, and so the law is established.
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We note that, by (5.207),

(6.210) mq = miqi,

so that the linear momentum of the fictitious particle moving
with the mass center is equal to the linear momentum of the

system.

The conclusions to be drawn from the preceding principles

are simple and interesting when the vector sum of the external

forces is zero. Then the linear momentum of the system remains
constant, and its mass center travels in a straight line with
constant speed. This is true in particular for a stick sliding on a
frozen pond. As for the solar system, we see that any New-
tonian frame of reference must be such that the mass center of

the solar system has a constant velocity relative to it.

Principle of angular momentum; motion relative to mass center.

The angvlar momentum of a system about a line (or about a
point in its plane if the syetem is confined to a plane) is defined

as the sum of the angular momenta of the particles composing it.

Thus if the particle of mass nu has coordinates Xi, yi, Zi and
velocity components ii, yt, ii, the angular momentum of the
system about Oz is

n

(5.211)
^ ^ rni(x{iii — yiii).

The rate of change of angular momentum about Oz is then

n

(5.212) ^ ^ m,i{xiQ{ — ydi).

But

mai’=Xi + X'i, = TJ,

where Xi, Yi are the components of external force acting on the
particle and X'i, Y't the components of internal force. Thus,

(5.213) ^ = X
»-

1

t

"
= JV -t- N',

where N is the total moment about Oz of all the external forces

acting on the system and N' the total moment of all the internal



Sbc. 5.2] METHODS OF PLANE DYNAMICS 135

forces. But since the internal forces occur in balanced pairs,

their total moment is zero; hence

(6.214) h^N.
This equation expresses the principle of angular momentum:

The rate of change of the angular momentum of a system about

a fixed line is equal to the total moment of the external forces about

that line.

If wo think, for example, of a man on a trapeze, the only-

external forces are (i) gravity and (ii) a reaction at the point of

suspension. But tho latter has no moment about the point of

suspension. Hence the rate of change of angular momentum
about the point of suspension is equal to the moment of the

gravitational forces about that point.

Let Xj y, z be the coordinates of the mass center of a system

and let Xi, Zi be the coordinates of the ith particle relative to

the mass center, so that

(5.215) ^ H" ^ij Pi ^ y yfi*

The components of velocity of the particle relative to the mass

center are fjJ, y'i, and so the angular momentum relative to a

line through the mass center parallel to Oz is

n

(5.216) ft = X - ifA),

where we use, in computing angular momentum, the velocities

relative to the mass center. We shall refer to this briefly as the

angular moTfientwm relative to the mass center.

From (6.216), we obtain

(5.217) ^ mtixWi - l/A),

and hence by (5.215), differentiated twice,

(5.218) ft = X — V) — ViC^i
—

*)]

= -(X
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as before, Xi, Yi are components of external force and FJ
components of internal force. But. from the defining property
of the mass center, we have

n n

y wWi = X tn^i = 0,
»- 1 itri

so that the first two terms on the right-hand side of our last
equation vanish. The fourth term vanishes through the balanc-
ing of the internal forces in pairs, and so we have

(5.219) h = N,

where JV is the total monoent of the external forces about the
mass center. This is the principle of angular momentum rdative
to the mass center: The rate of change of angular momentum relative
to the mass center is equal to the moment of the external forces about
the mass center.

Exercise. Check to see that the two sides of (5.219) have the same
dimensions.

It will be noticed that we have a principle of angular momen-
tum relative to a fixed axis and a principle of angular momentum
relative to the mass center. The principle does not hold for an
arbitrarily moving axis with fixed direction.

As an illustration of the principle of angular momentum relative to the
mass center, consider the front wheel of an automobile. The external forces
on it are (i) gravity, (ii) the reaction of the axle, and (iii) tho rojwtion of
the ground. The force of gravity and the reaction of tho axle have no
moment about the central lino of the axle, which passes through tho
center. Hence the rate of change of angular momentiun relative to tho
center of the wheel equals tho moment of the reaction of tho ground about
the center. In particular, if tho oar is traveling at constant spotwl, tho
angular momentum is constant, and so the reaction of tho gnnind must
act vertically up through the center of the wheel; no force of friction is called
into play. Further, if tho wheel bumps off the ground, its ang\ilar momen-
tum will remain constant as long as it is in the air. Those statements are
made on the assumption that the bearings are smooth; tho reader can
supply the qualitative description of tho modifications which arise when
there is friction in the bearings.

The principle of energy.

The kinetic energy of a system is defined as the sum of the
kinetic energies of its constituent particles; the formal expression
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is

(5.220) i ^ mi{±l 4- -f i|).
i-1

Then,

(5.221)

n

+ yi^i 4- ZiSi)

n

— 5/ + ZiZi),
»»!

where Xi, Yi, Zi are the componeixts of the total force, external
and internal, acting on the fth particle. Thus, if W is the work
done by the forces from time to to time t, we have

(5.222) t = W.

This is formally the same as (5.109), but here we are con-
sidering a system instead of a single particle. For a system,
the principle of energy takes the following form: The rate of
change of kinetic energy of a system is eqwl to the rate of working
of aU the forces, external and internal.

There is a sharp difference between the principles of linear
and angular momentum on the one hand and the principle of
energy on the other. In the principles ofmomentum the internal
forces are eliminated; in the principle of energy they are not
elisninated, except in the special case where they do no work and
so contribute nothing to TT. In our idealized mathematical
models, consisting of rigid bodies with smooth contacts, no work
is done by the internal forces, and so they disappear from the
principle of energy. In cases of collision, however, work may
be done by the internal forces (see Chap. VIII)

;
that is because,

in such cases, it is impossible to regard the bodies as absolutely
rigid.

When the system is conservative, with potential energy V,
we have W = - F by (2.410); then (5.222) leads to the principle

of the conservation of energy

(6.223) r 4- F = F,

where E is the constant total energy.
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D’Alembert’s principle.

The principle about to be discussed adds nothing essential
to the principles already given, but it is interesting as an alter-
native expression.

We have regarded “force” as a primitive concept in mechanics
and we shall not abandon that point of view. One must guard
against logical confusion in accepting the following definitions,
in which we use the conventional terms. Consider a particle of
mass m, having at a certain instant an acceleration f. The
vector ?nf is called the “effective force” acting on the particle, and
tMt vector reversed, i.e., —mi, the “reversed effective force.”Now consider a system {S) of n particles in motion, the reversed
effective force on the ith particle being -mdt. Alongside the
mental picture of this system, think of another {S') in which
the particles are at rest at the same positions as they have
instantaneously in S and are acted on by the same forces, external
and internal, as in in addition let there act in the statical
^stem S a set of real forces identical with the reversed effective
forces of 5. Now, by the equations of motion of the particlesm S, we have

Pi - mrfi = 0, {i = 1, 2, • . . n),

where Pi is the real force on the ith particle in 8^; hence it foUows
tPat

^
IS m statical equilibrium since the total force on each

particle is zero. Thus we have D'Almhert's pnncipU: The^
To deal ^th problems in plane dynamics, we introduce a

fundamental plane to which the motion is parallel. Since the
internal forces are plane-equipollent to zero, it follows that
the exterri^ forces, together with the reoersed effective forces, form a
system plane^uipollent to zero. We recaU that this means thatthe vector sum and the moment vanish.

si

D’Alembert’s principle may give the impres-
sion that It reduces dynamics to statics. This is partly true in

statement involves only the conditions of
statical eqmhbnum. However, it must be remembered that thereversed effective forces involve derivatives of coordinates and

foTL T®
conditions of statical equilibrium involving these

forces are actually differential equations of motion. To determine
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motion under given forces, these differential equations must be
solved—a dynamical, rather than a statical, problem. On the
other hand, if the motion is known, D’Alembert's principle
ena,bles us to use the methods of statics to determine the forces
acting on the system.

ExercMe. Three equal particles are joined by light rods to form an equi-
lateral triangle. If the triangle rotates in its plane about its centroid Trtthconstant angular velocity, find the tensions in the rods.

6.3. MOVING TRAMNS OF REFERENCE
In developing dynamics up to this point, we have assumed

the existence of a frame of reference relative to which bodies
move in accordance with the Newtonian laws. To get accurate
a^ement between theoretical prediction and observation, we
take for frame of reference one in which the mass center of the
solar system is fixed and which has no rotation relative to the stars
as a whole. For a slightly less accurate agreement in the case
of experiments on the earth, we may take the earth itself as
frame of reference.

' We now raise the question: ICnowing that a body behaves
relative to a Newtonian frame of reference in accordance with
the laws and principles discussed earlier, how does a body appear
to behave when viewed from a frame
of reference moving relative to the
Newtonian frame?

Frames of reference with uniform
translational velocity.

Let /S be a Newtonian frame of
reference and S' a frame of reference
which has, relative to S, a uniform
(i.e., unaccclerated) translational mo-
tion. (If S is the earth’s surface. S'
might be a train running smoothly on
straight tracks at constant speed.) We shall consider only two
dimensions, but the argument can be extended to space
immediately.

In S we take axes Oxy and in S' we take parallel axes OVy'
(Fig. 66). Let f, r/ be the coordinates of O' relative to 0. Then
(6.301) I = ut,

y'l

O’

•A

-X'

Flo. 66.—Framos of refer-
ence in relative motion with-
out rotation.

V = Vo,
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where Uo, wo are the constant components of the velocity of 8'
relative to 8, Let A be the position of any moving particle; it
has coordinates (a;, y) relative to Oxy and coordinates (a;', y')
relative to O'x'y'- These coordinates are connected by the
relations

^ 2/ = 2
/' + 17,

and, on differentiation,

(5.302) X - x' + y — if' + ri.

If we denote by q the velocity of A relative to S, by q' the velocity
of A relative to S', and by qo the velocity of S' relative to S,

(6.302) may be expressed in the form

(5.303) q = q' + qo.

This is called the law of composition of
vdocitics and is exhibited graphically in

Fig. 67.—-Composition 07.
of velocities.

Exercise, A man stands on the deck of a
steamer, traveling east at 15 miles per Lour. To Mm the wind appears toblow from the south with a speed of 10 miles per hour. What is the true
speed and direction of the wind?

Since I rj are constants, differentiation of (6.302) gives

(6.304) g ^

thus the acceleration relative to 8' is equal to the acceleration
relative to 8, and this may be expressed in vector form as f' = f
Thus the law of motion

(5.305) ??if = P
may also be written

(6.306) TTif'
—

and so Newton^s law of motion holds in S' as well as in S.
Prom this we draw an important conclusion. Given one

Newtonian frame of reference 8, Ave can find an infinity of other
Newtoman frames of reference, namely, all those frames of
reference which have a uniform motion of translation relative
to S,

In Sec. 6.2 we saw that if a Newtonian frame exists—and of
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course we suppose that it does, since otherwise there would be
no Newtonian mechanics—then the mass center of the solar
system must have a constant velocity relative to it. From what
has been shown above, it follows that we may change to another
Newtonian frame in which the mass center of the solar system is
at rest. This is, in fact, the astronomical frame, to which we
have referred before.

If the earth is regarded as a satisfactory Newtonian frame
of reference, then we must regard as equally satisfactory the
interior of any vehicle which moves over the earth with constant
velocity. This is in accordance with common experience:
we are not conscious of the smooth uniform motion of a train
when we are traveling in it; we become conscious of the motion
only when the train lurches or brakes or rounds a comer.

Frames of reference with translational acceleration.

Let us now suppose that is a Newi;onian frame and that S'
has relative to it a translational motion with constant accelera-
tion. Then (cf. Fig. 66), we have

(5.307) J z= ajj ^

where o-o, /So are constants. The relations (5.302) hold in this
case also, and differentiation gives

(5.308) S = £' + ao, y
—

'S' |8o.

Let f, f' denote, respectively, the accelerations of A relative to
S and S', and let fo denote the acceleration of S' relative to S)
then (5.308) may be written

(5.309) f = f -t- fo.

This is called the law of composition of occdcraHons.
The equation of motion (5.305) now leads to

(5.310) TTif' = P — mfo.

Thus the Newrtonian law of motion does 'not hold relative to S'.

But we can say that the Newtonian law holds provided that we
add to the tnie force P a fictitious force — nrfo.

As an illustration, consider an elevator descending with constant accelera-
tion /o. Relative to the elevator, everything takes place as if the elevator
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were at rest and every partide es5»erienoed an upward force to/o, where n
is the mass of the partide, in edition to the downward force mg. These
fictitious forces alter the reactions among the particles constituting the
human body, and so we are conscious of an aocderation, even we
cannot look outside our frame of reference.

Frames of reference rotating with constant angulny velocity.

Let us now suppose that 5 is a Newtonian frame of reference
and S' a frame of reference rotating about a point 0 of S with
constant angular velocity «. Let i, j be perpendicular unit
vectors, fixedinS' (Fig. 68). Let A be a moving particle. (We
may think of A as a fly walking on a rotating sheet of cardboard.)

Taking axes Oxy in S', in the di-

y rections of i and j, the position

\ \ vector of A is

(6.311)

Now

r = ai + y].

Fig. 68.“-Rotatiiig frame of
reference.

(5.312)

di

dl
~ = -«i:

, ,
aad so differentiation of (6.311)

gives, for the velocity of A (relative to S),

(6.313). q = r = (® - «y)i + (y + ax)l

pother differentiation gives, for the acceleration of A (relative
to S),

(6.314) f - q - (* - 2w2/
- «»®)i + (^f + 2wi - w®y)j,

Thys, if Z, Y are the components of true force in the directions
or 1, J, respectively, we have the equations of motion

(6.315) mi£-2c»p- „**) = X, + 2coi - «*y) = Y.

These may also be written

(6.316) m£ =: X + X' + X", == y + Y' + Y",

where

(5.317)
X' = 2mw^, Y' = -2mux,
X" = mu% Y" = mu%
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Thus we may say that the particle moves relative to the rotating
frame of reference in accordance with Newton's law of motion,
provided that we add to the trueforce the twofictitiousfwees (X' FO*
and (X", Y").

^ )

The fictitious force {X', Y') is caUed the Coriolis force. Its
magnitude is proportional to the angular velocity of S' and to
the speed ^ of the pai-ticle relative to S') its direction is per-
pendicular to the velocity q' relative to S', and is obtained from
the direction of q' by rotation through a right angle in a pense
opposite to the sense of the angular velocity (Fig. 69). The
fictitious force (X", Y") is called the centrifugal force. Its
magnitude is proportional to the square of the angiilnr velocity

Fio. 69. Centrifugal force and Coriolis force in a rotating frame of reference.

of S' and to the distance of the particle from the center of rota-
tion; it is directed radially outward from the center of rotation.
The frame of reference which we employ in ordinary life is the

earth. It rotates relative to the astronomical frame with an
angular velocity of radians per sidereal day; since one sidereal
day contains 86,164.09 seconds (cf. page 14), the angular velocity
of the earth is 7.29 X 10“' radians per second. This is a very
small angular velocity, and hence the Coriolis force and the
centrifugal force arising from the earth’s rotation are not notice-
able in our daily lives. They are important geographically,
however; the centrifugal force is responsible for the equatorial
bulge on the earth, and the Coriolis force is responsible for the
trade winds.

When frames of reference turning rapidly relative to the earth
are employed, these fictitious forces may assume serious pro-
portions. Thus, in an airplane turning in aerial combat or
coming out of a dive, centrifugal force may be much greater
than the force of gravity.
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Statical effects of the earth’s rotation.

In Sec. 3.1 we gave an introductory discussion of the forceof weight of a body near the earth’se^leav^ the earths rotation out of account, i.e treatiu. tb.i^.sa NewtontaW. We now see th^t it'^tSdtso treated provided that the proper fictitious forces are addedIf we deal only with statical problems, i.e., those in which the
extern m at rest relative to the earth, there is no CoriolisWand so the only fictitious force is centrifugal. The “weight”of a particle is the resultant of the force of gravity and the

Pig. 70. Plumb line on the rotating earth.

the force of gravity-

nnrl ih fh
of a particle is proportional to its mass

We shaU now bring our theory stiU closer to reality by takimr

tioT'SirTi? i ^ ^ crude approxima®

is =i regarded as a sphere of radius I, whereR 3960 i^es. More accurately, it is an oblate spheroid with

miks^'^^Ms Jth

a

polar radius of 3960miles. This is the model which we shaU accept for the present^scussion, and we shaU assume that the modefrotatesXSpolar axis with constant angular velocity Q.

andAs'Il'^ ^ “"y P°“t on its surface,

attralfon of gravitationalattraction of the earth on a particle at A acts aloJg some line
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AC which intorHceis iSiV; its magnitude is proportionsil to the
mass m of the particle, ami we shall denote it by mg'. The
centrifugal fortre is directed along liA, and its magnitude is

mpil\ wluM’c p = HA.
In ord(*r that th(‘ paHjele may remain in equilibrium relative

to Ihe (•arth, a third forcei must Ixs applied t.o balancto the gravita-
tional lorctf and the c<intrifugal force, 'i’his fon^e must lie in

tlw^ plant* AH(\ and its magnitude nuist be proi)ortional to m.
\\V dtmott* it by mg; it may be supplied by Uut tension in a string
or plumb line, or by the reaction of a smooth phine. W(t tleline

th(* vertiral .1 T at .•! tis the direction of this forwt and tint hori-

zontal plane UAH' jis the phuu* perpemlictdjir to it.

\V«( now ask: As we range over the earth’s surfaett, what is the
relation betwemi g and t/, ami what is the inclination of the
vt'rtictd to lh<( diu'ction of the gravitational fona^?

The anlrononiiral talihule X is <l(dined Jis tlu* (elevation of the

nstronomh'ul poh* above the horizontal plaiKt, i.<t., tla* angle
bt'twet'ii HN and II'AH, or (ecjuivak'ntly) l.la^ angl(% betwe(*ji /f.l

and .'ir. bet us denoki by 0 the angle b((twe(Ui CA and /IK.

Uesolution of for('(»s along and periHUulitntlar to AC givc'S as

conditions of (‘quilibrium,

fr, ..lo,
I

i/' ^ g cos 0 + pii^ cos (X - e),

It/ sin e - p£i= sin (X — 0).

Now the ratio pil^/g is small; hence 0 is small, and <x)s 0 dilTtwH

from unity by a small (piantity of th(< setamd ord(*r. 'I'o tlu!

first order of small (piantities, we have

(r>.:il‘.)) (/' « g 4- pil- cos X, 0 = sin X.

Th(> terms involving U anf small, and to our order of appro.xima-
tion We ur«( entithsl to replace p and X by approximaU^ values.

Now X is approximab'ly ecpial to tlu^ anght HAC, and so

p ~ (//! cos X,

approximat.(tly. Accordi7ig t,o a well-known law of hydrostatics,
the surface (*f the oc<ian must, be tangent to tlu^ horizon t.id jdane;
in fact, A K is noriuiil to the surface of our moih'l of tlu* (uirth.

Thus, since 0 is small, CA is v<*ry nearly normal t.o this surface,

and so CA ~ li approximjitely, where li is tlu* mdius of tins
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earth in the first crude model. Hence (5.319) may be "written

(5.320) o' = g + cos* X,

(5.321) g = sin \ <jos X.

g

Thus -we can find the gra'wtational intensity g' in terms <>f

measurable quantities, g being measured by means of a peiuiulmn
(cf. Sec. 6.3). Theoretically, g is given by a measuromont of
the tension in a plumb line, but this is not a practical met,lux I.

At the North and South Poles, g = 983 cm. see"*; at the Equator,
g = 978 cm. sec.~* Equation (5.321) gives the de"viation of the
plumb line from the direction of the gravitational force; it
is a maximum at a latitude of 45®.

Other effects of the earth’s rotation "will be treated in Sec. 1 3.5.

6.4. SUMMARY OF METHODS OP PLANE DYNAMICS
1. Equations of motion of a particle.

/xlnol
wif = P (vector form);

(5.402) m£ ^ X, mg =Y (Cartesian coordinatit's)

;

(5.403) Tn4 =Pt, ^ = P» (resolution along bmgent aiui

(5.404) = const, (central force),

n. Principle of angular momentum for a ix^rficle.

(5.405) A ^ jyr,

where

h = m(xg — y±) = mr^.

m. Principle of energy for a particle.

(5.406)

where

T = = im(4s + gi)^

(5.407) T ->fV = E
IV. Principle of linear momentum for

(5.408) ivr = IT

W = work done;

(conservation of energy),

a system.
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n

(5.409) mf s= F (motion of mass oonter).

V. Principle of angular momentum for a system.

(•'>.410) A - N,

wlioro

N = moment of (•.xUtrnjiI forces.

( This holds with respect to a fi.xetl point luul with nisix'cli to th<‘

muss centt'r.)

VL Principle of energy for a system.

(5.411) t = IF,

where
n

* 9 “ "’ork done;

(5.412) ' 7' + F = li (eons(wvation of energy).

VII. D’Alembert’s principle.

The nwersiid elT<iotivo forces (— >w.,f<) and th(» r<(al for(!((s

together giv{) .statical equilibrium.

VIII. Moving frames of reference.

(i) A frame of roferenen having a translation wiih constant
vtdoeity ndativo to a Newtemian frame is also Newtonian.

(ii) \ frame of refenmcc having a translation with <’onslant

ae<stl<iration f relativ(? to a Newtonian franui may b(* tissitcd jis

Newtonian if a lietitious force — »if is applied to each j)ar(i(de.

(iii) A frame of referenc(> relating with cojistant angular
velocnl.y u ndativo to a Niswtonian frame may las treate<l as a
Niiwtonian frame if to cacdi particle there ant applicsl two
fictitious forces:

(Joriolis force with (tomponcniw (2muf/, —2mujr),
dentrifugal force with components (»i<i)®t, ww®//).
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EXERCISES V

1. At a certain instant, a particle of mass m, moving freely in a vertical

plane under gravity, is at a height h above the ground and has a speed q.

Use the principle of energy to iSnd its speed when it strikes the ground.

2. TOiat is the least number of revolutions per minute of a rotating drum,
2 feet in internal diameter, in order that a stone placed inside the drum may
be carried right round? Assume that the contact between the stone and
the drum is rough enough to prevent sliding. (The reaction of the drum on
the stone must be directed inward.)

3. A skier, starting from rest, descends a slope 117 yards long and inclined

at an angle of sin"! ^ to the horizontal. If the coefficient of friction

between the skis and the snow is }, find his speed at the bottom of the slope.

If the skier with his equipment weighs 200 lb., how much energy is dissipated

in overcoming friction?

4. A bead of mass m slides on a smooth wire in the form of a parabola

with axis vertical and vertex downward. If the bead starts from rest

at an end of the latus rectum (of length 4a), find the speed with which it

passes through the vertex. Find also the reaction of the wire on the bead
at this point.

6.

A heavy particle rests on top of a smooth fixed sphere. If it is slightly

displaced, find the angular distance from the top at which it leaves the

surface.

6. Two barges of masses mi, m2 at a distance d from each other are

connected by a cable of negligible weight. One barge is drawn up to the

other by winding in the cable. If neither barge is anchored
,
find the distance

through which each barge moves. (Neglect any frictional effects due to the

water.)

7. An airplane with an air speed of 120 miles per hour starts from A
to go to 5 which is northeast of A. If there is a wind blowing from tint

north at 20 miles per hour, in what direction must the pilot point the air-

plane if he wishes to go in a straight line from A io

8. A heavy particle is suspended from a fixed point by a light string of

length a. If the string would break under a tension equal to twice the
weight of the particle, find the greatest angular velocity at which th(^ string

and particle can rotate as a conical pendulum without the string breaking.

9. A steamer sailing oast at 24 knots is 1000 feet to the north of a launch
which is proceeding north at 7 knots. Find the shortest subHoqiKuit dis-

tance between them if these courses are maintained. Draw rough dia-

grams, showing

(i) the tracks relative to the water,

(ii) the track of the steamer relative to the launch,

(iii) the track of the launch relative to the steamer.

10.

An automobile travels round a curve of radius r. If k is the height of

the center of gravity above the ground and 2a the width between the wheels,

show that it will overturn if the speed exceeds •\/gralh, assuming no side-

slipping takes place.
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11. Kvory Hr<*oMil j^a.s <*ach of nwiMH w, Hiriko tlu^ .sido of a
ltn\. I'st' till* principk* of liuisar moiiiontuin to fin<l t.lio forc<^ roquiml to

hnlil flu* sido of t)i«* l«>\ ill pl{UM\ assuniinfi; that inol(M*uI<» haw tho Haino

wImmmI (/ln‘fon* and aftor hittiun; tin* shlo aiitl that tho rnohuMilon move at right

atiglos to tin* ,siih*, Ksplaiu prooisoly wliat dynamical '‘ayatoni ’* you uao.

12. Kvplain hitw a man .standing on a mving can in(*roaH<^ tiio ainplituch^

of th«‘ oscillations iiy rromdiing and stainling up at Huibihlo tiinoH.

13. A liglit string is attacloMl to a fixed point () and carric^a at ita fr(*n end

a partii'h* of mass m, 'rhe partiele i.s «h‘.seril»ing eomph'te revoluf.ionH about

0 under gravitv, ami the string w just taut wlu*n tin* parlie.ki ia vertically

alufve (K Kind tio* tension in the string vvlien in a horizontal poHition.

14. Show that, if an airplane of itiaKS M in horizontal flight <lro)>H a bomb
of ina.ss in, tin* airplane experienees an upward ae.eeh*ration ni{f/M*

15. A ehain of any nuinl*er of links hanga HUHp<‘n<hal from one end. The

anspensioii and tbt* j’onneetions between the links art* smootli. The ehain is

tlisjdaeed in n vertical plane and released from n*Ht. Show that in the

resulting o-jeillafhms the center of gravity of the ehain never rises higher

tiinu its initial position, and that if it tloes ever rise to that same height,

the whidt* chain is at n*.st at that instant,

16. A wlicel aphis in a horizontal plane about a vertical axis through its

center; the bearings an* .supjwised frictionless, and then* is a mass clipped on

one spoke. During the motion the inass slips along tin* spoke out to the rim.

1 >oes this cause an increa.si* or di*en*nM<* in tin* angular vtdoeity of the \vhe(»l?

n. Assuming that a .skier k(s‘pH his legs and body straight and n<‘gh‘eting

friction and air resistance, show that he must kt‘ep his Imdy p(‘rp(mdicular

tit the slope of a hill in ordt*r that he may preserver his balamu* witliout

enpiiort from the f<»rwnr<l or reareinls ofhisskk ( liviui general discussion

of the proper direction for his lualy wln‘n friction ainl air resistance arc

t»kt*n into account.

18. An ice floe witli mass r»(K),(MK) ions is near Un* North Pole, moving west

at the rate of ft ndle>; a day. Neglecting tin* eurvniure of the ea.rth, find the

magnitude and ilireetion of the t'oriidis force. lOxpress the magnitude in

tonswt,

1$, A particle moves in a smootli sfriuglit horiz<»nial tuls*. wddeh is nnuh^

to rol.’iti* with constant angular velocity w about a v<*rti<*al axis which

inter;a‘ctn the tube. Prove that the dwtance of tin*, partiek^ from the axis

is given by
r }- Hr-

where d ami !i are emmtants de|Munling on Un* initial position and velocity

of the particle.

If when t • 0 the particle is at a disiainM* r - a from the axis, what

velocity miiNt it have along the tube in order lliat aft<*r a very long interval

of time it may )m* very close to the axis?

20, A loop of string is spinning in the form of a circh* about a <liameter of

the loop with c<mstant nnguhir veloeity. N<*gh*eting gravity, prove that

the muMH per unit h*nglh of th«» string must In* proport,iomil to coh<‘c» 0,

n being im*aHur«»il from the diameter.
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21. A particle moves with constant relative speed q round the rim of a

wheel of radius a; the wheel rolls along a fixed straight line with uniform
velocity V. Taking the wheel as frame of reference, find the Coriolis force

and the centrifugal force. Indicate them in a diagram.

22. A system of particles moves in a plane. Prove that, provided the

mass center is not at rest, there exists at time t a straight line L such that the

angular momentum about any point on L is zero. Further, show that, if

no external forces act on the system, the line L is fixed for all values of t



CHAPTER VI

APPLICATIONS nr PLANE DYNAMICS—MOTION OF A
PARTICLE

6.1. PROJECTILES WITHOIIT RESISTANCE

The science of ballistics is concerned with the motion of projec-

tiles. The theory of the explosion of the charge and the motion

of the projectile in the barrel of the gun belong to interior ballis-

tics, with which we shall not be concerned. After the projectile

leaves the barrel of the gun, it moves under the influence of

gravity and the resistance of the air; the purpose of exterior

ballistics is to predict, from given muzzle velocity and ^gle of

elevation of the gun, the path or trajectory of the projectile.

On account of the complicated nature of the resistance of the

air, an accurate mathematical prediction is not possible. The

greatest difficulties arise from the fact that the projectile is of

finite size. To avoid these, we regard the projectile as a particle.

In the present section, we shall make a further and much more

drastic simplification; we shall assume that no resistance is

offered by the air. We cannot claim that the theory based on

this hypothesis gives results of much practical value in ballistics,

except in the case of projectiles thrown with small velocities.

The parabolic trajectory.

Let Oxy be rectangular axes. Ox being horizontal and Oy

vertical, directed upward. The equations of motion of a particle

under the influence of gravity are

(6.101) mA my = —mg.

Integration gives

(6.102) i * «o, ^ -Va — gt,

(6.103) X ^ xo + uot, y = yo + vot -

where *0, yo, «o, vo are constants of integration. It is evident

•Of. C. Oranz and K. Becker, Handbook of Ballistics (H. M. Stationery

Office, London, 1921), Vol. I, p. 17.

161
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that (xo, yo) is the position and («», Oo) the velocity, both at
time < = 0. The equations (6.103) give the path, or trajectory, of
the particle.

Obviously
,
at a certain mstant (t = we have y — Oy

so that at that instant the velocity is horizontal. Now the origiil
0 and the instant from which t is measured may be chosen as
we please. Let us choose 0 at the point where the velocity is
horizontal and measure t from that instant. Then we have
(6.104) for f = 0, X = y — 0, ^ = 0.

Substituting in (6.102) and (6.103), we obtain

Xa - ya = 0
, Vo = 0

,

and so the equations of the trajectory become

(6.106) X = udt, y = —

Elimination of t gives the equation of the trajectory in the form

(6.106) y^ - St,^
2m8’

a parabola with its vertex at the origin (Fig. 71).
The focus F of the parabola is situated at a distance a = iul/g

below the vertex, and the directrix L is at the same height above
the vertex. At any point on the

- .L trajectory the speed q is given by

F
Fig. 71.—Parabolic trajectory,

with focus F, vertex 0, and
directrix L,

(6.107) gi! = *2 + ^2

‘=‘ul-2gy = 2g(a - y);

thiM the speed at any point P on the
trajectory is eqwd to the speed ac-
quired in free fall to P from rest at
the directrix L.

From this it follows that, when

p .rn+k j .Lt.

^ projectile is fired from a pointP mth speed go, the directrix of its parabolic trajectory isat ^e greatest height reached by a second projectile, Ld
noteliha^all

same speed go. In particular, wenote that all trajectories obtained by firing projectiles at various^^ations m one vertical plane, but with i common inTalspeed go, have a geometneal property in common, namely, acommon directrix.
»
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The axes shown in Fig. 71 are the simplest for the discussion of

general properties of the trajectory. But in ballistic problems

it is preferable to take the origin at

the point of projection and measure

the time from the instant of firing

(Fig. 72).

If a is the inclination of the initial

velocity to the horizontal, we have,

as in (6.102) and (6.103),

(6.108)
/ a: = ((^o cos o^t,

\y = (q'o sin o^t —
Fia. 72.-

roforrod to
jcotion.

-Parabolic trajectory'

tho point of pro-

The projectile strikes tho ground when y = 0, that is, when

(6.109) < = — sin a;
9

then

(6.110) a; = — sin 2a.
9

This is the range of the projectile. We note that it is a maximum
(for given qo) when a = 46®.

The greatest height attained by the projectile is obtained by

putting ^ = 0. Then, by (6. 108),

(6 . 111 )

t = 2i’ sin a, y sin"* a.

g
' ~ 2g

Limits of range.

Ijet us suppose that a gun gives

to a projectile a muzzle velocity

go. The gun can bo pointed in

any direction. What region in

space can be reached by the pro-

jectile?

Pig. 73.—Construction for tho

foci of tho two parabolic trajectories

passing through’ P.

The question may be answered analytically, but the most

elegant solution is geometrical.

Wo may confine our attention to one vertical plane through

the gun, which is at 0 in Fig. 73. First we ask: Where is the

focus of the trajectory passing through an assigned point P?

The answer is given by tho following construction:
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Fig. 74 .— Paraboloidal region “within
range.

**.r^**TAjf jvfo [Sec. 6.2

Draw the directrix L, at a height ^l/g above 0. Draw the
circle Co. with center: 0,. touching L at A. Since 0 is a point on
the parabolic trajectory, the focus must lie at a distance OA

y from 0, and so it must lie on
Co. Similarly, if the circle C
“ d^^awn with center P to

~ g touch L, the focus must lie

^
on C also. Hence the focus
must lie at an intersection of
the circles Co and C. In gen-
eral, there will be either two

Tj®,. , .j , .
* points of intersection. Pi and

range.
^ 2, or none. In the former

C XU r . i.

case,Pis within range and Pi,
t% are tbe foci of the two trajectories through it. In the latter
case, P IS out of range.

D
range, the circles Co and C touch. ThenP IS equidistmt from 0 and a horizontal lineii, drawn at a height

twice that of L, i.e., at a height gj/g. Thus the locus of P in
space IS a paraboloid of revolution, having 0 for focus and A for
vertex (Fig 74). All points inside this paraboloid are within
range, and all pomts outside it are out of range.

6.2. PROJECTILES tTITH RESISTANCE
General equations.

We turn now to the more practical problem in which the air
exerts on the projectile (still regarded as a particle) a force R

y acting in a direction opposite to
the velocity (Fig. 75).

I
la resolving forces and accel-

mg eration in order to obtain equa-
tions of motion in scalar form,

have a choice of two pro-
cedures: (i) resolution along

Pig 7fi *•
horizontal and vertical direc-

‘ and (ii) resolution along

... . ,
the tangent and normal to the

trajectory as in (6.103).

Denoti^ by 6 the inclination to the horizontal of the tangent
to the trajectory, we obtain by (i) the equations

Fig. 76.— The foroes aoting on a
projectile.
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(6.201) mz = —R cos d, mQ = —R sin 5 — mg.

Denoting by p the radius of curvature of the trajectory, we

obtain by (ii) the equations

(6.202) mq^ - —R — «ig sin = mg cos 0,
ClfS p

where q is the speed and ds an element of arc of the trajectory.

The equations (6.202) are, of course, only a different mathe-

matical expression of (6.201).

The resistance experienced by a given projectile depends on its

speed and on the density of the air. Hegarding the air as

stratified into horizontal layers each of constant density, so that

the density is a function of y only, we may express J? in the form

(6.203) R = Riy, q),

to show that it is a function of y and q only.

Since

(6.204) cos = -> sind = %
2 2

we may write (6.201) in the form

(6.205) X = -#*, ^ - g,

where # is a function of y, q, namely,

(6.206) $(y, q)
*

The mathematical problem of the determination of the

trajectory is made much more dijOdcult by the fact that there is no

physically valid formula expressing iJ as a function of q. For

am nil values of q, R varies as g; but this simple law breaks down

before we reach those velocities which are of interest in ballistics.

For low ballistic velocities, R varies as g*; but this law again

breaks down when the velocity of the projectile approaches the

velocity of sound. The law of dependence is then complicated

and can be represented only graphically or by tables of values

obtained experimentally. Hence, we must not expect to find any

simple formulas for trajectories. In general, (6.205) must be

integrated by a tedious process of step-by-step numerical integra-

tion. The differential equations are integrated approximately

over small intervals of time; the errors due to approximation

become insignificant when the intervals are very small.
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The difficulties involved in the above method lead us to do
what we so often do in applied mathematics—replace the com-
plicated physical problem by one that is simpler mathematically.
Thus, we shall confine our attention below to the case where R is

independent of y and devote particular attention to the oases
where R varies as or as q.

Resistance independent of height

If the resistance depends on the speed only, so that B = 12(g),
the problem is most easily attacked by means of (6.202). Let us
write

(6.207) R = mg0(g)

for convenience. Noting that B decreases as the arc length s
increases, we have p = --ds/dB, and elimination of ds from
(6.202) gives

(6.208) = ^(g) + sin ^

q dB cos B

This is called the equation of the hodograph, since g, B are the polar
coordinates of a point on the hodograph.

If we can solve (6.208), all desired information about the
trajectory may be obtained by quadratures. By (6.202), we
have

^

(6.209)

I ^ dxds _
dB dsdB

””

^ ^ _
dB ds dB

^

dB ds dB ”

— p cos g = —
g

-psine=
9

_ p _ sec 9

? g

Let us suppose that the projectile is fired from the origin at time
f = 0 with speed go at an angle of elevation Bn. Let

(6 .210
) q = /(^)

be the solution of (6.208), supposed known. Then integration of
(6.209) gives

I

* - jX'

(6JS11) L_ »[/(«)]> d«,

These equations express x, y, t as functions of one parameter 9
and so determine the trajectory.
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But we cannot use (6.211) until the function j(fi) is known,

i.e., until the differential equation (6.208) is integrated. If the

function i^(g) is general, the integration of (6.208) cannot even be

reduced to quadratures. For some special forms of <^(3) the

integration can be reduced to quadratures, and in some cases the

solution f(fi) can be expressed in terms of elementary functions.

We shall consider below the case 4>{q) — Cq^, but before making

this special choice of ^ we shall transform (6.208) by changing

to a new independent variable i/, defined by

tanh ^ = sin d.

It is easily seen that (6.208) transforms into

(6.212) = tanhiA + <^(g).

Resistance varying as the square of the velocity.

Let us take the law of resistance to be

(6.213) R = ing<t>{g), <l>iq) = Cg®,

where C is a constant. Division of (6.212) by ~ig* gives

this is a standard type of equation, with solution

(6.215) ^
= sech® ^ (A — 2(7 / cosh* f df)

= cos* 6{A — C tanh”‘ (sin 9)] — (7 sin B,

where A is a constant of integration, to be fixed by the initial

conditions.

Theoretically at least, the equations (6.211) now determine

the trajectory, /(0) being the reciprocal of the square root of the

right-hand side of (6.215). But it is evident that the calculations

involved are very complicated.

When the projectile moves in a vertical line, the problem

is much simpler. If i is a unit vector directed vertically upward

and the position vector of the projectile is yi, the acceleration is

0. The force of gravity is — mgi. The resistance is —mgC^*i

for motion upward iy > 0) and mgCyH for motion downward
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< 0).

(6.2I60)

(6.2166)

Since

we have

(6.217o)

(6.2176)

Hence the equation of motion is

^ — g for motion upward;
g = gCg^ — g for motion downward.

. dg

ydy _
1 +

-

ydy _
1 -

"

-gdy

-gdy

for motion upward;

for motion downward.

Thus, on integration,

(6.218a) y = — log (1 + Cy^) + A for motion upward,

(6.2186) y = log (1 — Cy^) + A' for motion downward,

where Aj A' are constants of integration.

Let us consider two special cases, corresponding to (a) a shell fired verti-
cally upward, and (6) a bomb dropped vertically downward.

(a) Let go be the initial velocity of the shell, fired from y « 0 Then
by (6,218o), we have

’ '

(6.219) y
1-f Cg?

l + Cy*

The height h to which the shell rises is found by putting y

(6.220) ^log (l+Ce

0; thus,

If the resistance is small, this gives, approximately,

(6.221) h =
9 9

in which the first term is the well-known expression for height attained under
no resistance.

(6) Let the bomb be dropped from y ^0 with no velocity. Then
(6.2186) gives

(®-222) y = ^log(l _Cy«),

y being, of course, negative. When the bomb has dropped a distance h
we have ’

log (1 - Cy*) - -HgCh,
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and hence its speed is

V
I —

Q

As h tends to infinity, g tends to This is the limiting velocity; its value is

(6.224) <7-i * gVmg/R,

where R is the resistance at any speed g.

Relations connecting y and t may be obtained from (6.216) by integration.

Thus, (6.216a) may be written

dy

l + Cy^
—gdi.

One integration gives y in terms of and a second integration gives y.

Resistance varying directly as the velocity.

Although the law of resistance

(6.225) R = mgCq,

is not accurate physically, it is so simple to treat mathematically

that it is a useful approximation—at least an improvement over

the assumption of no resistance at all.

Turning back to (6.206), we note that $ is now a constant

($ = gC), and the equations (6.205) are easy to handle, because

the variables x and y are separated. We obtain, on integration,

(6.226)

x = a:o + |(l-c-*0,

where xo, yo nre the coordinates and wo, t>o the components of

velocity for t = 0.

When $ is small, these equations yield approximately

{

X = Xo + Uot — H’uoi*,

y = yo+vot-
f")’

in which the terms independent of # correspond to the parabolic

trajectory.

6.3. HARMONIC OSCILLATORS

The simple pendulum.

A simple pendulum consists of a heavy particle attached

to one end of a light rod or inextensible string, the other end

of the rod or string being attached to a fixed point. We eon-
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sider only motions of the pendulum in which the string remains
in a definite vertical plane. In Kg. 76, jB is the point of attach-
ment and A is the particle (of mass m), drawn aside from its

B position of equilibrium 0. Oxy are rec-

tangular axes in the plane of motion, Ox
being horizontal.

The particle moves under the influ-

ence of two forces: (i) its weight mg, and
(ii) the tension S in the string. Since S
acts along the normal to the circular path
of the particle, it is clear that the dy-
namical problem presented by the simple
pendulum is precisely the same as that of
the motion of a particle on a smooth
circular supporting curve, fixed in a ver-
tical plane.

Let AB = I, O^A = B) then
Eeg. 76.—The simple pen-

dulum. (6.301) cos B = sin B = X

T
where z, y are the coordinates of A. The equations of motion
are

(6.302) mx = —S aia e, mg - 8 cos 6 — mg.

Let us investigate small oscillations about the position of
eqxiilibrium, assuming x and its derivatives to be small. Then
y and its derivatives are small, of the second order, and cos 0
differs from unity by a small quantity of the second order.
Thus, to the first order inclusive, the second of (6.302) gives

(6.303) 8 — mg,

and substitution from this and from (6.301) in (6.302) gives

(6.304) & + 'pH = 0, p =

The general solution of this differential equation is

(6.306) X = A (iQBpt + B sin pt,

where .4, B are constants, to be determined by the initial condi-
tions. A motion given by an equation of this form is called
simple harmonic.

Differentiation of (6.306) gives

(6.306) X = —Ap sin p< -f JSp cos pt.
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We note that x and x have the same pair of values at times

^ 1 , + 7", + 2t, + 3r, * • •

where h is arbitrary, and

(6.307) r =
V \g

When the position and velocity of a particle are repeated over
and over again at equal intervals of time, we say that the motion
is periodic; the interval is called its periodic time. Hence the

above motion of a simple pendulum is periodic, with periodic

time given by (6.307).

In Sec. 13.2 the finite oscillations of a pendulum will be
discussed, and it will be found that the finite oscillations are

periodic but not simple harmonic; the formula for the periodic

time is different.

The harmonic oscillator.

The simple pendulum, executing small oscillations, is only

one physical example of a type of d3niamical system of frequent

occurrence. Many problems of oscillation can be discussed

in a single mathematical form; so we create a single mathematical

model for them all. This model

is called the harmonic oscillator

(Fig. 77).

The harmonic oscillator consists

of a particle which can move on a straight line, which we shall

take for ®-axis. It is attracted toward the origin by a controlling

force varying as the distance. If i is a unit vector in the positive

direction of the a:-axis, the controlling force may be written

—mp^xi, where m is the mass of the particle and p is a constant.

The acceleration is and hence the equation of motion is

(6.308) mSi = —mphA,

or, in scalar form,

(6.309) i = 0.

The general solution of this equation may be written in the form

(6.305), that is,

(6.310) X = A cos pt + B Bm pt,

so that the moiion is simple harmonic.

mp X

Fig. 77.—The harmonic oscillator.
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Let us now define constants a, e by the equations

(6.311) a = + B*,

A . B
cos « = —;

. > Sin e •===•
VA* + VA* + 5*

Then (6.310) may be written

(6.312) a: = o cos (pf + «).

We observe that x covers the range (— o, a) and that the motion
is periodic with periodic time 25r/p. The following terminology

is used in connection with the harmonic oscillator:

amplitude = a,

period or periodic time = t = 27r/p,

frequency = number of oscillations per unit time

= l/r = p/2a-,

phase = pf + «.

Effect of a disturbing force.

Let us now suppose that, in addition to the controlling force,

there acts on the harmonic oscillator a force whose component
in the positive direction of the x-axis is mX. The equation of

motion (6.308) is now modified to the form

(6.313) mM. = — mp*xi + mXi,

or, in scalar form,

(6.314) i + p®x = X.

First let us suppose that X is constant. The general solution

of (6.314) is then

(6.316) X = p + a cos (p< + «).

This motion is simple harmonic, but the center of the oscillations

is displaced to the position x = Z/p®, as is seen by writing

(6.315) in the form

(6.316) X — ^ = 0 cos (p< + e).

When the oscillation or vibration has a high frequency, so that p
is large, the displacement of the center is small.
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Let us now suppose that X is itself simple harmonic, var3dng

according to the formula

(6.317) X = k cos ct,

where k, c are constants. Then the equation of motion (6.314)

reads

(6.318) £ + cos ct.

In the general case where c M p, the solution is

k
(6.319) a: = o cos (pi + «) + -j -5 cos ct,

p — c

where a, e are constants, to be determined by the initial condi-

tions. Thus the motion is a superposition of an undisturbed

simple harmonic motion and a second motion; the latter has the

same period as the force, and an amplitude which becomes large

when the difference between the periods of the free oscillator and

the disturbing force becomes small. The great increase in the

amplitude of the oscillations under this last condition is called

resonance. We shall discuss it again below, taking resistance

into consideration.

Damped oscillations.

Let us now suppose that, in addition to the controlling force,

there acts on the particle of a harmonic oscillator a force of

resistance proportional to the velocity, called the damping force.

The component of this force in the positive direction of the a>-axis

may be written —2mnd!, where ja is a positive constant. The

equation of motion (6.308) is modified to

(6.320) mdi — — mp%:i — 2mijdi,

or, in scalar form,

(6.321) £ + 2ni + p% = 0.

Now,

(6.322) X = Ce”*

will satisfy this equation provided that n satisfies the character-

istic equation

(6.323) ji* -f 2jttn -H p* = 0.
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This equation has two roots, which may be real or complex;

they are

(6.324) ni, Jiz = —M ± Vai® — P*-

Let us define a real positive number I by

(6.325) I = Vk -

the sign
| |

indicating absolute value. We have then two cases

to discuss: (i) light damping, ju < p; (ii) heavy damping, n > p.

Case (i) Light damping (ji < p).

In this case,

(6.326) ni, M - —ft ± il,

and the general solution of (6.321) is

(6.327) X =

This may be written

(6.328) X = e~i^{A cos K + 5 sin K),

where

(6.329) 1 = Cl + Oj, B = i{Ci - C*).

Since, for physical reasons, we are interested only in real values

of X, it is evident that, although the differential equation is

satisfied by (6.327) with Ci, Ca complex constants, we should

adopt as our final solution (6.328) with reed constants A, B.

These may be chosen to satisfy the initial conditions, i.e., to give

assigned values to x and i for < = 0.

The motion given by (6.328) may also be written

(6.330) X = cos Qi + «),

where a, € are constants chosen to fit the initial conditions.

This is not a simple harmonic motion, not being of the form

(6.312). The factor c"**' indicates a general decay of the oscillor

tions, X tending to zero as t tends to infinity.

By changing the instant from which t is measured, wo can get

rid of € in (6.330), obtaining the simpler expression

(6.331) X = ae”"* cos U.
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On plotting a; as a function of t, we obtain the graph shown in

Fig. 78. (The graph of the simple harmonic motion

a: = a cos U

is a cosine curve, resembling the above curve, except for the
latter’s tendency to die away.) The curve of (6.331) should be
compared with the curves

(6.332a) X =
(6.3325) X = —

X

Fia. 78.—Position-timo graph for a lightly damped harmonic OBoillator.

also shown in Fig. 78. It is easily seen that (6.331) touches

(G.332a) and (6.3325) at

(6.3330)

(6.3335)

. 2nir

^ (2n + l)7r
( = j

;

respectively, n being any integer.

We may regard (6.331) as a harmonic motion with decaying

amplitude, given by But the following is a more accurate

description.

The maxima and minima of (6.331) occur at instants t = tn,

where

tan a =
T(6.334)



166 PLANE MECHANICS [Sio. 6.3

n being aay.integer. The common interval is

(6.336) r =

thus 2n-/i may be referred to as the period of the oscillations.

The values of x corresponding to (6.334) are

(6.336) Xn = (— l)“a«r-<‘‘» cos a.

Thus successive values are connected by

(6.337) K — •«) ss —

The ratio of successive springs to opposite sides is, in absolute

value,

(6.338)
Xn+l

It is usual to define the logarithmic decrement of the damped
oscillation as the logarithm of the reciprocal of this ratio to base

10; its value is {'xp/l) logic e.

Case (ii) Heavy damping (y > p).

In the case of heavy damping, ive have, by (6.324),

(6.339) ni, nt = —y ± I,

and so the general solution of (6.321) is

(6.340) X = <r'“(^«“ + Be-").

Then,

(6.341) X = e->‘W - y)^ - B{1 + y)e-‘^].

This vanishes only if

(6.342) e*“
Bil + y)

AH - y)

Since is a steadily increasing function of t, there can be at

most one solution. Hence the velocity of the oscillator vanishes

at one instant at most. The motion is non-oscillatory, or

deadbeat, z tending to zero as t tends to infinity, since y> I

Forced oscillations.

Finally, let us suppose that a harmonic oscillator is subject to

(i) a controlling force {—mp^x),
(ii) a damping force {—2myx),
(iii) a disturbing force (nik cos at).
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The equation of motion is now

(6.343) & + Z/ti 4- p** = h cos d.

The general solution is

(6.344) X = Xi Xa,

where xi satisfies

(6.345) £i + 2nii + p*®i = 0,

and contains two constants of integration, while xa is any partic-

ular solution of

(6.346) £a + 2/iia + p^Xa — k cos ct.

Then Xi corresponds to the motion of the damped oscillator

without disturbing force; it is given by (6.330) or (6.340),

according as the damping is light or heavy.

As for Xa, (6.346) is satisfied by the expression

(6.347)

where

(6.348) E

Xa — B COS c< -h f'* sin d,

k(p^ — c*) p _ 2fidk

(p2 _ c^y + (2^)2» ^ (p2 _ + (2;„c)2'

This solution is most easily found by replacing cos ct by e*'*

in (6.346) and finding a complex constant G so that (re*'* is a

solution; *2 will then be the real part of this solution. Alter-

natively, we may substitute (6.347) directly in (6.346) to find the

constants.

If we define

(6.349)

cos 1
)
=

b =
V(P* - c*)* + (2mc)»

,2 _ «2

V(P* - ey + (2mc)*
smi? =

— 2/2C

V(p2 - C®)* + (2/ic)*

we may write (6.347) in the form

(6.350) Xa = b cos (c< + 2().

Thus the general motion of the damped oscillator under the

infiuence of the disturbing force is

(6.351) X - xi + b Qoaict + ij).
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As 00
^

thus after a long time the motion tends

to the forced oscillation

(6.362) 05 = 6 cos (ct + ri).

This is a simple harmonic motion of amplitude 6 and period

equal to that of the disturbing force, but there is a diflference

in phase.

If the period of the disturbing force is equal to the free period

of the oscillator, we have the case of resonance. Then c = p,

rj = “-
3^, aJid so

k k
(6.363) a: =^ cos (p< - -iTr) =^ sin pt,

the disturbing force being mk cos pt. The difference of in

phase is interesting.

6.4. OEIIERAL MOTION UNDER A CENTRAL FORCE

Cartesian equations and the law of direct distance.

Consider a particle of mass m attracted toward a fixed point 0
by a force mP. (We may include the case of repulsion by taking

P negative.) For rectangular Cartesian coordinates Oxy, tho

equations of motion are

(6.401) my =
mPy

;

r

where r® = a;* + y^. We refer to this as motion under a central

force, because the line of action of the force passes through a
fixed center 0.

As an application of (6.401), let us consider the law of direct

distance, meaning thereby that P is proportional to r. Lot us

confine our attention to an attractive force, putting

(6.402) P = k\

where A; is a constant.

Then (6.401) read

(6.403) & + k^x = 0, V + = 0;

these equations have the general solutions

(6.404)
(x = A cos kt + B sin kt,

\y == C cos kt + D eia kt.
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where the coefficients are constants, to be fixed by the initial

conditions.

If we solve (6.404) for cos kt and sin fci, and eliminate t by

the identity

cos^ kt + sin^ kt = I,

we get

(6.405) {Cx - Ayy + (Dx - ByY = {BC - ADy.

This is a central conic and necessarily an ellipse since x, y remain

finite, as we see from (6.404). Thus the orbit described under a

central attractive force varying directly as the distance is an ellipse

having its center at the center of force. This motion is called

elliptic harmonic.

To illustrate the significance of the constants in (6.404),

let us suppose that at time f = 0 the particle is at x = a, 2/
= 0,

moving with velocity vo in the direction of the y-axis, so that

X =s 0, y ^ Vq. Putting this information into the equations

(6.404), first as they stand and then in the form obtained by

differentiation, we get

a = A, 0 == C,

0 - B, vo = Dk,

and so the motion is given by

(6.406) X = a cos ^ ~ ^

Polar coordinates.

Returning to the general problem of motion under a central

force, we shall now obtain equations easier to handle than

(6.401)

. It is only in the case of the law of direct distance that

(6.401) are convenient.

Since the force on the particle passes through 0, it has no

moment about 0. Hence, by the principle of angular momentum

(5.214), the angular momentum about 0 is constant. We shall

change slightly the notation of Chap. V, now letting h denote

angular momentum per unit mass; then, by (5.106),

(6.407) h - - constant,

where r, $ are the polar coordinates of the particle. An alter-
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native expression for h is pg, where p is the perpendicular from 0
on the velocity vector q.

If we follow the radius vector, drawn from 0 to the particle,

we observe that when it turns through an infinitesimal nnglA dB
it sweeps out an area dB. Thus the areal velocity A may be
defined as

(6.408) i =

A being, in fact, the total area swept out from some initial

instant. We observe that h is twice the areal velocity, and by
(6.407) we have the following important result: In motion under a
central Jorce, the areal velocity is constant.

This fact is used to simplify the problem of determining the
orbit. We define

(6.409)
1

u = -I
r

the reciprocal of the radius vector. Then, since (6.407) may be
written

(6.410)

we have

(6.411)

6 = Aw*,

[a = —h—
u^dB ds’

1 „ idhi . ,, , dhi
~ W’

The vector equation of motion is

(6.412) mi — mP,

where P is the attractive force per unit mass. Resolution along
the radius vector gives, by (4.107),

(6.413) f - r<>* = -P,

where P is the inward component of P. By (6.411), wo obtain

(6.4U) g +
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This is the differential equaiion of the orbit of a ’particle mooing

under an aitractwe central force P per unit ‘mass. If we can solve

this equation, obtaining u as a function of 6, we have the equation

of the orbit in polar coordinates.

Henceforth, let us suppose that P is a function of r only. It

is easy to see that the work done in passing from one position to

another is then independent of the path described. Thus the

system is conservative, and we may use the principle of energy.

Let T, V, E be respectively the kinetic energy, potential energy,

and constant total energy, all per unit mass. Then

(6.415) T + V = E.

Now, by (6.411),

(6.416) T = ^(r* +

The potential energy per unit mass is such that

P = — grad V,

so that, since P is the inward component of P,

(6.417) J>-f, V.jlPdr,

where ro is some constant. Hence, (6.416) gives

This equation is really equivalent to (6.414), as may be seen on

differentiation. We are, of course, to remember that F, being a

function of r, is also a function of u.

Apsides and apsidal angles.

An apse is a point on an orbit at a maximum or minimum

distance from the center of force. The condition for an apse is

# = 0, or, equivalently,

(6.419)
du
do

= 0.

From (6.418) it foIlowB that, at an apse.

(6.420)
2(g-V)

i’
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Since 7 is a function of u, this is an equation to detennine the

values of u at the apsides, supposiag the constants E and h

known.

As an illustration, let us return to the case P = Then

(6.421) =

and so (6.420) may be written

(6.422) ~ ^
~ ~

This quadratic equation in u® 3delds roots mJ, m|, which will

be the squares of the reciprocals of the seixuaxes of the elliptical

orbit.

By a study of apsides, we may obtain a general description of

an orbit without actually solving the diBFerential equation (6.414).

To establish an important feature, let us temporarily forget the

dynamical problem and think of a differential equation

(6.423)

to be solved under the initial conditions y = yo, dy/dx = 0 for

X = 0. These initial conditions de-

termine a unique solution. Since the

transformation x = —x' leaves the

form of the differential equation and
the initial conditions unaltered, it is

evident that the curve 2/
= /"’(a:), which

satisfies (6.423) and the initial condi-

tions, is symmetric with respect tf) the

2/-axis.

Since P is a function of «, it is clear

that (6.414) and (6.423) arc equations

of the same form, with the correspond-

ence u-*y, e~*x. If wo mcjisurc 0

from an apse, the initial conditions

for (6.414) are the same as those for (6.423). Hence, a central

orbit is symmetric with respect to the line drawn from the force

center to an apse.

This result throws much light on the general structure of a
central orbit. Let A and B (Fig. 79) be consecutive Sipsides, and

D
Fig. 79.—Symmetry of a

central orbit with respect to an
apse lino.
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let us suppose that the portion AB of the orbit is known. The
orbit is symmetrical about OB) hence, we may obtain some more
of the orbit by folding the portion AB over the line OB, obtaining

BC, with an apse at C by symmetry. The apsidal distance OC
is equal to the apsidal distance OA. Again, folding BC over OC,
we get CD with an apse at D, and OD = OB.
The following facts are now clear:

(i) Any central orbit has only two apsidal distances. The
orbit is a curve touching two concentric circles, the radii of which
are the two apsidal distances.

(ii) Once the orbit between two consecutive apsides is known,
the whole of the orbit may be constructed by operations of fold-

ing over apsidal radii.

(iii) The angle subtended at the center by the arc joining

consecutive apsides is a constant. It is called the apsidal

angle.

In some cases, (i) may be violated. The radius of the inner

circle may be zero, o]^ that of the outer circle may be infinite

But these are to be regarded as exceptional cases.

Let us now consider how the apsidal angle is to be found.

When u is increasing, (6.418) gives

(6.424) ^ = Vm,
where

(6.425) F(«) =
~

- uK

Thus

dd
du

VW'
and so, if iti, are the reciprocals of the apsidal distances (with

< Ui), the apsidal angle a is

(6.426) a = p““‘ dd = r*’—
Jui ^/F(u)

As an illustration, let us consider the law of direct distance,

where V is given by (6.421). Here F(u) is of the form

Fiu) = - u%
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where A and B are constants. But F^u) — 0 at an apse; hence

u =‘ Ui, u — Ui are roots of F{u) = 0, and so

F{u) =
(ui - - uf)

M*

Thus, by (6.426),

u iiu j

(6.427) a — t4®)(w* — wf)

as we already knew from the fact that the orbit is a centra.!

ellipse.

Stabilily of circular orbits.

In a circular orbit u is constant. Hence by (6.414) the
possible radii of circular orbits are determined by

(6.428) u
_P(u)

hhi^'

With an attractive force (P > 0), we can obtain a circular orbit

of any radius, by projecting the particle at right angles to the
radius vector with that velocity which makes

(6.429) h* =
P(u)

u*

But the question arises: Are these circular orbits stable or
unstdblet In other words, if slightly disturbed, will the resulting

orbit lie-close to the original circular orbit, or will it deviate far
from it? This question is important physically, because in
nature small disturbances are always present, and they will
destroy an unstable circular orbit. The only circular orbits wo
c»>n hope to observe are those that are stable.

It should be clearly understood that we shall not con.sidor the
effects of disturbing forces which contimte to act on the part.icle ;

we assume that the position and velocity of the particle havo
been disturbed and investigate the resulting motion under the
original central force.

Let « = Uo and A = Ao in the circular orbit. Then, by (6.429)

,

(6.430)
P(uo)

Mo

To study the disturbance, we put

(6.431) « = «o +
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where J and its derivatives are assumed to be small. We also

assume that h — ha is small. Substitution in (6.414) gives

I ,, I

. P(r^o + |)(6.432)

Now, on c.xpansion in powers of

/>£+» " sis (‘ + i) + ff! + •

)

whore P' = dP/du, and the subscript 0 indicates evaluation
for u = Wo.

Then, to the first order in small quantities, (6.432) becomes

(6.434) ^ = B,

where

(6.436) A 1 -
h%Ug \p

0

Wo/
= 3 - WoPJ

IV'
by (6.430) ;

B is another constant whose value does not interest

us. The solution of (6.434) is

(6.436a) f 2 + Cl cos (\/Z fl) + Ca sin (-v/ri • 0),

(6.4366) { = ^ + Cl cosh (^/—A • ff) + sinh (V— ri 0),

(6.436fi) { » + Ci0 + Ct,

according as ri > 0, ri < 0, or ^4 =0.
Of tluwe solutions, only (6.430a) remains permanently small;

the othctrs incTcaae indefinitely with B. Hence ffio circular orbit of

nulius 1/uo M stcd}le if, and only if,

(6.437)

In particular, lot us consider the case of a forco varying

inversely as the nth power of the distance so that

P = i = ku\
•*!>

(6.438)

Then
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and so (AtcuUlt orbits under the oMractive force (6.438) o/re stable

if, and only if,

(6.439) n<3.

Thus the law of direct distance (w = —1) and the law of the

inverse square (n = 2) give stable circular orbits; the law of

the inverse cube (n = 3) gives unstable circular orbits.

6.5. PLANETARY CEBITS

The law of the inverse square.

As already remarked in Sec. 3.1, Newton's law of gravitational

attraction states that two particles of masses m, m', at a distance

r apart, attract one another with equal and opposite forces of

magnitude

(6.501)
0mm'

r2
^

where 0 is the gravitational constant.

Coulomb's law of electrostatic attraction states that two
particles carrying electric charges e, c' (in electrostatic, units),

at a distance r apart, repel one another with equal and opposite

forces of magnitude

(6.502)

If e and e' have opposite signs, this force is a force of attraction.

Here we have two examples of the law of the inverse sqiiarc.

The law (6.501) governs astronomical phenomena—^in particular,

the motion of a planet round the sun. The law (6.502) govcm.s
atomic phenomena—^in particular, the motion of an clcc.trou in

an atom about the central nucleus. In this case, of course., thes

charges e, e' have opposite signs, so that the force is one of
attraction, as in the gravitational case. It is remarkable that
the same form for the law of attraction should hold on such
different scales.

The expressions (6.501) and (6.502), combined with Newton’s
law of motion, constitute two hypotheses regarding phenomena
in gravitational and electrostatic fields. For a long time, they
were accepted as completely valid from a physical point of view,
but that is no longer the case. The modem astronomer knows
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that gravitational attxaction should be discussed in terms of the

gcuu'ral theory of relativity, and the physicist insists that prob-

lems on th<‘ atomic scale belong to quantum mechanics. It

wouUl, however, creat<? a completely false impression if we were

to say that the law of the inverse square has disappeared from

modern sci(*u(‘(‘. N(^arly all the cahiulations of astronomers

ar(‘ still bast'd on ((>.501) and give results in excellent agreement

with ob.s('rvat ion. Mort'over, tlwj physicist often falls hack on

the simple atomic picture !)tiscd on (0.502) and Newton’s law

of motion.

In what follows, we shall discuss the motion of a planet

attracti'd by t he sun. Obviously, by a nuirti change of constsint,

th(^ sjime rt'usoning will apply to the motion of an electron in

an atom.

Determination of the orbit

'rhe sun and a plaiu't am regarded as particles, of m!uss<«

M and m, n'spi'r'tively. The attrardiion of th(» sun on the planet.,

given i)y (b.SOl), produces an acriclerat.ion and the

attract,ion of the plamd, on the sun produces an jwiceleration

'^ht^s<l ac<«'lerationH arc in the ratio M/m, which is

actually a v('ry larger numlxu'. Hence, without any srjrious

d<'pnrt.ur(( from realit.y, w(^ may negUrct the accehu'ation of tlur

sun and treat it jus if it were at rest. Later W(5 sludl see how to

treat t lu* probh'in (ixiwtly.

VVe consider then the case of a partirdc attracted towanl Ji

center by a forcr* I* per unit mass, where

(15.503) P =
r*’

ju iKfing sonm positive constant. The diffiinmtial equation

((>.•114) for the orbit now nwuls

((5.504)
(Pu

'd¥
4-

«

W
Th(( general solution is

(0.505) u =* +• C' cos {9 — Oo),

where (7 and Oa are constants of integration. This is, in polar

exmdinnU's, the. (-(1110110% of the most general orbit desmited nwlar

a central force varying as the inverse square of the distance.
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The potential energy per unit maas is

(6.506) V = iPdr = - -nu,

the constant of integration being chosen to make V vanish at

infinity.

Let us now substitute from (6.505) in (6.418), the equation

of energy, in order to express the constant C in terms of E and h

(the total energy and angular momentum per unit mass). We
get

02 + ^* + 2C^ cos (0 - »o) = ^ [s + + ixC cos (0 -

so that

(6.507) C* = ^ f•

By rotating the base line 0 = 0, we can make = 0 and

C > 0 in (6.505) ;
this we shall suppose done. Then the equation

(6.505) for the orbit reads

(6.508) “ = + -^1 +^ cos e).

From the focus-directrix property of a conic, we know that

its equation in polar coordinates may be written

(6.509) tt = ^
(1 -H e cos 6),

where I is the semi-latus-rectum (i.e., half the focal chord parallel

to the directrix) and e the eccentricity; 8 is measured from the

perpendicular dropped from the focus on the directrix. The
conic may be of any of the following types:

ellipse (e < 1),

parabola (e = 1),

hyperbola (e > 1).

In the case of the hyperbola, (6.509) gives only the branch adja-

cent to the focus.

Comparing (6.508) and (6.509), we note that it is always

possible to bring the equations into complete agreement by
choosing for I and e the values
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(6.510) e =

Accordingly, we may say: The orbit describe by a particle,

aMracted to a fixed center by a force varying as the inverse square

of the distance, is a conic having the center of force for focus. The

s&midaius-rectum and the eccentricity are given by (6.510) in terms

of the angular momentum and energy per unit mass. The orbit

may be of the following types:

ellipse (E < 0),

parabola (E = 0),

hyperbola (E > 0).

The fact that orbits may be classified thus in terms of the total

energy is remarkable.

The most important orbits in astronomy (those of the planets)

are ellipses. Recurring comets describe orbits which are elon-

gated ellipses, approximating to parabolas. A body with a

parabolic or hyperbolic orbit would pass out from the solar

system, never to return.

Constants of the elliptical orbit

Lot UB now confine our attention to the elliptical orbit. Since

the orbits of the planets are of this type, a great wealth of

technical detail has been developed about the elliptical orbit.

Wo shall here give only a brief treatment.

It is evident from (6.509) that the shape and size of an orbit

(but not its orientation in space) are determined by the two

constants I, e. These are related to the constants E, h by

(6.510)

. Thus, of the various constants which appear in our

equations, we arc to regard ft (the intensity of the force center)

as given once for all, whereas the constants I, e, E, h take differ-

ent values for different orbits. On account of (6.510), only two

of these constants are independent. We may use as an inde-

pendent pair any two which prove convenient.

Instead of using (I, e) as fundamental constants, it is better

to use (a, e), whore a is the semiaxis major of the orbit. Now,

(6.511) Z = ^ = a(l - e»),

b being the semiaxis minor. We shall refer to (a, e) as the

geometrical constants of an orbit and (E, h) as its dynamical
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constants. The fonnulas of transformation from one set to

the other are as follows:

(6.612)

® “ 2E’

L
,
2Eh^

" = V ’

hd li 1 h = iJLa{l — e^)

There is a simple formula giving the speed q at any point

of the orbit in terms of the radius vector. By the equation of

energy, we have

Substituting for E from (6.512), we obtain

(6.613) -0
-
1}

The periodic time.

We now ask: How long does the particle take to describe the

elliptical orbit? This time is called the periodic lime (r). We
seek an expression for t in terms of the fundamental constants.

The periodic time cannot be obtained from (6.414), because

the time has been eliminated from this equation. We refer

instead to (6.408), which gives for

the areal velocity

A. — ^h.

If is the focus at which the cen-

ter of force is situated, it follows at

once that the particle describes an

arc YP, starting from the vertex*

V nearer to F, in a time 2A/h,

where A is the area of the sector subtended at F by this arc.

(Fig. 80) . Following the point P ri^t round the orbit, we get for

Fig. 80.—The rate of mcroaso of A
is constant.

the periodic time

(6.514)
2A
A'

* The vertex V is called perihelion—the point closest to the sun—the

other vertex being caUed aphelion—^the point away from the sun.
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where A is now the total area of the ellipse. We might sub-

stitute A = irab] but, to be systematic, we should express r

in terms of either the geometrical constants or the dynamical

constants. Since

b = a Vl “ 6*,

we obtain, by some easy calculations,

(6.515) T = 25r
..P = »

(We remember that JS? < 0 for the elliptical orbit.)

It is remarkable that the formula involves only one geometrical

constant or one dynamical constant. All orbits with the same

semiaxis major have the same periodic time; so also have all

orbits with the same total energy.

Kepler’s laws.

Before the mathematical theory given above had been devel-

oped by Newton, Kepler deduced the following laws of planetary

motion from a carrful study of the results of astronomical

observations:

I. Each planet describes an ellipse with the sun in one focus.

II. The radius vector drawn from the sun to a planet sweeps

out equal areas in equal times.

III. The squares of the periodic times of the planets are

proportional to the cubes of the semiaxes major of their orbits.

Starting from Newton’s law of pavitation, we have shown

that all these statements are true. But it is interesting to adopt

the historical point of view and face the problem as it presented

itself to Newton: Owen Kepler’s laws as a staiement of fact, what

is the law of gravitational attractionf

Law II tells us that h—the angular momentum per unit mass^
is constant, and hence that the force must be directed toward

the sun. From Law I, we know that the equation of an orbit

may be written

M = i (1 -1- e cos 6).

Then by (6.414) the force per unit mass is

(6.616) P .
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Thus for each planet the force varies inversely as the square of

the distance. But it remains to prove that the force is of the

form

(6.517)

where m is the mass of the planet and ju a constant, the same for

all the planets. To show this, we appeal to Law III. Wc
know that for an elliptical orbit, described imder a central force

directed to a focus,

2wdb

and so

a» A*

But, by Law III, this is a constant, the same for all planets.

Thus hyi is the same for all planets; and so, by (6.516),P = nu^,

where p is the same for all planets. Hence (6.517) is true, and
Newton’s law of gravitation is thus deduced as a consequence
of Kepler’s laws.

If Kepler’s laws were accurately true, we should have to

regard the sun as fixed and the planets as attracted only by
the sun. More precise measurements show that Kepler’s laws
are only an approximation and that the inverse-square law of

attraction holds for every pair of bodies. It is fortunate that
the observations of Kepler’s time were crude, because otherwise

the simplicity of the law of gravitation would have been obscured.

The two-body problem.

An accurate dynamical treatment of the solar system involves

complexities far greater than those encountered in the above dis-

cussion. First, the sun is accelerated by the attractions of the
planets; secondly, the mutual attractions of the planets influence

their motions. A full treatment of the problem belongs to the
subject of celestial mechanics, and we make no attempt to discuss

it here.

We may however ask: Whai is the behavior of two bodies which
aMract one another according to the law of the inverse sguaret This
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problem presents itself in nature in the case of a double star and
in the problem of the moon’s motion relative to the earth, the

attraction of the sun being neglected.

We showed in Sec. 6.2 that, if there are no external forces,

the mass center of a system moves in a straight line with con-

stant velocity, relative to a Newton-
ian frame of reference. We can then

take another Newtonian frame in

which the mass center C is at rest.

We suppose this done for the two-body

problem in Fig. 81.

Let m, m' be the masses of the par-

ticles, r, r' their position vectors rela-

tive to C, and i a unit vector drawn parallel to the line joining m'

to m. Then the equations of motion are, in vector form,

m

problem.

(6.518)

Gmm
(r + /)*

6mm' .

(r -I- /)*

Now, from the definition of mass center.

(6.519)
m _ ^ _ m + m'

^

V ~
r
~

r + r'
’

hence (6.618) may be written

(6.520)

mS — GmM'
i, M' = m>9

Om'M.
r'i

M =

(m -h m')*

m*
(m -f m'Y

But these equations have the form of equations of motion under

central forces varying as the inverse square of the distance.

Therefore, each body moves about the fixed mass center as if attracted

to it by the gravitational force duo to a mass M' in the first case

and a mass M in the second case.

To find the motion ofm relative to m', wo note that the relative

position vector is

(6.521) R = r - r'.



184 PLANE MECHANICS [Sue. 6.6

Thus, by (6.518),

it „ m Om(m + in'),
(6.522) wiR — Tivc ““ 171

X

—
, ^^2

since R = r + r'.

This result may be expressed as follows: The motion of one of

the bodies (m) relaiive to the other (m') takes place precisely as if

the latter were fixed and its mass increased from m' tom + m'.

It is evident from symmetry that, when a particle is attracted

by a fixed center 0, its orbit lies in a plane, i.e., the plane contain-

ing 0 and the initial velocity vector. In the case of the two-body

problem, the orbits both lie in one plane when viewed in a frame

of reference in which the mass center C is fixed. But in any other

Newtonian frame the motion appears very complicated.

6.6. SUMMARY OF APPUCATIORSm PLANEDYNAMICS—MOTION
OF A PARTICLE

1. Ballistics.

() No resistance; the trajectory is a parabola.

() Resistance independent of height [/? = mg^i<f)i\) the

trajectory may be found by quadratures when the following

differential equation of the hodograph has been integrated:

(6.601)
1 dq _ ^(g) ~1~ sin 6

qW
~

cos d
or

1^
qd^

= tanh ^ + <l>(q).

(c) Resistance proportional to g®; (6.601) may be integrated

in terms of elementary functions, but the complete determination

of the trajectory is very complicated. Motion in a vertical

line is easily determined.

(d) Resistance proportional to g; the trajectory is easily

found.

n. Hkrmonic oscillators.

(o) Simple harmonic oscillations:

(6.602) x + p^x - 0,

(6.603) X = A(iOBpt + B sin pt, or x = o cos (pt -H e)

;

= ^ = 2x^ for simple pendulum^.

(6) Oscillations with disturbing force mX:

(6.604)

X = constant; center of oscillation displaced.
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k
(6.605) X = k cos ct; x = a cos (pt + «) H—; s cos ct.

p‘ — c*

(c) Oscillations with damping (—2mni)

:

(i) Light damping (/t < p) or oscillatory:

(6.606) X = aer'‘‘ cos (ft + e), I = Vp* —

(Ratio of successive swings to opposite sides = 6~"^'.)

(ii) Heavy damping (ji > p) or deadbeat:

(6.607) X = I = Vm* - P®.

(d) Forced oscillations (periodic disturbing force mk cos ct)

:

after a long time the motion approximates to

(6.608) a: = 5 cos (ct + rj),

where b and ij are independent of the initial conditions.

m. General motion under a central force (mP toward center),

(a) Equations of motion:

y
r ’

(6.609) X
r

‘

(dhi
+ U

P
(6.610) {de^

u= = pg = 1

(6.611)
1

fduY ,+“ 2(E-
¥

1
M = -:

r’

(b) Orbit symmetric with respect to apse line.

(c) If P = AjV, the orbit is a central ellipse.

IV. Planetary orbits.

(a) The orbit under an attraction mn/r^ is a conic section with

one focus at the center of force: ellipse for JS < 0, parabola for

E = 0, hyperbola for E > 0.

(b) For elliptical orbit

(6.612)

(6.613)

I

r
1 + e cos I = a(l — e*);

E — — h = Vpa(l — e*),

I
periodic time = r = 2ir



186 PLANE MECHANICS [Ex. VI

V. Two-body problem.

Relative motion is the same as if one body were held fixed and

its mass increased to the sum of the two masses.

EXERCISES VI

1. A particle is projected upward in a direction inclined at 60® to the

horizontal. Show that its velocity when at its greatest height is half its

initial velocity. (Neglect the resistance of the air.)

2. A particle of mass m moves on a straight line under the influence of a

force directed toward the origin 0 on the line and proportional to the dis-

tance from 0; the force at unit distance is of magnitude mA;®. The particle

passes 0 with a velocity u. If x is its coordinate at time if and v its velocity

at that instant, show that i;* -H = uK
3. Prove by a general argument, not involving any particular law of

resistance, that a body thrown vertically upward in a resisting medium will

return to the point of projection with a velocity less than that with which it

was projected.

4. A gun is moimted on a hill of height h above a level plain. Show
that, if the resistance of the air is neglected, the greatest horizontal range for

given muzzle velocity V is obtained by firing at an angle of elevation B such

that

cosec® ^ « 2(1 -H gh/V^).

5. Find the greatest distance that a stone can bo thrown inside a hori-

zontal tunnel 10 feet high with a velocity of projection of 80 feet per second.

Find also the corresponding time of flight.

6. In a resisting medium two identical bodies arc let fall from the same
position at instants separated by an interval t Show that the distance

between them tends to the limit t?<, where v is the limiting velocity.

7- Calculate the rate of loss of energy (kinetic -f potontitU) for a damped
harmonic oscillator vibrating as in (6.330).

8. A spring with compression modulus X supports a mass r/t. Show that

the period of vertical oscillations under gravity is 27r -vZ/rti/x, whore I is the

natural length of the spring. (The compression modulus is the ratio of the

force producing compression to the compression per unit length.)

9. A particle moves in a plane, attracted to a fixed center by a force

varying as the inverse cube of the distance. Find the equation of the orbit,

distinguishing the three diflerent cases which may arise.

10. A particle is attracted toward a fixed center by a force ju/r* per unit

mass, ju being a constant and r the distance from the center. It is projected

from a position P with a velocity of magnitude go, making an angle a with

OP. Aasuming that OP < 2ju/go, show that the orbit is an ellipse; determine

(in terms of n, go, ot and the distance OP) the eccentricity of the orbit and
the inclination of the major to OP.

11. A particle moves under the influence of a center which attracts with a

force [(6/r®) + (c/r^)], h and 0 being positive constants and r the distance

from the center. The particle moves in a circular orbit of radius a. Prove

that the motion is stable if, and only if, > c.
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12. A particle of mass m moves in a central field of attractive force of

which the intensity is

where is a constant. Prove that a circular orbit of radius r is stable if, and

only if, r* < 4.

13. Deduce the following relations for an elliptical orbit under the New-
tonian law of attraction:

r « a(l — e cos E)^

ilf 5= ^ — 6 sin jS,

where r is the radius vector drawn from the center of attraction, a the

semiaxis major of the orbit, E the eccentric anomaly, and M the mean
anomaly. (These anomalies are angles, defined as follows. Let 0 be the

geometrical center of the orbit, V its perihelion, and P the position of the

particle at time t. Then E is the eccentric angle of P—^vanishing when P
is at V. To define Af, we consider a point moving on the orbit with con-

stant angular velocity about 0, starting from V with P and completing the

circuit in the actual periodic time. If Q is the position of this point at time

i, then the value of ilf corresponding to P is the angle QOF.)

14.

A simple pendulum of mass m and length a is hanging in equilibrium.

At time i = 0 a small horizontal disturbing forceX comes into operation and

continues to act, varying with time according to the formula

X = sin 2ptf

where ^ gja. Find a formula giving the position of the pendulum at any

time.

16.

A body of mass m is projected vertically upward in a medium for

which the resistance is If the initial velocity is vo, show that the

body returns to the point of projection with a velocity vi such that

,2 ^
^ g-hkh;l

16. Mud is thrown off from the tiro of a wheel (radius a) of a car traveling

at a speed F, where 7* > ga. Neglecting the resistance of the air, show

that no mud can rise higher than a height

go*

27*

above the ground.

17. A shell is fired vertically upward with speed qo. The resistancuj in

mgCq^. Show that it attains its greatest height at time <, given by

tan (fft s/d) “ go VC.

Deduce that, no matter how largo go may be, i cannot oxcood

18. A particle of mass m describes an elliptical orbit of somiaxis major a

under a force mjic/r* directed to a focus. Prove that the time average of
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reciprocal distance is

1 rdf ^ 1

T J r “ a

and deduce that the time average of the square of the speed is

The integrals are evaluated for a complete revolution.

19.

A bomb is dropped from an airplane flying horizontally at a height h
with speed 17. Assuming the linear law of resistance R » mgCq as in

(6.225), and further assuming that this resistance is small, show that the
time of fall is approximately

Show also that the horizontal distance through which the bomb falls is

approximately

20. In the problem of two bodies attracting according to the inverse square
law, there are four orbits: the orbits of either body relative to the other and
the orbits of either body relative to the mass center. Show that all four

orbits have simultaneous apsides and the same eccentricity.

21. Two particles of masses m, m' distant a apart arc projected with
velocities q, q', respectively; the directions of projection and the lino joining

the particles are mutually perpendicular. Find the condition that the
relative orbits under their mutual attraction may be ellipses; assuming the
condition to be satisfled, find the periodic time.

22. The motion of an oscillator may be represented graphically in a plane,

X being shown as abscissa and x as ordinate. The history of the oscillator

is then a curve. Show that for an undamped harmonic oscillator this

curve is an ellipse, and for a lightly damped oscillator it is a curve spiraling

in to the origin. Investigate the curve for a heavily damped oscillator, and
show that it will be a straight line through the origin for special initial

conditions.



CHAPTER VII

APPLICATIONS IN PLANE DYNAMICS—MOTION OF A
RIGID BODY AND OF A SYSTEM

7.1. MOMENTS OF INERTU. KINETIC ENERGY
AND ANGtJLAR MOMENTUM

Defixiition of moment of inertia and some direct calculations.

The moment of inertia of a particle about a line is defined

as 7 = where m is the mass of the particle and r its per-

pendicular distance from the line. The moment of inertia of a

system of particles is defined as the sum of the moments of

inertia of the separate particles. Thus,

(7.101) ^ = X
t-l

if the system consists of n particles of masses mi, ma, • • • m„,

situated at distances rx, ri, • • • r„ from the line about which the

moment of inertia is taken.

It is evident that the method of decomposition is applicable

to moments of inertia. Thus, if a system is split into two parts

with moments of inertia Ji and 1%, the moment of inertia of the

complete system is

(7.102) / = Ji + li.

It is convenient to define a length h called the radius of gyration.

If a system of total mass m has a moment of inertia 1, the radius

of gyration k is defined by the equation

(7.103) mfc* = I.

When the system consists of a single particle, it is evident that

the radius of gyration about any line is simply the distance from

the line.

In the case of a continuous distribution of matter, the definition

(7.101) passes over into

(7.104) 1 = /r* dm,

where the integration sign indicates the limit of a process in

which the system is divided into a great number of very small

parts, and the sum taken; dm is the mass of an infinitesimal

189
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element, and r is its distance from the line about which the

moment of inei-tia is to be found.

Moment of inertia has the dimensions [ML^] and is measured in gm. cm.*

in the c.g.s. system and in lb. ft.* in the f.p.s. system. The square of the

radius of gyration has the dimensions [moment of inertia]/[mass], or [ML*]/

[M], i.e., [L*]. Thus radius of gyration has dimensions [L] and so is a
length.

Let us now calculate some simple moments of inertia.

Hoop, It is evident that the moment of inertia of a thin

hoop of mass m and radius a about a line through its center

perpendicular to its plane is ma^.

Rod, Let us calculate the moment of inertia of a uniform rod

of mass m and length 2a about a line through its center per-

pendicular to its length. Taking the rod for a;-axis, with the

origin at the center of the rod, the mass of an element dx is

dm

Hence, by (7.104), we have

m dx

2a

(7.105) 7 =

Rectangular plate. Consider now a uniform rectangular plate

of mass m and edges of lengths 2a, 2h, We wish to calculate

the moment of inertia about the line in its plane passing through

the center and parallel to the edge 26. We imagine the plate

split into thin strips parallel to the edge 2a. Let dm be the

mass of a strip. Then the moment of inertia of the strip is

ia^ dm, by (7.105), and hence the moment of inertia of the whole
plate is ^ma^.

Circular disk. We wish to find the moment of inertia of a
uniform circular disk of mass m and radius a about a line through
its center perpendicular to its plane. We imagine the disk split

up' into thin rings by a great number of circles concentric with the

boundaiy. If r, r + dr are the inner and outer radii of a ring,

the area of the ring is 2rr dr, and its mass is

dm = m *

2rr dr

The moment of inertia is

(7.106) 7 = J*
r^ dm === J^^r^ dr - ima^.
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Circular cylinder. The moment of inertia of a solid circular

cylinder about its axis follows immediately from (7.106). For
we may imagine the cylinder split up by planes perpendicular
to its axis into a great number of thin disks. When we add
together their moments of inertia, we
get I = ^na^, where m is the mass of

the cylinder and a its radius. The
length of the cylinder does not appear
explicitly in the formula.

Sphere. To find the moment of in-

ertia of a solid sphere of mass m and
radius a about a diameter, we imagine
it split into thin circular disks by
planes perpendicular to the diameter
in question. Figure 82 shows the sec-

tion of the sphere by a plane through
the diameter (Ox) about which the moment is to be calculated.
If p is the density of the material, the mass of the disk between
planes at distances x, x + dx from the center is

P • Try* dx,

where y is the- radius of the disk. By (7.106), the moment of
inertia of the disk is

dl = Itrpy* dx.

But = a^ — »*, and so

I = irrp 1*“ (o* — a:*)* dx = TfxTrpO®.
mr^Ct

But
771 =

and so the moment of inertia of the sphere is

(7.107) / = |ma2.

Exercise, Show by the theory of dimensions, without calculations, that
the above moments of inertia of the hoop, the rod, the circular disk, the
circular cylinder, and the sphere are all necessarily of the form Cma-, where
C is a pure number.

Theorem of parallel axes.

The theorem of parallel axes gives us an easy method of cal-

culating the moment of inertia of a system about any line,

when the moment of inertia about a parallel lino through the
mass center is known. Figure 83 shows a projection onto a

into thin circular disks for the
oaloulation of moment of
inertia.
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plane perpendicular to the two lines, O' being the projection of

the line through the mass center and 0 the projection of the

, other line. Introducing parallel co-
^ ^ ordinate axes as shown, let (a, 6) be

the coordinates of O’ relative to 0.

If X, y are the coordinates of any

point relative to the axes Oxy, and

r ^ x', y' the coordinates' of the same

„
^ b point relative to O'x'y', then

I"!®. 83.—Coordinates for the (7.108)
proof of tite theorem of parallel

With the notation used at the

beginning of this section, the moments of inertia about the lines

through 0 and O' are, respectively,

(7.109) + j^*).

Then, by (7.108),

(7.110) ^ + o)* + (y* + 6)®]

= r + m(a* + 6*),

X = a;' + a,

y = If' + 6.

where m is the total mass of the system, since

Fig. 84.—Rod and sphere:

the moment of inertia about L
is required.

0

from the definition of mass center.

We may state (7.110) in words as

follows: The moment of inertia of a

system about an axis L is equal to the

moment of inertia of the same system

about an axis through the mass center

parallel to L, together with the moment

of inertia about L of a particle with a

mass equal to the total mass of the sj/s-

temy placed at its mass center.

As an application of this theorem of parallel axes, we note that

by (7.106) the moment of inertia of a rod of length 2a about a

line through one end, perpendicular to the rod, is ^ma^.
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As another application, suppose we wish to find the moment of

inertia about the line L of the apparatus shown in Fig. 84,

consisting of a rod of mass m and length 2a, with a sphere of mass
M and radius h attached to the end of the rod. From (7.106) and
(7.107), combined with the theorem of parallel axes, we obtain

at once

(7.111) I = Ima® + + (2a + 6)*].

Theorem of perpendicular axes.

The theorem of perpendicular axes is useful for the calculation

of moments of inertia of plane distributions of matter. Let

Oxyz be rectangular axes, and let there be a distribution of

matter in the plane 2 = 0. Denoting by A, B, C the moments
of inertia about the three axes, we have

(7.112) A = B - C = [^ m<(«J + j^|).

Obviously,

(7.113) C = A + F;

this result constitutes the theorem of perpendicular axes.

As an application, suppose we wish to find the moment of

inertia of a rectangular plate of edges 2a, 2b, about a line through

its center perpendicular to its plane. Taking the origin at the

center, the axes Oxy parallel to the edges, and the axis Oz per-

pendicular to the plate, we have, as already established,

(7.114) A = B = \ma^.

Hence the required moment of inertia is

(7.115) C = A -f- J5 = im(a* -H b^).

More information about moments of inertia will be found in

Sec. 11.3.

Exercise. The moment of inertia of a hoop of mass m and radius a

about a diameter is and that of a circular disk of the same mass
and radius about a diameter is ima’. Verify these statementa

Kinetic energy and angular momentum.

As we have seen in Sec. 5.2, kinetic energy and angular momen-
tum play an important part in the dynamics of systems. We
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shall now show how these quantities are to be calculated when
the system is a rigid body moving parallel to a plane.

Let us first suppose that the rigid body is rotating about a

fixed axis. Let be the instantaneous value of the angular

velocity. Then the kinetic energy of a particle of mass

situated at a distance n from the axis is and so the kinetic

energy of the rigid body (supposed to consist of n particles) is

(7.116) T = rrurt =

where I is the moment of inertia about the axis. The angular

momentum of a particle about the axis of rotation is w, and

so the angular momentum of the rigid body is

(7.117) A = CO ^rrhiTi = /co.

Let us now suppose that the rigid body no longer rotates about

a fixed axis but moves in a general manner parallel to a fixed

fundamental plane (cf. Sec. 4.2). Let us imagine an observer

traveling with one of the particles (A) of the rigid body and
observing the motion of the particles relative to him. He can

compute a relative kinetic energy and a relative angular momen-
tum about a line thi*ough A perpendicular to the fundamental

plane, using in these computations the velocities of the particles

relative to him. Since relative to him the body rotates with ang-

ular velocity co about a fixed axis through A, the formal calcu-

lations are precisely as above and lead to formulas (7.116) and
(7.117) for the relative kmctic energy and angular momentum.
Although this is true for any particle A of the body, the results

are most useful when A is the mass center. Lot us restate them:
The kinetic energy and angular momentum, both relative to the

mass center, of a rigid body moving parallel to a plane are

(7.118) T = -J7co2, h = 7co,

where co is the angular velocity of the body and I its moment of

inertia about an axis through the mass center perpendicular to the

plane of motion.

The following theorem of Konig enables us to complete the
calculation of the kinetic energy of a rigid body moving parallel

to a plane. We shall prove it in general three-dimensional form.
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Theorem of Konig. The Mnutic energy of a moving system is

equal to the sum of (i) the kinetic energy of a fuititious partick

moving with the mass center awl having a mass equal to the total

mass of thi system and (ii) the kinetic energy of the motion rehUive

to the mass center.

r.iet Orys be fixed axes and OVj/V parallel ax((s (broiigh i.h(i

niitss een(.(T. I^et :E, y, 2 Im^ the coor<linat,(w of l.lu^ inaas (atiit<‘r

referred to Oxyz. Then, for any particle, we have

(7.119) /i = i + x'i, i/i = y + yi, Zi = 2 + zff.

'riic kinetic (siuirgy of the system is

(7. 120) T = i 2
1

Lot us differentiate (7.1 19) and substitute for ±i, Zi in (7.120).

C3ert.ain terms vanish on ueeount of the relations

(7.121) 5) “ 2) “ 2
i aj I {tsa\ i wi I

which aro eonscKiuc'inces of the (Udinition of mass <ient(»r ^iven in

See. 3.1. We obtain

(7.122) T = im(f* + r + iS*) + 4 X
n

where m == nn, the total mass of th(! system. Thus the

thcore-m is proved.

It is conveniesnt to refer to the kinetic onerRy of the fictitious

parti('lc as the “kinetic <«iei'gy of the mass eemter," so that

our riwult reads

(7.123) r^To + r,

where To is the kinetic energy of the mass center and T' the

kinetic energy relative to the miiss center. This gtnuwal result

holds even though the system is not a rigid body.

In the case of a rigid body, we have the important formula

T = iwf/s +(7.12-1)
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where m = mass of body,

q = speed of mass center,

I = moment of inertia about mass center,*

« = angular velocity.

Exercise. Find the kinetic energy of a disk of mass m and radius a,

rolling along the ground with speed q.

7X RIGID BODY ROTATING ABOUT A PEED AXIS

General methods.

In Sec. 5.2 we developed the principle of angular momentum
(6.214) and the principle of energy (5.223). Let us insert in these

equations the values of h and T given in (7.117) and (7.116);

then we have

(7.201) li) = N (principle of angular momentum),
(7.202) -y/w® + V = E (principle of energy).

These equations represent the two fundamental methods of

finding the motion of a rigid body which turns about a fixed

axis. Let us recall the meanings of the terms:

I = moment of inertia about the fixed axis,

to = angular velocity,

N = moment of external forces about the fixed axis, or torque.

V = potential energy,

E = total energy (a constant).

It must be remembered that (7.201) is always valid; (7.202),

on the other hand, holds only when the system is conservative.

It would not hold, for example, if there were a frictional torque.

Flywheels.

Let us consider a flywheel rotating about a fixed axis which
passes through its mass center. Gra-vity contributes nothing to

the moment about the axis and so does not influence the motion.

We suppose the torque N supplied by a motor or brakes. Since

the forces involved here will not, in general, be conservative, we
use (7.201) as the equation of motion; so we write

(7.203) U = N.

We may note the resemblance between this equation and the

* More precisely, the moment of inertia about the line through the mass
center perpendicular to the plane of motion.
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equation of motion of a particle moving on a straight line,

mtt = X;

mass corresponds to moment of inertia, linear velocity to angular

velocity, force to torque. This mathematical similaiity may bo
used to solve a problem in the dynamics of a rotating flywimcl,

when the solution of the analogous problem for a particle moving
on a straight line is already known.

If the torque N is constant, (7.203) gives

(7.204) ^ = l^t + A,

where A is a constant of integration; hence, if 6 is the angle
turned through, wo have 6 = u and

(7.205) + At + B,

whore B is another constant of integration. This motion is

analogous to the motion of a particle under a Cf)nsUnt for(K».

The importance of the flyvvhcjol in machiiKiry lies in its capacity
to smooth out motion. In a steam or gasoline engine tho tonpie
is not uniform, and without a flywheel (or sonuithing (uiuivaUmt)
the motion would be jerky. As an illustration, let us work out
the case where a flywheel of moment of inertia 7 is under the
action of a torque with a fluctuating part,

iV “ JVo + Tfi cos d, (IVo, N\ constants),

and a load proportional to Jingular vtjlocnty. Tho (equation of

motion is

(7.20(.)) [u =* Na "h Ni cos d — Lu,

th(( last term («)rr(wpon<ling to th(^ load; thus

(7.207) cl) H- ^ w =
-J:

(iVo + cos d).

This is a standard type of differcmtial («iuation, whi<th 1ms th(»

integrating factor tho soliition is

(7.208) ctf = c- + 7/ <’<’» ci)
j,

where A is a constant of integration. U,sing fi to demote “ real

part of,” wo have
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= e^’R

(7.209) f COS c«d« = Rf
_ P ^ piL/I+io)t- “ iL/I) + ic

(L/I) - ic

(L/D^ + c*

,,,
cos (cf + 0
[(L/iy +

where e is a constant; its value is of no present interest.

(7.210)

(cos ci + « sin ct)

=

Hence,

= Ae-^’ + + • cos (ct + «).
IT ‘ 7[(L/I)‘ + c»]i

The first term dies away as t increases. The ratio of the ampli-

tude of the third term to the second term is

ill ^ —
(7.211) I[(L/iy +
By increasing the moment of inertia of the flywheel, we can make

this ratio as small as we please and so approximate to the steady

motion « = Na/L, even though the fluctu-

ating part Ni cos ct may be greater in mag-

nitude than the steady torque No.

The compound pendulum.

In Sec. 6.3, we discussed the small oscil-

lations of a simple pendulum, consisting of

a heavy particle attached to a fixed point by

a light string. We shall now discuss the

compound pendulum, which is a rigid body

free to oscillate under the influence of grav-

ity about a fixed horizontal axis. We shall

use the equation of energy (7.202), but the

results may be obtained with equal ease

from (7.201).

In Fig. 85 the plane of the paper is the plane throvigh the

mass center C perpendicular to the axis of suspension. The axis

cuts it at 0, which is called the point of suspension. We shall

use the following notation;

Fig. 86.—A compound
pendulum.

a =OC,
m = mass of pendulum,

kc = radius of gyration about C,

ho — radius of gyration about 0.
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If e denotes the inclination of OC to the vertical, the potential
energy is

V « —viga cos 6,

and (7.202) gives

(7.212) — mga co.s 6 = E,

where E is a constant.

This (H}uation gives the angular velocity at any position,

when E has been found from the initial conditions.

For example, if the pendulum starts with C directly below 0
and with angular velocity «o, wo have

E = imlbSwg — mga;

etiuation (7.212) gives

(7.213) sin®
Kq

'Phis will vanLsh when d takes the values ± a, whore

sin®'!® =

and so the i)emhduin oscillates through the range (—«,«).
Since sin® ^0 cannot exceed unity, it is evident from f7.213)

that 6 never vanishes if

if started with such an angular velocity, the pendulum travels

right around.

Differentiation of (7.212) gives

(7.214) klS + (7a sin 0 = 0,

as an alternativ<\ fonn for tlu^ e(iuation rtf motion of a compound
pendulum. Had we used (7.201), we shoidd have obtained this

equation dircjctly without differentiation.

For small oscillations, we replace sin d by 0 and obtain the
solution

(7.215) = a cos (j>t + e),

where a, « are constants of integration and p® = ga/k^. This
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is a simple hannonic motion with periodic time

(7.216)
2jr _

The simple pendulum is a special case of the compound

pendulum; for a simple pendulum of length I, we have *o = I,

a = Z, and so (7.214) gives

(7.217) W + gsme = 0,

as the general equation of motion of a simple pendulum. The

equation (6.304) was valid only for small oscillations.

If we compare the motion of a compound pendulum, given by

(7.214), with the motion of a simple pendulum, given by (7.217),

we note that the two equations are mathematically identical

provided that

(7.218)

Thus, corresponding to any compound pendulum, we can con-

struct a simple pendulum of length given by this formula, which

will oscillate in unison with the compound pendulum; it is called

the equivalent simple pendulum.

Exernae. Show that a square plate of side 26 suspended from one corner

oscillates in unison with a simple pendulum of length (4 y/^/Z)b - 1 .896.

Let us now suppose that a rigid body is given, with a number

of thin parallel holes drilled through it. Wo can form a coin-

pmmd pendulum by passing an axis of suspension through any

one of the holes. How does the periodic time of small oscillations

depend on the position of the hole chosen?

To answer this question, we note that, by the theorem of

parallel axes (7.110),

(7.219) Jfcg = a* +

Hence the formula (7.216) for the periodic time may bo writkm

If we change the position of the point of suspension in the body,

a changes but Jb* does not change. Wo see that t tends to
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infinity if a tends to zero or if a tends to infinity. Thus, we
can obtain very slow oscillations by moving the point of sus-

pension close to the mass center or far from it.

On differentiating (7.220) with respect to a, wo get

Thus the 'periodic time ia a minimum ‘when the point of auspension

ia at a diatance from the maas cen-

ter equal to the radiua of gyration

about the maas center.

Wo now ask whether it is pos-

sible to shift the point of suspen-

sion from a position 0 to a now
position O' (Fig. 8(5) on the lino OC without changing the periodic

time. With OC — a, CCy = b, the condition for equality of

periodic times is, by (7.220),

Fig. 80.—Tho periodic tiiuo iH tlic

sanio whether O or O' ih used uh

l>oint of suHpoimion.

whi(;h is satisfied if

(7.221) ah = ft*-

The point O', related in this way to tho point of suspension 0,

is called tho center of oscillation.

7.3. GENERAL MOTION OF A RIGID BODY PARALLEL
TO A FIXED PLANE

General methods.

Probably tho most ust^ful principle available for the solution

of problems in meedianics is tho princii)le of energy in the form

(5.223), uamctly

(7.301) T + V ^ B.

One must of course make sure, before attompf.ing to apply

this principle, that the sys(-,om is conservative, i.e., tliat it has

a potential ent^rgy V.

When tho system consists of a single rigid body moving parallel

to a fixed plane, wo may write (7.301) in the form

(7.302) ^mq^ -|- + V = B,
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•where m = mass of body,

q = speed of mass center,

I = moment of inertia about mass cen'ter,

w — angular velocity of body.

However, (7.302) is only one equation. Sometimes we require

more equations, and then we may employ the principles of

linear and angular momentum in 'the forms (5.209) and (6.219).

If Oxy are fixed axes in the fundamental plane, we have

(7.303) m£ = X, = Y, J« = N,

where x, y are 'the coordinates of 'the mass center, X, Y are the

total components of external forces in the directions of the axes,

and N is the total moment of external forces about the inaas

center. Of the four eciuations

(7.302) and (7.303), at most three

are independent.

Cylinder rolling do'wn an inclined

plane.

Consider a cylinder of mass m
and radius a, rolling down a piano

inclined at an angle a to the hori-

87). We wish to de-

termine the motion, and as an il-

lustration we shall do so by two methods, first using the prin<!iple

of energy and then the principles of linear and angular momen-
tum. We assume the mass center to be situated on the g(*o-

metrical axis of the cylinder.

Let X be the displacement at time t of the center of the cylinder

from its initial position at rest at < = 0, and 0 the angle through
which it has turned. Then, by the condition of I'olling,

(7.304) X = ad.

If & is the radius of gyration of the cylinder about its axis, its

kinetic energy is

(7.305) T =

or, by (7.304),

(7.306) T = +
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The potential energy is

(7.307) V = —mgx sin a.

Hence, by (7.301),

(7.308) Im *2 — tngx sin a - E,

where E is th<* consent total eju^rgy. Aeiaially E -
0, sine(^

ar = = 0 for t = 0. Differentiating (7.308) with resjx'et to (,

we obtain

(7.300) _ ff sin a
1 +"(AVo*)‘

I hiis the cylinih'r rolls tlown the ineliiuxl plane with a eainstant
aee(‘l<!ration.

A particle woaljl ,sll(l<‘ <lown a smootli plane of inclination «
with an accel<'ration g .sin a. The value given by (7.300) is

always I<'.ss than g sin a, except in the limiting (‘mi\ k » 0,
which corr('sp<nuls to a concentration of ail tlu^ imiss of the
cyliiuh'r on its axis. If thci eyliiuh'r

is a thin shell, we have* = a, and
hence

(7.310) •£~lgmLa.

If the cylinder is solid and uniform,
we have A® = and heneci

(7.31 1) ai == If/ sin a.

Th(^ inethcxl of etu'rgy does not ''.vUiwU'r.

tell us th(‘ reat'l.ion Ix^twecui t.he cylinder and th(» platu', or how
rough (he plane must he in order that slipping may he avoi<l('<l.
To find out th<'.se things, vv<! turn to tlx^ principh*s of liix'ar and
angular momentum, using (7.303).

'I’hc! niaetion of tlu' plane on the cylimh^r may Ix^ n'solvcxl into
a normal oomjxment. N and a i'ompoix'nt F in the plane (Kig. 88).
These forces, with (Jx^ w(ught mg, form the eomploto systiim of
exkirnal forcics. I’lius, w<* have

= mg sin a — E,

0 ~ mg cos a — N,
mk^S = Fa,

(7.312)
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th.6 second equation coining from resolution perpendicular to th.e

plane. Using (7.304) and eliminating P, we get

(7.313)
sin a

-
1 + (fcVa»)’

as in (7.309). Hence the components of the reaction are

(7.314) F = fc* .. mgk^ sin a

+
’ N — mg ooa a.

In order that rolling may occur without slipping, we must have

F/N ^ or

(7.316)
^ fc* tan a
^ a* +

where n is the coefficient of static friction as in (3.202).

Self-propelled vehicle.

Consider an automobile (Fig. 89). The external forces acting

on it are

(i) gravity,

(ii) the reactions of the ground on the wheels,

(iii) resistance of the air.

Without knowing any further details, we can apply the principle

of linear momentum in the form (5.209) to the complete auto-

Pig. 89.—^Automobile.

mobhe. If its mass is m and it is traveling on a horizontal road

with acceleration f
,
then mt equals the total horizontal component

of ground reactions and air resistance. The total vertical

component of gravity, ground reactions, and air resistance is

zero.

Application of the principle of angular momentum in the

form (5.219) requires a little care. For simplicity, we shall

suppose that the wheels have no mass and hence no angular

momentum. The angular momentum of the automobile about
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its mass center is then zero. Hence the total moment about the
mass center of ground reactions and air resistance is zero.

We can use the above results to find the greatest possible

acceleration of an automobile on a street for which the cocfficiiont

of friction between ground and tiro is ju. Since, by hypothesis,
the mass of each wheel is zero, the rate of (ihangc of angular
momentum of a wheel about its center is zero; hoiicc^ the total

moment of external forces on a wheel is zero. These forces

consist of a force exerted by the axle, a couple due to engine or

brakes, and a ground reaction. If the coupler is absent, the
ground reaction can have no moment about the center of tlui

wheel. In fact, in the case of a wheel without umlriven and
unbrahed, the ground, reaction has no fnctional componenL

mg
Fig, 90.—External forces acting on automobilo.

Figure 90 shows the external forces acting on an automobile,
driven through the rear wheels on the right, air resistance being
neglected.

Let h — height of mass center above ground,
bi “ distaiKio of front axle in front of mass center,

62 - distanc.o of rear axle behind mass center,

iVi = resultant of vortical reactions at two front wheels,
iV’2 = resultant of vertical reactions at two rc^ar wheels,
P = resultant of fri(*.tional forces at two rear wlicols.

Then,

( ?7?/ = F,

(7.316) / 0 = Ni N2 — mg^

[ 0 = b2N2 - biNi - hF.

Solving for Niy iV'2 ,
F, wc obtain

(7.317) = = F
Ol T Os bi + Os

By the law of static friction (3.202) F/Nz ^ i*, and so

mf.
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(7.318)

or

(7.319)

f(bi + bj)

gii + /A

bi + bi — nh

This fraction represents the greatest acceleration possible

without slipping.
. . , . .

The TwaviTimim negative acceleration obtainable by the applica-

tion of brakes, without slipping between the tires and the ground,

may be found in a similar way.

Internal reactions.

The principles of linear and angular momentum do not involve

the internal reactions between the particles of a rigid body.

Nevertheless these reactions exist, and when they become

excessive the body may break. As we shall now see, the prin-

ciples of linear and angular momentum may be used to find the

reactions. D’Alembert’s principle (cf. Sec. 5.2) may also be used.

The essential point to note is that, when internal reactionn

are sought, the dynamical system considered is only part of the
rigid body. We shall illustrate the method with an example.

Figure 91o shows a uniform rod OA rotating about, 0 wh.h
nTigiilar velocity w, which we shall first suppose to bo constant.

B is any point in the rod. We seek the reaction across the section

of the rod at S. As in Sec. 3.3, the reaction exerted by OB on
BA consists of a tension T, a shearing force S, and a bending

moment M (Fig. 916). Let us regard gravity as non-existent.

Then T, S, M constitute the whole system of external forces

acting on BA.
Let OA — I, OB — r. The acceleration of the mass center

of BA is of magnitude i(Z -H r)«*, directed along AB. If m
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IB the mass of the rod, the mass of BA is ?re(Z - r)/I. Hence the
principle of linear momentum, applied to 54 as a dynamical
system, gives

«****^»i

(7.320)

Theea^ momentum of BA about ite meee cento is eonetant.M^ce, by the principle of angular momentum, JIf = 0 Thuswhen « IS constant, the reaction in the rod at 5 is a tension ai
given by (7.320). As a check, we note that T = 0 for r = Z
and r = for r = 0.

« / t,

Let us now consider the more general case where « is a variable
unction of t. By (4.107) the acceleration of the mass center ofBA nas components

(7.321) ^(Z + r)«* along AB, ^(Z + r)« perpendicular to AB.
Hence,

(7.322) T = S =
L

If k is the radius of gyration of BA about its mass center, the
^gular momentum of BA about its mass center is m¥a(l - r) /I.
Hence, by the principle of angular momentum,

lS(i - r) = (, _ ,).
(7.323)

Thus,

(7.324)

But

and so

(7.326)

M

** = Aa - ry,

^ = i^(I-r)*(2Z + r).

Exercm. Knd whore the rod is most likely to break, assuming that thisoccurs whoro the bending moment is greatest.

7.4. NORMAL MODBS OF VIBRATION
Degrees of freedom.

The position of a simple pendulum is determined by the value
of one variable, namely, its inclination to the vertical, or the
horizontal component of the displacement of the bob. A system
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wtose position may be specified by one variable or coordinate

is said to be a system with, one degree offreedom.

A rod which can move in a plane, with one end constrained to

move on a fixed line, can be described as to position by two vari-

ables, namely, the distance of the constrsined end from a fixed

point on the constraining line and the inclination of the rod to

the line. Each of these variables can take arbitrary values.

A system whose position may be specified by two arbitrary and

independent variables or coordinates is said to be a system with

two degrees offreedom.

Similarly, there are systems with n degrees of freedom, where

n = 3, 4,
• • •

: j. •

In ^c. 6.3 we discussed the oscillations or vibrations of a simple

pendulum and in Sec. 7.2 those of a compound pendulum. Each

of these is a system with one degree of freedom. We now proceed

to discuss systems with two degrees of freedom.

Particles on a stretched string.

Let there be a light elastic string of length 3o, stretched

between points A, B. Let two particles, each of mass m, be

Fig. 92.—Loa4od string vibrating.

attached to the string at the points of trisection. For simplicity

,

we neglect gravity; or, equivalently, we may suppose the

particles supported on a smooth horizontal plane.

Initially the particles are at rest and the tension in the string

is a constant (S) throughout. The particles are given small dis-

placements perpendicular to the string and then released. We

wish to investigate the resulting oscillations.

Figure 92 shows the situation at time t. The particles are

at C and D, thar displacements from the positions of equilibrium

being denoted by x and y, which are small quantities. The

inclinations of the portions of the string to A5 are small, of the

same order as x and y. Hence, since the cosine of a small

anglft differs from unity by a small quantity of the second order,

it is seen that the lengths AC, CD, DB arc each equal to o, to
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the first order of small quantities inclusive. Hence the tensions
in these portions are equal to /S to thia order.

Resolving forces in the direction perpendicular to AB, we
obtain the following equations of motion:

(7.401) m± = —8 - — 8 -> mg = 8 — 8^a a a a

Writing

(7.402)
S_

ma
we simplify these equations to

(7.403) £ + 2k^x — k^ = 0, —ft®* + J + 2k^ = 0.

We try solutions of the form

(7.404) X = A COB (nt + e), y = B cos (nt + e),

where A, B, n, « are constants. The equations (7.403) are
satisfied provided A, B, n satisfy the equations

(7.405)
( A(-ft® + 2ft®) - RA® = 0,

\ -Afc® + R(-»» + 2A®) = 0.

Elimination of A and B gives the determinantal equation

(7.406)
w® - 2ft®

ft®

ft®

n® - 2ft®
= 0

,

or

(7.407) n* - 4ft®n® + 3k* == 0;

the solutions are ni, n2,
where

(7.408) nf = ft®, nl = 3ft®.

When n is known, either of the equations (7.405) gives, for the
ratio B/A,

(7.409) I - 2 - ll-

Thus for n = »i, B/A = 1; and for n = itj, B/A — —1.
Hence if Ai, «i are arbitrary constants, the following is a

solution of (7.403)

;

(7.410) a: = Ai cos (ftf + «i), y — Ai cos (kt + «i).
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Also, if Ai, «j are arbitrary constants, the following is a solution

of (7.403):

(7.411) x = At cos Qet y/Z + «2), V - ^ + **)•

Thus, (7.410) and (7.411) represent possible vibration of the

particles. The most general vibration is given by adding these

expressions, thus:

I X ^ A\ cos (Jd + €i) + -4.2 cos Qd 'v/S + €2),

(7.412)
I y cog + ei) _ A* cos Qst VS + ej)-

We know that this is the general solution, because it contains four

constants of integration which may be chosen to satisfy initial

conditions corresponding to given positions and velocities of

the particles at t = 0.

Let us suppose, for example, that when t = 0 we have

X = y = d; = 0, ^ = v.

This corresponds to the case where the motion is started by

giving a blow to D. Putting t = 0 in (7.412) and the equations

obtained by differentiating (7.412), we obtain

I

Ai cos 6i + At cos «2 = 0,

Ai cos 6i — At cos ft = 0,

-Ai sin «i - A 2 \/3 sin <2 = 0,

—Ai sin «i + A 2 \/3 sin «2 = |>

which are four equations for Ai, At, ei, ft. The solution is

(7.414) 61 = e, = lir, Ai = - £> At =

so that the motion of the particles is given by

X = ^ [sin ki -^ sin (M V3) j.

(7.416) P , 1

This motion is complicated, but the simple harmonic motions

of which it is composed are easy to describe. These simple

harmonic vibrations are called normal modes of vHyrations. They
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are executed by a vibrating system when the initial conditions
are properly chosen.

^

The vibration given in (7.416) is not a normal mode of vibra-
tion, nor in general is that given by (7.412). But if the initial

conditions are chosen so that A 2 = 0, we have the normal mode
of vibration (7,410), whereas, if the initial conditions are chosen
so that Ai = 0, we have the normal mode of vibration (7.411).
The periodic times and frequencies of normal modes are called
normal 'periods and normal frequencies. In the above problem
the normal periods are

— ,

2t

^ h y/Z

When a system is executing a normal vibration, its configura-
tions are usually simple to describe. Thus, in the mode (7.410)
we have x = y, and in (7.411) we have x = — y. Typical
configurations for the normal modes are shown in Figs. 93a and b.

0 D

A

D

„ (6)
Fig. 93.—(a) Loaded string vibrating in first normal mode. (6) Loaded string

vibrating in second normal mode.

We have been discussing the vibrations of a particular system

—

two particles on a taut string. All problems of vibration have
certain features in common; and although we shall not attempt
here to prove these facts, it will be useful to sum them up

:

(i) A vibration may be regarded as a superposition, or addi-
tion, of simple harmonic vibrations.

(ii) Each simple harmonic vibration is called a normal mode of
vibration. It is possible to make a system vibrate in a normal
mode by starting with suitable initial conditions.

(iii) The periods and frequencies of the normal modes are
called the normal periods and frequencies.
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(iy) The number of normal modes is equal to the number of

degrees of freedom of the system.
, . .

(v) The normal periods are found by solving a detemunantal

equation, e.g., (7.406).

Vibrations of a partide in a plane.

As another example of a vibrating system with two degrees of

freedom, let us conader a particle which moves in a plane in

a field of force such that the potential energy per unit mass is

(7.416) y = + 2kxy + bp®),

where a, h, b are constants. The force components per unit

mass are then

(7.417) X = -(or + hy), 7 = -(hr + by).

These vanish at the origin, which is therefore a position of

eqtiilibrium.

The equations of motion are

(7.418) * = -CKC -hy, H = -hx - by.

Trying a solution

(7.419) s = A cos (w< 4- e), y = B cos (nt + e),

we see that (7.418) are satisfied provided A, B, n satisfy

(7.420) / A(n* - a) -Bh = 0,

\ -Ah + B(n* - b) = 0.

Hence, n must satisfy the determinantal equation

(7.421) = 0,

or

(7.422) n* — n®(a + b) + ab — ft* = 0;

the solutions are rii, na, where

(7.423)
/
n! = |[(a + b) + + 4ft*],

= H(o + b) - Via - b)* + 4ft*].

If one of these values should be negative, the corresponding n
would be ima^ary, and the solution (7.419) would contain

hyperbolic instead of trigonometrical functions. This case will
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be discussed in Sec. 7.5; for the present, we assume that »i, n*
are real.

Then the normal periods are ^/m, 2r/n2, and the normal
modes of vibration are

(7.424) a; = cos (ni« + ei), y = cos {mt + *0,

and

(7.425) a: - .4a cos {nd + ea), y = °
.42 cos {nd + ea),

where Ai, At, €i, ea are arbitrary constants. The general motion
IS found by adding the solutions (7.424) and (7.425), just as we
added (7.410) and (7.411).

The preceding discussion is actually more general might
appear. Let us again suppose that a particle moves in a plane
under a conservative force system, with potential energy V per
unit mass; but instead of assuming the simple expression (7.416)
for V, we shall merely assume that it is a function which can be
expanded in a Taylor series.

Let zo, yo be a position of equilibrium. Since the components
of force must vanish there, we have

the suffix zero indicating evaluation at a; = ®o, y = yo. If we
expand V in a Taylor series about xo, yo, two terms in the expan-
sion vanish on account of these equations, and so

(7.427) F=7o-Hi[(r-r„)*(g)^

9

the terms not written being of a higher order of smallness if

^ — Xo, y — yo are small.

Now V w always undetermined to within an additive con-
stant; there is therefore no loss of generality in putting Fo = 0.
If we shift the origin to the position of equilibrium (*0, yo) and
define a, h, 6 by
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the principal part of V for small values of x and y is

(7.429) V = + 2hix^ + hy^),

which is formally the same as (7.416). The deductions based on
(7.416) were exact; the same formal deductions hold approxi-
mately for small vibrations about any position of equilibrium.

The normal modes of vibration are given by (7.424) and (7.425),

where ni, are given by (7.423), a, A, 6 having the values (7.428).

7.6. STABILITY OF EQUILIBRIUM

A position of equilibrium for any system is said to be stable

when an arbitrary small disturbance does not cause the system to
depart far from the position of equilibrium. Otherwise, it is

unstable. By small disturbance” we mean that, at the initial

instant, the particles of the system are displaced from their
positions of equilibrium through small distances and their
velocities are small. The system is stable if in the resulting
motion the particles remain at small distances from their positions
of equilibrium.

Thus a compound pendulum hanging from its axis of support
is in stable equilibrium. If it is balanced with its mass center
above the axis of support, the equilibrium is unstable, because a
small disturbance will cause the pendulum to move right away
from the position of equilibritim.

Condition of minimiim potential energy.

Let a system have a potential energy V, We know by the
principle of virtual work (cf. Sec. 2.4) that, for a system in
equilibrium, no work is done in a small displacement. Thus
bV = 0 for any small displacement from a position of equilibrium,
and so V has a stationary value there.

Stationary values are of various kinds; the question of stability
turns on the character of the stationary value of V, We make
the following statement : //, in a position of sguilibriuTny the
potential energy is a minimum, then the equilibrium is stable.

To prove this, let us recall the principle of energy,

(7.601) T + V = E,
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where Eiaa, constant. Since potential energy is always undetei^

mined to within an additive constant, there is no loss of generality

in assuming 7 = 0 at the position of equilibrium. Then, since

7 is a minimum there, we have 7 > 0 for all positions near that

of equilibrium. The constant E is found from the small initial

disturbance. Let To, 7o be the initial kinetic and pot(u»tial

energies. Then E = + Vo, which is small and positive. In

the subsequent motion,

(7.602) V = E - T ^ E,

since T cannot be negative. Thus 7 always remains loss than

the small positive constant E, and so the equilibrium is stable,

since to escape to a finite distance from the position of equilibrium

the potential energy would have to become finite.

As an illustration, consider a simple pendulum of mass m and
length a. At an inclination 0 to the downward vertical, the

potential energy is

7 = 7nga(l — cos 6),

if we choose 7 = 0 at the position in whhih the pendulum hangs
vertically. Then 7 is a minimum for 5 = 0. Suppos<v that tho

pendulum is disturbed to an angle So and is given a kinetic energy

To. In the subsequent motion, as in (7.602),

mga(l — cos 0) To + mga(l — cos 0»),

where the right-hand side is small. Thus cos 0 must remain
nearly equal to unity, or, in other words, 0 must rciinain small.

If, on the other hand, we consider that position of (Kiuilibrium

in which the pendulum is btUancuHl directly above tho point of

support (tho string being replaced by a light rod) and measure 0

from this position, we have

7 = 7nga(coR 0 — 1).

Then 7 is a maximum for 6=0. Our inequality (7.602) is still

valid; it reads

mgaicoB 6 - 1) ^ To -f mga(co8 Bo — 1),

where 0o, To refer to the initial disturbance. But this inequality
is not violated as 0 inoroases from 0o to x, and so it does not
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restrict the motion. The position of equilibrium is actually
unstable, but this inequality shows only that it may be so.

The following statement is true for a system with any number
of degrees of freedom, but we shall prove it here only for systems

with one degree of freedom: If the

potential energy at a position of

equilibrium is not a minimum^ then

the equilibrium is unstable, *

Let X be the variable which fixes

the position of the system. Con-
sider the graph of the potential
energy 7 against x (Fig. 94).

By the principle of virtual work,
we have 57 = 0 for an infinitesi-

mal displacement bx from a position

Fig. 94.—Graph of potential
energy against position; stable
equilibrium at A and D, unstable
equilibrium at B and C.

of equilibrium. In fact, at a position of equilibrium

(7.603) ^ = 0

so that the positions of equilibrium correspond to those points
on the graph where the tangent is parallel to the a:-axis, i.o., tho
points A, B, C, D. At A and D, F is a minimum, and hcncc wo
know that equilibrium at A or I> is stable.

Let us now consider the position corresponding to B. Suppose
the system is displaced to a neighboring position B' and is then
releMed from rest. Since the tangent at B' is not parallel to tho
as-aods, the system cannot remain in equilibrium at B'. It must
start to move; and since its kinetic energy (being positive) must
mcreasem comparison with its initial zero value, 7 must decroaso
and so the system must move still farther away from B. It can
come to rest only when 7 takes the same value as at B'. Thus it
cannot ^op moving until it has passed the position corresponding
to A. Clearly, this is a case of instability.
At C the potential energy has a stationary value, but it is

nmther a ma^um nor a minimum. By considering an initial
displacementm the direction of D, it is seen that the equiUbrium

^ resting on a
is often called neutral ActuaUyT it isunstable m the sense of our definition.

^
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is unstable. This completes the proof of the italicized statement

on the preceding page.

To sum up: A position of equilibrium is stable if, and only if, the

potential energy is a minimum.
Hence, in the case of a system with one degree of freedom, a

sufficient condition for stability is

(7.604) g>0,
at the position of equilibrium. This condition is also necessary,
unless dW/dx^ = 0 at the position of equilibrium; in that
exceptional case, we have to examine the higher derivatives.

It is clear from Fig. 94 that between any two positions of stable

equilibrium there must be at least one position of unstable equi-

librium. Points such as C, whore a point of inflection on the

graph coincides with a tangent parallel to the a:-axis, are excep-

tional. In general, positions of stability and instability alternate.

Stability of equilibrium of a particle in a plane.

It was shown in (7.429) that, near a position of equilibrium, the

potential energy per unit mass of a particle in a plane may be
written

(7.505) V = ^(ax^ + 2hxy + by^),

where a, h, b are constants. It is known, from the analytical

geometry of conies, that wo may choose new rectangular axes

Ox'y' such that

(7.506) ax^ + 2hxy -f by* s a'x'^ + b'y'^,

where a', b' are now constants.

Let us recall how a', b' are found. For any constant value of X,

(7.507) oz* + 2hxy + - X(®* -|- j/*)

= o'®'* + b'y'^ - X(»'2

If X = o' or X = 6', the right-hand side is a perfect square. For
mther of these values of X, the left-hand side must also bo a

perfect square. Thus, if X = o' or X = 6',

(7.508) (o - X) (6 - X) - A* = 0,

or, in determinantal form,

“I'
=
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In fact, o' and h' are the roots of this quadratic equation.

Suppose the transformation carried out, so that, near the

position of equilibrium.

(7.610) y = + h'i/%

The equations of motion are

(7.611)

‘ dF , ,

= -W,

or

(7.612) + a'x' = 0, f + b'y' = 0.

Various cases have now to be distinguished:

(i) a' > 0, X* — A cos (V^ * 0 + JS sin (Vo' • 0;
(ii) a' = 0, rc' =

(iii) a! <0, a;' = ^
These are the solutions of the first of (7.512), according to the
sign of a'. The solutions of the second equation for y' may be
similarly classified according to the sign of 6'.

The solution for case (i) indicates that a' remains permanently
small, so that there is stability as far as x' is concerned. The
solutions for cases (ii) and (iii) indicate instability. Thus, there
is stability if, and only if, both a' and b' are positive; since a', 6'

are the roots of (7.509), we may state our result as follows:
When the origin is a position of equilibrium^ the 'potential energy

for adjacent positions is given by (7.505). The equilibrium is
stable if, and only if, the two roots of the determinantal equation
(7.509) are positive.

It is clear from (7.510) that V is a minimum at the origin if, and
only if, the roots of (7.609) are positive. Hence, we have a direct
proof in this case that minimum potential energy is the condition
for stability, both necessary and sufficient.

In the case of stability, oscillations along the axes of
re' and y' are normal modes and the normal periods are

27r 27r

VTx'

where Xi, X2 are the roots of (7.609).
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Problems of balancmg.

Theoretically it is possible to balance a needle on its point, but
in practice it is extremely difficult to do so. There is a position

of equilibrium with the needle vertical, but it is unstable. The
instability is obvious in view of the general test given above,

because the height of the center of gravity is decreased as the

needle is displaced from the vexlical position, and so the potential

energy is a maximum for the vertical position.

.
(«) (ft)

Fig. 96.—Cylindrical body rolling on a horizontal plane; (a) pKisitioii of eciui-

librium, (b) displaced position.

If, instead of a needle, we try to balance a body with a rounded
base, it is not immediately evident whether the equilibiium in tho

position of balancing is stable or not. But tho condition of

minimum energy gives us an easy test. We shall confine our
attention to cases where the possible motion of the body is

two-dimensional.

Figures 95a and h show end views of a cylindrical body in

contact with a rough horizontal plane; the lower part of tho
section is a circular arc of radius a. In equilibrium (Fig. 95a)

the center of gravity C must lie vertically above the point of

contact, since the body is in equilibrium under two forces (the

weight and the reaction) and their lines of action must coincide.

Let h be the height of the center of gravity above the point of

contact.

Figure 955 shows a displaced position, in which the body has
been turned through an angle 6. If TF is the weight of the body,
the potential energy is

(7.513) V = W[a- (a- h) cos 6].

Hence,

- »
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Thus the equilibrium is stable if, and only if, a > i.e., if the

center of gravity lies below the center of the circle.

Let us now consider a more general problem, which includes the

preceding as a special case. Let be a cylinder of any section,

balanced on a fixed cylinder A', the contact being rough and the

common tangent horizontal (Fig. 96a). C is the center of

gravity of A. D, i)' are the centers of curvature of the sections

of the cylinders at the point of contact, and p, p' are the radii of

curvature; the height of C above the point of contact is ft.

Figure 966 shows a displaced position, in which the point of
contact has moved through a small angle 0' about D', and the
line DC now makes a small angle B with DD\ Since wo arc con-
cerned only with small values of B and 0', it is legitimate to regard
the sections in the neighborhood of the point of contact as circular
arcs of radii p and p'. Then, by the condition of rolling,

(7.516) pB - p'0'.

If TF is the weight of A, the potential energy is

(7.516) 7 = F[(p' + p) cos - (p - ft) cos (B -h B')],
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or, since 9, S' are small,

(7.617) V = ^F[0> - h)(9 + ey - (p' + p)e'^] + c,

approximately, where C is a constant. Py (7.515), this may be
written

(7.518) V = [(p _ (^1 +
j
+ c.

The condition that this shall be a minimum for 6' = 0 is

(7.519) (p-/.)(l + ^)’-(f' + ,)>0,

or, equivalently,

(7.620) h <
p H-p

This is the condition of stability. On letting p' —> oo^ it reads
A < p, agreeing with the result established earlier. If on the
other hand we let p —» oo^ -vve get & < p' as the condition for the
stability of a body with a flat base balanced on a cylinder with
radius of curvature

By means of the principle of energy, it is easy to find the period
of small oscillations of a stable balanced system when disturbed.
For example, the body shown in lig. 95 has the potential enerf^y
given by (7.513). To convert to dynamical units, wo put
W = mg, where m is the mass of the cylinder. Thus, when B is

small, the potential energy is approximately

(7.521) F = mgh +^mg{<a —
Since, at any instant, the cylinder is turning about the lino of
contact, the velocity of the mass centor is approximately hO] the
angular velocity of the cylinder is Hence (7.302) gives

(7.522) + ^16^ + mgh + img{a — h)9^ = JB,

where I is the moment of inertia about a line through C parallel
to the generators. If we write

(7.623) it* = fcs I,
m

aad differentiate (7.622), we get

(7.524) PS + g(a - h)e = 0;
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this gives a simple harmonic motion with period

(7.525) r = ^k/Vgia - h).

7.6. SUMMARY OF APPLICATIONS IN PLANE DYNAMICS—MOTION
OF A RIGID BODY AND OF A SYSTEM

I. Moments of inertia.
'

(o) Definitions:

(7.601) I = J dm = J/i'p(a:* + y^)dxdydz;

mk^ = I.

(b) Devices for calculation:

(i) Theorem of parallel axes (all moments of inertia follow

immediately when those for axes through mass center

are known).

(ii) Theorem of perpendicular axes (for a plane distribution,

the moments of inertia about axes perpendicular to the
plane follow immediately when those for axes in the

plane are known).

(c) Standard results:

Body Axis

Hoop of radius a Perpendicular to piano at

center

a*

Circular disk of radius a Perpendicular to plane at

center
Ja‘

Circular cylinder of radius a Geometrical axis i«*
Rod of length 2a Perpendicular to rod at

center

Rectangular plate of edges 2a, 2b ,

.

Through center parallel

to edge 2h
io*

Perpendicular to plate at

center

Sphere of radius a Diameter !«*

n. Emetic energy (T) and angular momentum (/i).

(a) Rigid body turning about fixed axis:

(7.602) T = h = /w.
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(b) Uigid body in general plane motion:
(7.603)

T = img® + i/w*, h = la (h, I about mass center).

m. Motion of a rigid body.

() Rotation about fixed axis:

(7.604) la = N (angular momentum),
(7.605) + F = (energy).

() Compound pendulum:
(i) Exact equation of motion:

(7.606) k^S + ga sin 5 = 0, (^ relative to axis).

(ii) Periodic time for small oscillations:

(7.607)

(iii) Equivalent simple pendulum:

(7.608) I = -•
a

(c) General motion parallel to plane:

(7.609) = Z, = Y, la = N
(7.610) img* + + F =

(momentum);
(energy).

IV. Normal modes of vibration.

() A vibration is in general not periodic; it is composed of

simple harmonic vibrations with different frequencies. These are

the normal modes. A system vibrates in a normal mode if

started under special initial conditions.

() The normal frequencies are found by assuming a simple

harmonic solution of the equations of motion and solving a

determinantal equation obtained on this assumption.

V. Stability of equilibrium.

Necessary and sufficient condition for stability: the potential

energy is a minimum.

EXERCISES Vn
1. A uniform rod of length I and mass M is free to rotate in a vertical

plane about an axis at a distance a from its center. If it is released from a
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horizontal position, find its angular velocity when passing through the

vertical position.

2. A bucket of mass M is fastened to one end of a light rope; the rope

is coiled round a wiadlass in the form of a circular cylinder (radius a) which

is left free to rotate about its axis. Prove that the bucket descends with

acceleration.

1 + (I/Ma^y

where I is the moment of inertia of the cylinder about its axis.

3. Three uniform rods, each of mass m, form an equilateral triangle of

side 2a. The triangle is suspended from one corner. Find the lengths

of the equivalent simple pendulums for oscillations imder gravity

(i) when the triangle oscillates in its own plane;

(ii) when the plane of oscillation is perpendicular to the plane of the

triangle.

4. A wheel consists of a thin rim of massM and n spokes each of mass
which may be considered as thin rods terminating at the center of the wheel-

If the wheel is rolling with linear velocity w, express its kinetic energy in

terms of M, m, n, v.

With what acceleration will it roll down a rough inclined plane of inclina-

tion a?

6.

A buoy is formed by joining the edge of a thin metal conical shell to

the edge of a hemispherical shell of the same material and thickness. The
radii of the hemisphere and of the mouth of the cone are each equal to 5 ft.,

and the slant height of the cone is 10 ft. The buoy is placed with the hemi-
sphere in contact with the rough horizontal surface of a dock so that the
axis is vertical. If slightly disturbed, determine whether or not it will

return to the vertical position.

6. One end of a heavy chain is attached to a drum and the chain is

wrapped around the drum, making n complete turns, with a small piece of
chain hanging free. The drum is moimted on a smooth horizontal axle,

and the chain is allowed to unwrap itself. Apply the principle of energy to
find the angular velocity of the drum at the instant when the chain is com-
pletely unwrapped, in terms of the mass of the chain (m), the radius of the
drum (r), and the moment of inertia of the drum (7).

7. A rectangular plate swings in a vertical plane about one of its corners.
If its period is 1 sec., find the length of the diagonal,

8. A particle of mass m moves in a plane under the action of a force
with components

X = + 2/), 7 « -As(a; + 2y),

where 1; is a constant. What is the potential energy? Find the normal
periods of oscillation about the position of equilibrium.

9. A uniform circular plate of radius a and mass M is dragged along a
smooth sheet of ice by means of a long string attached to a point A on the
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rinx of the plate. The tension T in the string is kept constant throughout.
If initially the plate is at rest and the diameter through A makes a small
angle with the string, show that this diameter oscillates about the direction
of the string with a period equal to

10. A particle A hangs from a fixed point by a light string, and another
particle B of the same mass hangs from A by a second light string of the
same length. Pind the normal periods of oscillation, and sketch the iiorninl
modes.

11. A homogeneous solid cylinder, whose section is n semicircle of radius a,

reste with its flat face horizontal and in contact with a fixed rough circular
cylinder of radius 6, the generators of tho two cylinders being parallel.
Find the greatest value of a/h for which there is stability.

12. Find the radius of gyration of a uniform semicircular plate about a
line through the mass center perpendicular to the plate.

13. A ladder (length 2a) rests against a smooth vertical wall and a smooth
horizontal floor, tho inclination to tho floor being initially ot. Find the
inclination of the ladder to tho floor at the instant when the upper ond
leaves the wall as it slides down under tho action of gravity.

14i- A pendulum consists of a bob of mass m at tho ond of a light rod of
length 3a. It is suspended from tho point of tho rod distant 2a from tho
bob. A horizontal force m6 cos ni (whore h and n are constants and h is

small) is applied to the rod at its upper ond. Pind the angular amplitude
of the forced oscillations of period 2;r/n.

16- A uniform solid ellipsoid of revolution of semiaxes a, 6 (tho axis of
revolution being 2a) is cut in two by a piano through the center perpendicular
to tho axis of revolution. If either half will balance in stable equilibrium
with its vertex on a horizontal piano, prove that

16. When a ship rolls through a small angle, tho upward thrust of tho
water intersects the central piano of tho ship at a point called tho mctacmtv.r.
Find a formula for tho periodic time of rolling of a ship in terms of /t, t.h<i

height of tho niotaccntcr above the mass center of tho ship, and fc, the radius
of gyration of the ship about a foro-and-aft axis through the mass center.

Is the periodic time increased or decreased by shifting cargo horizontally
from the center of tho ship to tho sides, this shift being done symiuetricially
with respect to tho central plane of tho ship ?

17. A square frame, consisting of four equal uniform rods of kmgth 2a
rigidly joined together, hangs at rest in a vertical piano on two Hinooth
pegs P, Q at the same level. If PQ » c and tho pegs arc not both in eontiict
with the sanae rod, show that there arc three positions of equilibrium, pro-
vided a < c v^.
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Of these positions, show that the only unstable one is the symmetrical

position. If, however, a >c V2, show that the only possible position of

equilibrium is stable.

18.

A particle is suspended by a light string of length a from the lower

end of a rod of the same mass and length 2a, which is free to turn about its

upper end. For vibrations about equilibrium in a vertical plane, show that

the two normal frequencies are given by

where p satisfies

4p* - 25p + 9 - 0.

19.

A rod of length 2a hangs from a support which is given a small hori-

zontal displacement ^ varying with time according to the equation

f =» 6 sin pi, where 6 and p are constants. Find the equation of motion

for small oscillations. Integrate the equation, obtaining a result with two
arbitrary constants. Find these constants on the assumption that when
i = 0 the rod is hanging vertically and has no angular velocity; hence

show that the inclination B of the rod to the vertical is given by

20.

Two simple pendulums, each of mass m and length a, hang from a
trolley of mass M which can run without friction along horizontal rails.

A small impulse, parallel to the rails, is applied to one of the pendulums and
imparts to it an angular velocity w, the other pendulum and the trolley

having no velocity at that instant. Investigate the resulting motion, and
express the displacement of the trolley and the inclinations of the pendulums
to the vertical as functions of the time.

Show that, if the ratio m/M is small, the motions of the pendulums
relative to the trolley may be regarded as simple harmonic motions with
slowly varying amplitudes, the amplitudes being given by the absolute
values of

0)

V

mpt

2M’

where



CHAPTER VIII

PLANE IMPULSIVE MOTION
8.1. GENERAL THEORY OF PLANE IMPTTLSIVE MOTION

The concept of an impulsive force.

For a particle moving in a plane under the action of a force
with components X, Y, the equations of motion are

(8.101) = X, = Y.

Multiplying by dt and integrating from <o to ti, we obtain

(8.102) A(TOic) = r* X dt, = f" Y dt,

where A denotes an increment during the time interval (to, ti)-

The vector with components

(8.103) £-xdt, j^rdt

is called the impulse on the particle during the time interval
(<o, i^i). We may state (8.102) in words as follows: Theincrement
in momentum is equal to the impulse.
Let us now suppose that a particle of mass m can move along

the a:-axis. At time ^ = 0, it is at rest at rc = 0. At this
instant a force

(8.104) Z = Asin-
r

commences to act and acts until t — t, (A and t are constants.)
During this time the equation of motion of the particle is

wd! = A sin—,

227

(8.105)

and so
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the constants of integration having been chosen to fit the initial

conditions. Thus in the time interval (0, r) the particle receives

increments in velocity and position given by

(8.106)
. 2At . At^
Au —

7 Ax
irm Tm

The mean value of the force is

(8.107) =

and so (8.106) may be written

(8.108) A« = —, Ax = i—

•

m
,

m
The experiment may be repeated using different values of

A and t. We note that as long as the product remains
unchanged the value of Au remains the same. If we lot A (and
therefore .X) tend to infinity and let t tend to zero in such a way
that Xt maintains a fixed value C, vro have

(8.109) Aw —>—j A® —» 0.m

We note that, in this limiting case of “an infinite force acting for
an infinitesimal time,” there is an instantaneous change in
velocity but no change in position.

Returning to the general equations (8.102), we may lot tho
force components (X, Y) tend to infinity and the time interval
<1 — <0 to zero in such a way that the integrals remain constant or
approach finite limits. Under these circumstances a particle
moving m a plane experiences (in the limit) an instantaneous
change of velocity. Since the velocity remains finite during this
change, the ^placement is zero in the limit. The instanta-
neous change in momentum is given by

(8.110)

A(mi) = lim r* Z dt, A(m^) = lim T* F dt.

Have we here introduced a new ingredient or concept into
mechanics? It must be admitted that we have, because no
force, however large, can produce an instuntuneous change in
momentum. To place our new ideas on a secure foundation, wo
admit the concept of an impulsive force, with components denoted
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by JP, P: it is such that, when applied to a particle, the impulsive
force causes an instantaneous change in momentum given by

(8.111) A(mi) = K, Aimy) =
We must, however, regard the impulsive force, not as something
absolutely new, but as connected with the ordinary force (X, Y)
by the relations

(8.112) 5 = lim r‘ ^ ? = lim f Y dt,

obtained by comparison of (8.110) and (8.111).

On account of this connection, it is uniuscessary to ropcfat for
impulsive forces results already obtained for ordinary fore(^s.

We draw attention to the fact that iinpulsivo reactions between
the particles in a rigid body obey the law of action and reaction.
The theory of moments applies to impulsive for<!c,s, and we may
speak of an impulsive couple. The idea of cquipollcnoe may also
be used.

It is clear from (8.112) that forceps which nmiain finit($ as

(6-g<> gravity) contribute notlung to the impulsive force.

An impulsive force is tlw proiluot of an ordinary force and ti i.iiun and is

equal to a chanRC in moni<-iUuni. I lenee, iiiunilMiv(t forc(( has diineiiHioim
{MLT-^; its maRnitude is expniHWid in dyne see. or Rin. cm. in the
c.g.s. system and in poundnl «<>.«. or lb. ft. H((e.“‘ in Uni f.p.s. HysUun.

Principles of linear and angular momentum.

We expressed in (.5.20(5) the law that, for any system, the rate
of change of linear momentum is (xiual to tlw^ sum of (ihe external
forces. If Mx, My arc th<i coinpommts of linear monKmi.um in

the directions of axes Ox, Oy, and X, Y the total componenlw of
external force in those directions, thcai

(8.113) ]({x = X, Afy = F.

Let us multiply by dt, integrate from t => k to t = ti, and tlu'n

proceed to the limit —
<«, supposing the forces to tend (.o

infinity. Then

(8.114) AMx « X, AMy = ?,

where X, T are the sums of the components of the extcirnal
impulsive force.s. In words, the mdden chatige in the linear
momentum of a system is equal to the total external impulsive forre.
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These equations may also be written in vector form:

(8.115) AM == F,

where P is the vector sum of the external impulsive forces.

Similarly, we obtain from (5.209) the vector equation

(8.116) mAq = F,

where m is the mass of the system and Aq the sudden change in

the velocity of the mass center.

If there are no external impulsive forces, we have F = 0, and
hence Aq = 0. Thus, when the impulsive forces are purely
internal, there is no sudden change in the velocity of the mass
center.

This result is of interest in connection with collisions and
explosions. Here, in physical reality, we find large forces acting
for short intervals of time, and we may treat the phenomena
mathematically by means of impulsive forces. Thus, if a
shunting locomotive strikes a car, the mass center of the system
‘‘locomotive + car’^ has the same velocity just before and just
after the collision. The bursting of a shell in the air produces a
set of fragments, the mass center of which has the same velocity
as the mass center of the shell before bursting.

^

Consider now the change in angular momentum about a fixed
line due to the action of impulsive forces. Equation (6.214)
applies. Midtiplying by dt, integrating over the range (<o, U)
and proceeding to the limit as usual, we find

(8.117) AA = lim r^Ndt = iV.

In words, the sudden change in angular momentum about the fixed
axis is equal to the moment of the external impulsive forces about
the axis. *

We may treat similarly the equation (6.219) which concerns
motion relative to the mass center. We find that the sudden
change vn angular numerdum relative to the mass center is equal
to t^ mment of the external impulsive forces about the mass center.U the system is a rigid body with a fixed axis, (8.117) may be
written

(8.118) 7 Attf = j^.

proved that Si, defined as the limit of the time integral of themoment, u equal to the moment of the impulsive forces.
*
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where 7 is the moment of inertia about the fixed axis, Aw the

change in angular velocity, and ^ the moment of the impulsive
forces about the axis.

For a rigid body which can move parallel to a plane, (8.118)
holds, provided we understand 7 to be the moment of inertia

about the mass center and N the moment of impulsive forces
about the mass center.

We have now converted the principles of linear and angnlor
momentum into forms valid in the case where impulsive forces
act. Since the application of impulsive forces leads to sudden
changes in velocity, we may call the theory of impulsive motion
a discontinuous theory, reserving the word conUmums for those
cases in which no sudden changes in velocity occur.
In the continuous theory the principle of energy is useful for

determining motions, either completely or in part. But it must
be used with great caution in the discontinuous theory, because
we find in general that when impulsive forces act the law of
conservation of mechanical energy does not hold. Actually,
the energy is not lost; it is converted into heat or employed to
deform the bodies on wliieh theiimpulses act. But mechanicdl
energy disappears, and it is with mechanical energy alone that
we are concerned in this book.

Exercise. An impulsive force is applied at one end of a bar of mass m^d length 2o, in a direction ixiriiendicular to the bar. Find the velocity
imp^ed to the other end of the bar, asHuming (i) that the center of the
bar is fixed, (ii) that the bar is free.

8.2. comsiows

As remarked above, a collision between two bodies gives rise

(in physical reality) to large reactions acting for a short time,
and so we treat the problem of collision mathematically by means
of impulsive forces.

The collision of spheres and the coefldcient of restitution.

As an illustrative example, we shall discuss the problem of

the collision of two spheres which are moving along the
joining their centers (Kg. 97).

Taking the axis Ox along the line of centers, let us use the
following notation:
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nil, nii = masses of the spheres,

ui, U2 = vdocities of centers before collision,

u'l, u'i — velocities of centers after collision,

P = magnitude of impulsive reaction.

We have then

(8.201) mi(ul — ui) = —P, nti(u2 — Ui) = P,

and so

(8.202) miu'i + OTauJ = mi«i + maUt,

as indeed we might have deduced directly from the fact that

there is no external impulsive force.

Our problem is to find the result of the collision, i.e., to find

u'l, itj when Ui, Ua are given. But for this we have only one

equation (8.202), and that is not enough to give two unknowns.
We can proceed no further without an additional hypothesis,

and here we introduce the idea of the coefficient of restitution.

Fig. 97.—Collision of two spheres.

Consider the problem of collision as it might occur in reality,
say between two tennis balls. Actually the balls would become
distorted during the collision and then would bound away from
one another, regaining their spherical shapes. This is a com-
plicated process which we cannot follow through mathematically,
and we are obliged to substitute some simple hypothesis based
on experimental results.

We introduce the expressions speed of approach qa and speed of
separation q,. For a general collision, these speeds are calculated
for the particles of the two bodies at the point of contact, com-
ponents of velocity along the common normal at that point being
used. In our problem of colliding spheres, we have

(8.203) q„ = — = Uj — wj.
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The following general hypothesis is adopted: The speeds of
separation and approach are connected hy the relation

(8.204) q, = ego,

where e is a positive number, called the coefficient of restitution.

The value of e depends on the materials of which the bodies are

composed and also on their shapes and sizes; it never exceeds
unity in value. When e = 1 the bodies are said to be perfectly

elastic, and when e = 0 they ai'e said to be perfectly inelastic.

In the problem of the spheres, we now have

(8.205)

Hence,

(8.206)

j
miu[ + rntUi = miui + m^Ui,

\u2 — u[ = e(ui — Ua).

, m\ — enia .. , \ ma
Wi =

i + (1 + e) r=— Ua,
mi-]rma ' mi ma

ma
+ 'i

i

t /I 1 N *^1
i

rna — emi
Mi = (1 + e) [ Ml H Ma,

mi + ma mi + ma

and so the problem is solved.

In the case of perfectly inelastic spheres (e = 0), we have
u'l = Ma; there is no rebound.

If the spheres are of the same mass (mi = ma) and there is

perfect elasticity (e = 1), we have

(8.207) u'l = Ma, Ma = Mi;

this means that the spheres exchange velocities. This case is

particularly interesting becau.so, in the kinetic theory of gases,

the mathematical model represents the molecules by perfectly

elastic spheres.

Compression and restitution.

The hypothesis (8.204) appears artificial; we generally prefer

to adopt hypotheses which have some plausibility. The hypoth-

esis may however be put in another form, which suggests

rather better its connection with physical reality. To do this,

we return to the physical picture of the collision of two tennis

balls. At first the centers of the balls are approaching one

another, and the balls are being distorted. Then they start to

regain their spherical shapes, pressing against one another until

they separate. Thus the whole period of collision is divided
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into a period of compression and a period of restitution. We
may adopt, instead of (8.204), the following hypothesis: The
impulse during restitution bears to the impulse during com-
pression a definite ratio e. Or, passing to the limit of infinite

forces and vanishing time, we may make the following formal

statement of our hypothesis: IfPi is the magnitude of the impul-

sive reaction of compression required to reduce the speed of approach

to zero, then the magnitude Ps of the impulsive reaction of restitution

is

(8.208) Pi = ePi

where e is the coeffidetU of restitution. These two impulsive reactions

act in the same direction.

It is by no means obvious that (8.208) is equivalent to (8.204),

but it can be proved without much diflaculty. We shall here

merely establish the equivalence for the problem of the spheres.

We have, for compression,

(8.209) miu — miUi = —Pi, rnuu — miUi = Pi,

where u is the common velocity when the speed of approach is

zero. For restitution, we have by (8.208)

(8.210) miu{ — OTitt = — ePi, mjUj — mtU = Si.

We have here four equations, which can be solved for u\, mJ, u. Pi.
To prove that we get the same result as that given by (8.204),
we eliminate u from (8.209) and also from (8.210); we obtain

(8.211) / miW2(wi — Ma) = (mi m^Pj^

\ mima(ui - «i) = e(mi •+ mi)Pi,

from which (8.204) follows at once.

Motion relative to the mass center.

The mathematics of discontinuous motions is much simpler
than that of continuous motions, because the equations to bo
solved are algebraic, not differential. But the algebra may
become complicated, and it is sometimes advisable to use a
special Newtonian frame of reference. Thus, in the case of the
two spheres considered above, we may use a frame of reference
in which the mass center is at rest before collision. It is, of
course, at rest in this frame after collision also. We have then
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(8 .212) / + miu'i = 0
,

I wj - u[ = e(ui - Ms);

hence,

(8.213) Ui = -eMi, Wj = — eM2.

As a result of the collision, the components of velocity are
reveraed m si^ and multiplied by the coefficient, of restitution.

If the kinetic energy is T before collision and T' after collision
we have ’

T - Umiul + rriiul), T' = 4(miMi* + mstij®) = e^T,

and so the loss of kinetic energy is

(8.214) r — 2" = (1 — e®)r.

Since c ^ 1, kinetic energy is lost in every case except that of
perfect elasticity (c = 1).

We have discussed the collision of spheres in the case where
their centers move along the line joining the centers. Provided
the spheres are smooth, the extension to the case where the
spheres have general motions is immediate; the

I ,

components of momentum (and hence velocity) 9
in directions parallel to the common tangent
plane of the spheres undergo no changes, and
the components of velocity along the common
normal change as described above.

8.3. APPLICATIONS

We shall now illustrate tlic application of the
principles of linear and angular momentum by
two examples.

The ballistic pendulum.

Consider a rigid body, hanging in equilibrium
from a horizontal axis 0 (Pig. 98). A bullet,

^
traveling horizontally, strikes the body at A and o8.-b^
becomes embedded in it. As a result of the tio pendulum,

impact, the body swings as a compound pendulum, rising through
an ^gffiar displacement a before coming to rest. On account of
its importance in ballistics, the apparatus is called a ballistic
pendulum. Prom the angle a and the constants of the system,
we can compute the velocity of the bullet, as we shall now show.
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Let US take as dynamical system the body and the bullet.

Then the forces between the body and the bullet are internal.

During the brief interval of impact the only external forces

acting are (i) gravity and (ii) the reaction at 0. The force of

gravity is a finite force and so contributes no impulsive force.

Since the reaction at 0 has no moment about 0, it is evident that

the principle of angular momentum enables us to state that

angular momentum of system about 0 before impact

= angular momentum of system about 0 after impact.

Let ON be the vertical through 0, AN being horizontal.

Let m be the mass of the bullet, q its speed, I the moment of

inertia of the body about 0, and a the angular velocity immedi-

ately after impact. Then the angular momentum of the system

about 0 is

before impact: mq • ON,
after impact: {m • AO* -f- I)u.

If the mass of the bullet is very small in comparison with that of

the body, we may neglect m • AO* in comparison with I

;

thus we
have

(8.301) mql = la,

where I — ON.
Although we cannot apply the principle of energy during

impact, we can apply it in the subsequent motion. Thus,

again neglecting the mass of the bullet in comparison with that

of the body, we have

(8.302) •J-Jw* = Mgh(l — cos a),

where M is the mass of the body and h the distance of its mass
center from 0. Hence, from (8.301),

(8.303)
'2IMgh{l - cos a)

mL
'

which gives the speed of the bullet in terms of a and constants

of the system.

Linked rods.

Two uniform rods AB, BC, each of mass m and length 2a,

are connected by a smooth joint at B and lie in one straight lino
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on a smooth horizontal table (Pig. 99o). A horizontal blow P
is struck at C, in a direction perpendicular to BC. We wish to

find the motion generated.

Let us draw a schematic diagram (Fig. 99b), separating the
rods in order to represent the reactions without confusion.

Fig. 90a.—

a

pair of rods, linked at B, roooive a blow at C.

Fig. 99&.'—Diagram of velooitios and jiupulsivo forces.

Taking rectangular axes Oxy, with Ox parallel to ABC and Oy
in the sense of P, we shall use the following notation:

«i, til = components of velocity of center of AB,
ttj, Vi = components of velocity of center of BC,

«i = angular velocity of AB,

^ = angular velocity of BC,

^ X, F = components of reaction on BC at B,
—F = components of reaction on AB at B.

Since the rods are joined at B, this point must have the same
velocity whether considered as a point of AB or of BC. Thus,

(8.304) Ml = Ui, vi + a<oi == Vi — aui.

The principle of linear momentum applied to each rod give.s

(8.306)
mui = mu2 =
mvi = — f, rm)2 — f + P;

the principle of angular momentTim gives

(8.306) = —o?, = —aP + aP,

where k is the radius of gyration of each rod about its center,
so that fc® =
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From the first equation of (8.304) and the first two of (8.306),

we see that

(8.307) wi = = 0, ^ = 0.

There now remain in (8.304), (8.305), and (8.306) five equations
for the following five unknowns:

«1, Vs, <01,
<04,

?.

It is most symmetrical to find f first by substitution in (8.304)
from the other equations; we find

(8.308) f = iP,

and hence

P P“ -im’ ' -
*S'

(8.309)

The velocity of £ is P/tn, downward in the

8.4. SUMMARY OF PLANE IMPULSIVE MOTION
1. Components of impulsive force.

(8.401) 2 = lim Txdt, ? = Urn r‘ y dt

n. Instantaneous change in motion.

(a) Particle:

(8.402) A(wkb) = 2
, A(iny) = f.

(b) Any system:

(8.403) AM. = 2, AMy = Y, Ah = 2.

(2, Y, N = total components and moment of external impulsive

forces.)
(c) Rigid body with fixed axis:

(8.404) ZAc. = JV.

(d) Rigid body moving parallel to a fixed plane:

(8.406) mAu — m Av = Y, I Am = N.

(Uj V = components of velocity of mass center
j N = impulsive

moment about mass center.)
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m. Collisions.

Either

(8.406) s= eqa

or

(8.407) P, = 6Pi.

(e = coeflBlcicnt of restitution; e ^ 1.)

EXERCISES Vra

1. A bar 2 ft. long, of mass 10 lb., lies on a smooth horizontal table. It
is struck horizontally at a distance of 6 in. from one end, the blow being
perpendicular to the bar; the magnitude of the blow is such that it would
impart a velocity of 3 ft. per sec. to a mass of 2 lb. Find the velocities of
the ends of the bar just after it is struck.

2. A uniform rod of mass m and length 3a hangs from a pin passing
through it at a distance a from the upper end. Find in terms of m, a, g the
magnitude of the smallest blow, struck at the lower end of the rod, which
will make the rod describe a complete revolution.

8. A ball is dropped on the floor from a height h. If the coefficient of
restitution is e, find the height of the ball at the top of the nth, rebound.

4. A bar, 6 ft, long, is swinging about a horizontal axle passing through
it at a distance of 1 foot from one end. At what point must a blow be
struck to bring it to rest without causing any impulsive reaction on the
axle? (This point is called the center of percussion,)

6.

A particle moving with a speed of 30 feet per second in a direction
making an angle of 60® with the horizontal strikes a smooth horizontal
plane and rebounds, the coefficient of restitution being i. Find the speed
and the direction of motion of the particle immediately after impact.

6. A uniform square plate of mass M and side 2a rests on a smooth
horizontal table. A horizontal impulsive force of magnitude P is applied
at a comer in a direction perpendicular to the diagonal at that comer.
Show that the angular velocity generated by this impulsive force is

ZV2P
2Ma ’

7. A tug of mass m tons is attached to a barge of mass M tons by a cable
the mass of which may bo neglected. The cable is slack. The tug moves
and has acquired a speed of v ft. per sec. when the cable becomes taut and
the barge is jerked into motion. Assuming that the cable has a coefficient
of restitution i and neglecting the impulsive resistance of the water, find

(i) the speed imparted to the barge;
(ii) the mean tension (in tons wt.) in the cable during the jerk, supposing

this to take t sec.

8. A billiard ball of radius a and mass M rests on a horizontal table.
In a vertical plane through the center of the ball there is applied a horizontal
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impulsive force of magnitude P, J£ the Hue of action of the impulse is at a
height h above the table, find the initial velocity of that point of the ball
which is in contact with the table.

9.

Two gear wheels of radii oi, oa and axial moments of inertia Zi, Za,

respectively, can rotate freely about fixed parallel axles. Initially the
wheel of radius ai is rotating with angular velocity «, while the other wheel
is at rest. If the gear wheels are suddenly engaged, find the velocity
of each wheel afterward.

10. A beam of mass 100 lb. and length 6 ft. bfl.ngH from an axle passing
through it at a distance of 1 ft. from one end. It is drawn aside through
an angle of 30® and then released. It is stopped dead at the lowest point
of its swing by a horizontal blow which strikes it at a height of 2 ft. above
its lower end. What is the impulsive reaction on the axle, expressed in lb.

ft. sec.-J?

11. Two uniform rods A5, jBC, each of mass ilZ and length 2o, are smoothly
jointed together and rest on a smooth horizontal plane, the angle between
the rods being 45®. A horizontal impulsive force P is applied at A in a
direction at right angles to AB and away from the rod BC. Find the initial
angular velocity of BC.

12. A smooth rod of length 2a and mass M rests on a horizontal plane.
A small body of mass m moves in this plane with velocity t; in a direction
inclined to the rod at an angle of 45®; it strikes the rod at a pomt distant c
from the center. If the coefficient of restitution between the rod and the
body is e, find the angular velocity of the rod and the velocity of the body
after collision.

13. A flywheel whose axial moment of inertia is 200 lb. ft.* rotates with
an angular velocity of 300 revolutions per minute. Find in ft. lb. wt. sec.
the angular impulse which would be required to bring the flywheel to rest.
Hence find the frictional torque at the bearings if the flywheel comes to
rest in 10 minutes under friction alone.

14. One end of each of four equal uniform rods is smoothly jointed to the
circT^erence of a uniform disk of radius a and mass M. The length of a
rod is 2a and its mass is m. The points of attachment are at equal angular
intervals. Initially the system is at rest on a smooth horizontal plane with
each rod lying along a radius of the disk produced. A horizontal impulsive
force of ^magnitude P is applied to the outer end of one rod in a direction
perpendicular to it. Show that the initial angular velocity of the disk is

P
-j- 2Tnj*

in a sense opposed to the direction of the impulse.
15. A uniform rod of mass m and length 2a is moving on a smooth hori-

zontal plane. At a certain instant, its center has velocity components u
along the rod and v perpendicular to it, and the rod has an angular velocity «.
What impulsive force must be appUed to a point of the rod at a distance b
from the cento in order to bring that point to rest instantaneously?

16. Two uniform circular plates A and B, each of radius a and rn,
are coimected by a rod of length 2a and mass tw, each end of which is linked
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smoothly to a point on the circumference of one of the plates. The system
is at rest on a smooth horizontal plane with the centers of the plates in the
line of the rod produced. An impulsive couple iC acts on the plate A,
Determine the initial motion of the plate B.

17. AB, BC, CD ^e three equal rods, smoothly hinged to one another
at B and C. They lie on a smooth horizontal plane, forming three sides of
a square. AB can turn freely about A, which is fixed. An impulsive force
applied to D sets D in motion with a velocity v directed away from A.
Prove that the initial velocity of B is opposite in direction to that of D and
equal in magnitude to

18. For the collision of two smooth laminas moving in a plane, prove that
the gumption that the impulsive reaction of restitution is equal to e times
the impulsive reaction of compression leads to the result that the ratio of
the.speeds of separation and approach is e.

19. On a straight line L, there are situated n particles all of the same
mass. Initially the particles are at the points Ai, Aa, • • • An where
OAi < OAa < ’ * OAn, 0 being a fixed point of B, and the velocity of
the rth particle is in the direction OAr and of magnitude Ur,

If wi > Wa > • • • > Un and the particles are all perfectly elastic, find the
final velocity of each particle. What would be the result if all the particles
were perfectly inelastic?

29. A number of equal uniform rods are smoothly jointed together to
form a chain which hangs at rest under gravity. The upper end A of the
chain is free to slide on a smooth horizontal axis. If an impulsive force is
applied to A along the axis, show that the initial angular velocities of the
last three rods are in the ratios 11 : —3: 1.
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CHAPTER IX

PRODUCTS OF VECTORS

Up to the present, our development of mechanics has been
restricted, for the most part, to two dimensions. We now come
to the systematic treatment of mechanics in space. Here we
must make a decision as to notation. On the one hand, we have
the ordinary notation of coordinates; on the other hand, the
vector symbolism. Each has its advantages, but on the whole
the vector notation has proved more useful on account of its

compactness. We shall therefore use it extensively (but not
exclusively) throughout the rest of the book. The present
chapter, together with Sec. 1.3, explains the mathematical
language to be employed later.

9.1. THE SCALAR AND VECTOR PRODUCTS
In developing the theory of vectors, we try to extend to

vectors the operations of ordinary (scalar) algebra, as far as
possible. In Sec. 1.3, this was done successfully for the addition
and subtraction of vectors and for the multiplication of a vector
by a scalar. We now consider the multiplication of vectors by
one another, and here the methods of ordinary algebra are not
so easy to generalize. Actually, we define two types of product

—

the scalar product and the vector product.

As in Sec. 1.3, we use Pi, Pi, Pi to denote the components of
a vector P on rectangular axes Ox, Oy, Oz, and P to denote its

magnitude.

Scalar product.

The scalar product of two vectors P and Q, written P • Q,
is defined by

(9-101) P • Q = PQ cos e,

where 6 is the angle between P and Q. Since Q cos d is the
component of Q in the direction of P (cf. Sec. 1.3), it is clear
that P • Q is equal to the magnitude of P multiplied by the
component of Q in the direction of P.

245
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In particular, 3i. • P is the component of a vector P in the

direction of a unit vector X,. Thus the work done by a force P
in an infinitesimal displacement X Ss is, by (2.401),

= P • 1 «s.

Since the direction cosines of P are Pi/P, Pa/P, Pa/P and
those of Q are Qi/Q, Qi/Q, Qt/Q, we have

-n- fl
_ -PlOi + PaQa + PaQacose

Hence, using (9.101), we have the following expression for the

scalar product of two vectors in terms of their components:

(9-102) p • Q sss piQj -|- P2Q2 + PsQb-

From the definition, it is clear that the scalar proditct of two
perpendicular vectors vanishes.

Either from the definition (9.101) or from (9.102), it follows

that the order of the factors in a scalar product is immaterial.
Thus,

P.Q =Q.P;

in fact, scalar multiplication is comrnMtative. It is also dis-

tributive; that is,

P.(Q + R) ^p.Q+p.R.
To show this, we recall that the components of Q + R are
Qi + Rij Q2 + R 2j Qs + jBb; and therefore, by (9.102),

P • (Q H- R) = Pi(Qi + Pi) + P2(Q2 + JZb) + ^3(^8 + lia)

= (PiQi + P2Q2 + PsQs) + (PiPi + P2R2 + PsPa)
= P.Q +P.R.

A third law governing the operation of multiplication in
ordinary algebra, namely, the associative laWy docs not concern
us here smee we attach no meaning to P • Q • R, However we
have defined such quantities as (P . Q)R and P(Q . R), each
being the product of a vector by a scalar. These quantities
are, of course, quite different, one being a vector with the direc-
tion of R and the other a vector with the direction of P.

Exercise, A vector has components (1, 3, -2) in the directions of rec-
tangi^r axes Oxyz. What is its component along the line a; » w « « the
positive sense being that in which x increases?

*
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Positive rotations.

Before defining the vector product, we shall introduce a
convention concerning the

sign of a rotation.

A rotation about a directed

line L is said to be positive if

it bears to the direction of L
the same relation as the rota-

tion of a right-handed screw

bears to its direction of travel positive rotation.

C^S‘ 100). Thus a rotation from south to cast is a positive
rotation about the upward vertical; the earth’s rotation about
its aids drawn from south to north is also positive.

Sight-handed triads.

Consider three non-coplanar vectors.- These three vectors,
taken in some order, form an ordered triad. Since all the triads
of which we shall speak are ordered, the adjective will be under-
stood in future, and a triad will mean an ordered triad. Let
P, Q, R. be an orthogonal triad, the order being as indicated.
This triad is said to be right-handed if the rotation through a
right angle from P to Q is a positive rotation about R. Any
other triad is said to be right-handed if it can be deformed con-
tinuously into a right-handed orthogonal triad without its

vectors becoming coplanar at any stage in the deformation.
If the triad P, Q, R is right-handed, then the triad Q, P, R

is said to be left-handed.

If the triad of unit coordinate vectors i, j, k, introduced in
Sec. 1.3, is a right-handed triad, the axes Oxyz are said to be
right-handed. We shall always use right-handed axes for the
sake of consistency.

Vector product.

Given two vectors P and Q, wo draw the unit vector n per-
pendicular to both P and Q, such that the triad P, Q, n is a
right-handed triad. We define the vector product of P and Q,
written P X Q, by

(9.103) P X Q = PQ sin « n,

where 0 is the angle between P and Q (Fig. 101).
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It is clear from the definition that a rotation from P to Q,
through an angle less than two right angles, is a positive rotation

about P X Q. We note that the
“ magnitude of P X Q is PQ sin 0; this

is equal to the area of the parallelo-

gram whose adjacent sides are P and
jiPxQ Q,

P-&

The vector product P X Q of two
non-zero vectors vanishes if, and only
if, P and Q are codirectional or oppo-
site; in particular,

P X P = 0.

Fig. 101.

—

The vector product. t j. ^ i
JLet US now find, the components

of P X Q. If we denote this vector by R, then R is perpendic-
ular to both P and Q, and we have

RtPi 4" RsPi RtPz = 0
,

RiQi + RiQz + PsQs = 0.

Therefore,

(Ri = k(PsQs - PsQz),

(9.104) ; R* = k(PzQi - PiQz),

I i2j = k(PiQ2 ~ PgQi),

where A is an undetermined factor. Now,

R* = Rf-h Ri -I- Rl
= k^KPiQz - PzQz^ + (PsQi - PiQzY + (P1Q2 - PsQOs]
= A;*[(P? -h PH- P|)(Q| -H Qi + Ql)

= fc»P*0* sin* e.

- (PiQi + PjQs -I- P,Q,)*]

But, by definition,

and hence
R = PQ sin 6,

fc = ±1.

From considerations of continuity, it is evident that A; is to
have the same sign in all cases. This sign roay therefore be
determined by considering the particular case where P and Q
are unit vectors directed along the positive axes of x and y,
respectively; then.

Pi = 1, P* = 0, P* = 0,

<3i = 0
, (3* = 1

, <3, = 0
,
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and hence, by (9.104),

•®i 0, Ri — 0, Rf = k.

But P X Q is, in this case, a unit vector directed along the positive
axis of s so that R^ = 1. Hence, k = +1 here, and so in all
cases. Thus, quite generally, the components of R = P x Q are

(9.105)

Ri = PiQi - PtQs,
Ri = PiQi - PiQ^,
R» = P1Q2 - PiQx.

Note that the number describing the component and the sub-
scnpts m the leadmg term of the expression for that component
are a cyclic permutation of the numbers 1, 2, 3.
From the definition (9.103), it is evident that

(9.106) P X Q = -Q X P.

Again, using (9.105), it is easily shown that

(9.107) PX(Q + R)=PxQ+PXR.
pius, vector multiplication is not commutative but does obey
the usual distnhutive law for multiplication.
For the unit coordinate vectors i, j, k, it is easily seen that the

following relations hold:

,
( i • i = j • j = k . k = 1,

(9.108) <j*k = k«i = i*j = 0,

(jxk = i, kxi = j, ixj = k.

If we assume the distributive
and the formulas (9.108), wo
directly. Thus,

law for scalar and vector products
can establish (9.102) and (9.106)

P- Q - (P|i + P2j + Pjk) . (Q,i + Qjj + Qjt)
= PiQi + PsOa + P^Z,

and

P X Q = (Pii + Pjj + pjt) X (Q,i + Qjj + Qjk)
- (P2Q3 - PzQ«)i + (P5Q, - PiQ,)] + (PjQj _

Hn?
“ultiply a vector by a scalar m, we do not alter its

line of action; we merely change its magnitude, and reverse its
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direction if m is negative. From this fact and the definitions

of the scalar and vector products, we see that

(i) (mP) • Q = P • (mQ) = m(P • Q)

;

(ii) (mP) X Q = P X (mQ) = m(P X Q).

Hence, if a scalar factor appears in a product of vectors,

its position is actually of no importance; it may be shifted

to any position without altering the value of the product as a
whole.

Exercise. If P X Q * R and P X R " Q, then the vectots Q and R
both vanish.

Differentiation of produdis of vectors.

The derivative of a vector with respect to a scalar has been
defined in Sec. 1.3. We saw there that the derivative of the
sum of two vectors is equal to the sum of their derivatives, as

in ordinary calculus. The ordinary rule holds also for the
derivatives of the scalar and vector products. This is shown as

follows:

(9.109) ^(P.Q)

Similarly, writing “cross” for “dot,” we obtain

(9.110) |5’XQ)-f XQ+Pxf.
It is important to preserve the order of P and Q in (9.110),
but not in (9.109).

= lim (P + AP).(Q+AQ) -P.Q
At*—*0 An

^ J.^
AP.Q +P.AQ + AP.AQ

Au-»o An

8.2. TRIPLE PRODUCTS

Mixed triple product.

Let us consider three vectors P, Q, and R. From tbam we can
form the product P • (Q X R), called their mixed iriple prodwt.
This is the scalar product of P and the vector V = Q x R, and
so is a scalar. We shall now express it in terms of the com-
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ponents of the three vectors. From (9.102) and (9.106), we
have

P*(Q XR) =P-V
= +P27s+Pay,
= -PiCQiRs — Qz-Ra) + Pa(Q»Ri — QiRz)

+ PziQiRa - QaRi),
or, in detenninantal form,

Pi Qi Ri
(9.201) P-iQ XR.) = Pa Qa Ra.

Pi Qa Ra

Prom the rule governing the interchange of columns in a
determinant, it follows that

P • (Q X R) = Q • (R X P) = R . (P X Q),

and

P.(Q XR) = -P.(RXQ) = -Q.(PXR).
Thus a mixed triple product is not changed by a cyclic permuta-
tion of the vectors; its sign is reversed when two of the vectors
are interchanged.

We may interpret the mixed triple product geometrically as
follows: As we have seen, the magnitude of Q X R is equal to the
area of the parallelogram whose
adjacent sides represent Q and R.
Now P • (Q X R) is the product
of the magnitude of Q X R by QxR
the component of P in the direc-

tion of Q X R (that is, per-

pendicular to the plane of Q and
R). Hence the magnitude of

P* (Q X R) is equal to the vol- „
ume of the parallelepiped whose

.u.xod tnpio product.

adjacent edges represent P, Q, and R (Fig. 102). The sign
of P • (Q X R) is also significant; it is positive or negative
according as the angle between P and Q X R is acute or obtuse,
i.e., according as P, Q, R form a righ1>- or left-handed triad.

From the geometrical interpretation, it is obvious that

P. (Q XR) = 0

if the vectors P, Q, R are coplanar.

m m
FlO. 102.—Tlio luixod triple product.

The sign
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Vector triple product.

From the vectors P, Q, R, we can form another product,
namely, P X (Q X R)

j this is evidently a vector and is called
the vector triple product.

We shall now express this product as the difference of two
vectors. Denoting it by IT and writing V = Q X R, we have

IT = P X V;

hence, using (9.106),

Ui = P4F3 - P,F*
= PiiQiRi — QsPi) — Pz(Q»Ri — QiRz)
— (PiPi 4* PzRi + PaR»)Qi (PiQi 4" PzQi 4" PzQz)Ri
= (P-R)<2i- (P.Q)iei.

Similarly,

U» = (P.R)02 - (P.Q)P2,
U, = (P.R)Q3 - (P.Q)P3.

These three expressions for Ui,, Ua, Uz can be combmed into the
vector equation

(9.202) IT = P X (Q X R) = (P . R)Q - (P . Q)R.

The following remark is an aid in remembering this express
sion: since Q X R is perpendicular to the plane of Q and R, the
vector P X (Q X R) must be in this plane; hence,

P X (Q X R) = ?Q 4- r-R,

where q and r are scalars.

Exerdx.^ Eyaluate all the vector triple products of the unit coordinate
vectors i, j, k, including those in which one of the vectors is repeated.

9.8. MOMENTS OP VECTORS
The moment of a vector about a line was defined in Sec. 2.3

as a scalar. There we spoke also of “the moment of a vector
about a point A,” but oidy as an abbreviation for “the moment
about a line through A perpendicular to the plane containing A
and the vector.” Now that we are in possession of the powerful
vector notation, we shall make a fresh start. We shall define
the vector moment of a vector about a point, and (in terms of it)
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the scalar moment of a vector about a Une; this latter definition
will be shown to agree with that given in Sec. 2.3.

Moment of a vector about a point.

Let P be a vector with origin at B, and A any point in space
(Iig. 103). We define the vector mom&nt of P about A (or briefly
the moment of P about A) as a vector M, given by

(9.301) M = r X P,

where r = AB, the position vector of B relative to A. Thus M

is a vector perpendicular to the piano of r and P, with magnitude

(9.302) M — rP sin 9 = aP,

where 9 is the angle between r and P, and a the perpendicular
from A on the lino of action of P.

^ an illustration, lot us calculato the moment of a given force P about a
point A. In Fig. 104, P is a force of known magnitude applied at 7J and
Mting along the diagonal HF of one face of the cube ABC • • • H. If i, j, k
is a triad of unit orthogonal vectors at A (as shown), we have

AH
P

6(i + k),

where b denotes an edge of the cube. The moment M of P about A is now
eashy calculated; it is

M = 6(i + k) X (j - k).
V2
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Hence, by (9.108),

Thxis the moment of P about is a vector with components (—6P/\/2»
hP/ &P/'n/S) the directions of the edges AEf AB, AD, respectively.

Returning to the situation shown in Fig. 103, let us investigate

the effect of sliding P along its line of action. It becomes

Fig. 106.—^The moment of a vector is unchanged when we slide the vector along
its line of action.

(Fig. 106) a vector P at B', where AB' = r + jfcP (A being some
scalar). The moment about A is now

M' = (r + fcP) X P.

But P X P — 0, and hence

M' = r X P = M.

Thus the moment of a vector about a 'point is unaltered by sliding
the vector along its line of action.

We shall now make an important deduction from the above
fact. Let P at B and —P at S' be two vectors with a common
line of action L, and let A be any point. Sliding —P along
L until its origin is at S, we do not dter its moment about A,

Thus, if ilS = r, the sum of the moments about of P at S
and —Pat S' is

r X P + r X (-P) == r X (P - P) = 0.

In words, for two vectors in the same line, with equal magnitudes
but opposite senses, the vector sum of moments about any point
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is zero. In particular, by the fundamental law of action and
resection (cf. See. 1.4), w© hav©

(9.303) m vedoT mm of momerOs about an arbitrary point of
the forces of inieradion bdween two paHicles of any system is zero.

By the distributive law for vector multiplication, we have
for any vectors,

’ ’

(9.304) rXP + rXQ + rXR + • • •

= rX(P + Q+ R + . . .).

Let P, Q, R, • * • be vectors with common origin B, and let r
be the position vector of B relative to a point A. Then for
vector mom^te about a point, we have the theorem of Varignon
(cf. 8e^ 2^) : The mm of the vector moments about a point A of
vectors P, Q, R, • •

. common origin B, is equal to the vector
imment about A of the sznqU vectorB + Q + R + • • • with origin

Moment of a vector about a line.

Let M be the moment of a vector P about a point A, and
let L be any Ime through A. Of the two senses on L, we choose
one as positive and distinguish it by
a unit vector X lying on L. We
define the scalar moment o/P aboutL as
the component Afx of M in the posi-
tive sense of L; expressed in symbols,

(9.306) ilfx = J, . M.

y

X
Flo. 100.—Tho momotit of P
about tho lino JO is roquirod.

We shall now show that the above
definition is equivalent to that given
in Sec. 2.3. We take special axes
Oxyz as shown in Fig. 100; the origin
0 coincides with A, and Oz lies along
the line L in the positive sense.
Relative to these axes, P has components (X, Y, Z) and acts at a
pomt R with coordinates (*, y, z). The momentM ofP about A
(or 0) 18

(9.306) M = (ai -f- yj -t- z\s) X (Xi -1- 7j +
= (2/X zY)i -I- (zX - xZ)i -I- (xY - yX)k,
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where i, j, k are the unit coordinate vectors. Since ^ = k,

we have

(9.307) Ifx = k • M = *7 - yX.

But this quantity is precisely the moment as given by (2.303)

;

the two definitions of the moment of a vector about a line are

now completely reconciled.

It might appear that the value of the moment M\ of P about L,

as given by (9.306), depends on the choice of a point A on this

liriR. This is not actually the case. For let A' be any other

point on L, so that AA' = where k is some scalar. The

moment about 4' of P at B is

M' = (-ia. + r) X P,

where r = AB. The component of M' in the positive sense of

L is therefore

ML = 0,-[(-hX + T) XP]
= -kX . (3. X P) + 3f (r X P)

= J, • M = M\,

since X • (^ X P) =0.
The theorem of Varignon for scalar moments of vectors about

a line follows directly from (9.304); we have merely to take the

scalar product of each side with X. This very simple proof by

vector methods should be compared with that of Sec. 2.3, where

only elementary methods were used.

There are occasions, however, where scalar methods are more

direct than vector methods. On such occasions, we require

formulas for the moments of a vector about the axes of coordi-

nates. These are, by (9.306),

(9.308) yZ — zY, zX — xZ, xY — yX,

where (Z, Y, Z) are the components of the vector applied at

(®. y,«)-

Exercise. A vector with components (1, 2, 3) acts at the point (3, 2, 1).

What is its moment about the origin, and what are its moments about the

coordinate axes?
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9.4. SUMMARY OP PRODUCTS OF VECTORS

l. Scalar product.

(9.401) P • Q = Q • P = PQ cos 9 = PiQi + p^Qj +
n. Vector product.

(9.402) P X Q = -Q X P = PQ sin dn.

(n a unit vector perpendicular to P and Q; triad P, Q, n right-
handed.)

m. Usual ndes of algebra and calculus apply to products of
vectors, if order in vector products is preserved.

IV. The mixed triple product.

Pi Qi i2i

(9.403) P-(Q XR) = Pa Qa P*.

Pz Q% Ri

V. The vector triple product.

(9.404) P X (Q X R) = (P. R)Q - (P. Q)R.

VI. Moment of a vector about a point.

(9.406) M - r X P
~ (.y^ ~ zY)i -|- (sX — xZ)] -f- (rcF — yXyk..

Vn. Moment of a vector about a directed line (:x).

(9-406) ilfx = a,, (r X P).

EXERCISES XC
1. Solve the equations

2A + B « M, A + 2B « N,

M and N beinK Kivon vcc-tors.

2. Three voetors are roproHentod by the diiiRonals of throe adjacent
faces of a cu»)a, all pas.sing throuRli the Haino ooriicr and direct.ed away from
it. Find their Hum.

3. What is the moment a})out the x-axis of a force of ma|i;nil;udo 3 applied
at a point with coordinates (2, 3, 5), in a direction making angles of 60®
with tlic axes of y and z and an acute angle with the axis of x*t

4. A, B, C, B are any four vectors. Prove that th(‘re <^xiHt s<uilarH a h
Cj d (not all zero}, sutih that

' ’

oA + 6B + cC + dD =*0.
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If A X B =s A X C, show that B » C -} kX, whexe k is some scalar.

6. If A and B are any two unit vectors, prove that the moment of A
about B is equal to the moment of B about A.

7. Find the moments, about a comer of a cube, of three unit vectors
converging on the opposite comer along three edges. Show that the sum
of the moments is zero. How coiild you obtain this result without
calculation?

8. A force with components (X, F, Z) acts at the point (a, 6, c). What
is its moment about a line through the origin with direction cosines (i, m, n) ?

9. A force of magnitude P acts along the line joining opposite comers
of a cube of edge 2a. Find the moment of the force about a line which is

a diagonal of a face of the cube and which does not out the line of action
of the force.

10. A directed line L passes through the point (a, 5, c) with direction
cosines (Z, m, n). Prove that the moment about L of a unit vector pointing
along the rc-axis is &n — cm,

11. Prove that the moment of a vector about a line vanishes if, and only
if, the vector cuts the line or is parallel to it.

12. Prove the identities

(i) A X (B X C) -f B X (C X A) + C X (A X B) = 0,

(ii) A X [B X (C X D)] = (B • D)(A x C) - (B • C)(A X D),
(iii) (A X B) X (C X D) « B[A • (C X D)] - A[B • (C X D)].

18. Oxyz, Ox*y*%* are two sets of rectangular Cartesian axes. P is a vector
with components X, F, Z on Ox^z and components X', F', Z^ on Ox!y^z*,

Show that

X^ = ttuX + flisF +
where an, ai 2, ais are the direction cosines of Ox' with respect to Oxyz,
Develop similar formulas for F' and F'.

14. Solve the differential equation

where a is a constant vector.

16. Show that the differential equation

b,

where a and b are perpendicular constant vectors, has the general solution

r - /(Oa 4- te + e - (a X b);

her0 /(i) is an arbitrary function and c, e are arbitrary constant vectors.



CHAPTER X
STATICS IN SPACE

10.1. GENERAL FORCE SYSTEMS
Before proceeding to conditions of equilibrium, let us develop

some results valid for any system of forces, whether they produce
equilibrium or not.

o' p uoe

The total force and the total moment.
Let there be a system of particles with position vectors ti,

r2,

• • • r„ relative to a point 0, and let forces Pi, Pa, • • P^
act on them. We define the total force F of this system as the
vector sum of the forces, i.e.,

(10.101) F = V P,.

The moment of the force P< about 0 is r< X Pj, by (9.301).
We define the total moTnent G of the force system about tho
base point 0 as the sum of these moments, i.e.,

(10.102) G = V n X Pi.

The scalar components of tho total force and the total moment
on axes Ozyz are easy to write down. Let Xi, yi, Zi be the coordi-
nates of the ith particle and Xi, Yi, Zi tho components of Pi.
Then tho components of P are

(10.103) ^ = Y = ^Yi, Z^^^Zi,

and tho components of G are

(10.104) L = X M ='2/ (*«^< - ^i),
iZ'i

W = T (®iF.. - yiXi).
<-l

250
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Since the scalar moment about Ox is the component along Ox of
the vector moment about 0, it is evident that L, M, N are the
total scalar moments about the axes Oxyz; thus, for example, L
is the sum of the scalar moments of all the forces about Ox.

Change of base point.

It is clear that F does not depend on the choice of base point 0.
On the other hand, G does depend on this choice. Let us see
how G changes when we change the base point from 0 to O',

where 00' = a.

^2 )

*
' ri are the position vectors of the particles

relative to O', we have

(10.106) ri = rj + a.

Then, if G' is the total moment about O', we have

G' = V X Pi

n

= X (r< - a) X Vi ]

and so, by (10.101) and (10.102),

(10.106) G' = G - a X F.

This equation shows how the total moment changes with change
of base point.

Equipollent force systems.

In Sec. 2.3, we gave the general definition of equipoUence
but used it only in the restricted sense of plane equipoUence.
We recall that two force systems are equipollent if (in the lan-
guage used above) the total forces of the two systems are equal,
and also their total scalar moments about an arbitrary line. We
shall now establish the following fxmdamental theorem:

If two force systems are equipollent, they have the same toted

force and the same toted moment about an arbitrary base poinir—
the same for both systems. Conversely, if two force systems have
the same total force and the same total moment dbovi some one base
point, then they are equipoUent.
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8i and Ss be two force systems and 0 any base point.
The total forces of the two systems will be denoted by Fi Fa
and their total moments about 0 by Gi, Ga, respectively.

If Si and Ss are equipollent, then Fj = F* from the definition
of eqmpollence. Further, the scalar moments of 8i and Sa
about any line through 0 are equal, and so the vectors Gi and Ga
have the same component along any line through 0; hence

1 Thus, for an arbitrary base point 0, we have

(10.107) Fi = Fa, Gi = G*,

which establishes the first part of the theorem.
To prove the converse, we must show that Si and & are

equipoUent if (10.107) hold for some one base point O. The
fet condition of equipollence, namely, the equality of total
forces, IS evidently satisfied; it remains to pi-ove that the scalar
moments of 8i and Sn about any line are equal. If the line
passes through 0, the equality of scalar moments follows at
once by projecting the equal vectors Gi, Ga on the line. If the
line does not pass through 0, let O' be any point on it. The total
moment G( of 8i about O' is expressed in terms of Fi and GiMm (10.106); there is a similar expression for the total moment
Gj of Si about O'. Those vectors are obviously equal by virtue
of (10.107), and so the scalar moments in question are also equal.
The proof of the theorem is now complete.

If the total force F of a system is zero, and also the total
moment G about some one base point, it follows that F and G
are zero for all base points. We say then that the system is
eguipoUent to zero.

10.2. EQUILIBMUM OP A SYSTEM OP PAHTICLES
In Chaps. II and V, we developed the general principles

of static.s and dynamics in a plane. In e.stablishing these
principles, wo sometimes gave the results in three-dimensional
form, where there was no particular difficulty involved. Now
we Imve to develop general principles in three dimensions,
and it might be thought that the new work would have to be
built on top of the old. That is not the case. Since we are
now m possession of the powerful vector method, it is on the
whole simpler to establish the general principles directly from
the basic laws of Sec. 1.4. That is what we shall do, except
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in those cases where the vector method offers no advantage.
In the main, therefore, the rest of the book is logically inde-

pendent of Part I, except for the laws of Sec. 1.4.

Necessary conditions of equilibrium.

For a single particle, the condition of equilibrium is

(10.201) P = 0,

where P is the vector sum of the forces acting on the particle.

Let us now consider a system of n particles in equilibrium.

Let Pi denote the resultant of the external forces acting on the
ith particle. In addition to the external forces, there act on
each particle a number of internal forces due to the other particles

of the system. Let Pij denote the force on the ith particle due
to the jth particle; by the law of action and reaction, these inter-

nal forces satisfy

(10.202) -Pi! + Pji = 0.

Since each particle is in equilibrium, it follows from (10.201)

that the external and internal forces satisfy the equations

/ Pi + 0 -1- Pi2 + Pi, + •• .
. + Pi„ = 0,

(10 203)
*" + 0 + Pis + • • + Psn = 0,

.

Pn + P»1 + Pns + + Pn,n-1 0 = 0.

When we add these equations, the internal reactions cancel on
account of (10.202), and so

(10.204) F = 0,

n

where F is the total force of the external force system, viz., 2) P*-

Let Xi denote the position vector of the ith particle relative

to a base point 0. If we multiply the equations (10.203) vec-
torially by ii, r*, • • • r„ in order, we obtain

X Pi 0 -j- Ti X Pis + ri X Pis

+ ri X Pm = 0,

Ts X Ps + Is X Psi + 0 ts X Pss + • • •

+ Is X Pm = 0,

r» X P« + r„ X P«i + r„ X P»s + • • •

Tn X P«,i»-1 + 0 = 0.

(10.205)
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Now,
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ri X Pi2 + r2 X P21 = (ri - rj) X P12 = 0
,

r°f- (9-303)1. Henceon addition of the equatioas (10.205), the terms symmetricaUv^ ™th respect to the line of teroe cancel in «
(10.206) G = 0,

where G is the total moment about 0 of the external force

system, viz., V r* X P,-.

t-1

Thus, for a system in equilibrium, P and G both vanish and so(in theltoguageof Sec. 10.1) we have the following general result-*If a sy^ of particles is in equilibnum, then the external forcesystem is equipollent to zero.
^i^rnat jorce

In terms of the total force P and the total moment G about

velrTquToL^'

(10.207) F = 0, G = 0.

Rraolvmg vectors along rectangular axes Oxyz and uainp; the

(10.208)

(10.209)

A' = 0, F = 0, Z = 0;
1^ = 0, M = 0, N = 0.

In thm form the conditions appear as goneraUzations of (2.308).

Most f

^ ° Statics rests on tho equations (10.207)

wll applied to a rigid bodytreated as a whole. But they ai-e vaHd for any system which

^tn a vetae of
^ “^at^rial, orolumo of fluid. As an example, we shall presentlv

the equilibrium of a flexible cable in space (cf . Sec 3 4tor the ptac cnco). The cuffitrinm of n n^d bSy^ toconsidered m more detail in Sec. 10.4.
^

* This condition is equivalent to the conditions obtained in Sec. 2.3.
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Curves in space.

We require some elements of the geometry of curves in space;

they are of importance apart from the present connection and

will be used again later.

Let C be a curve in space and A any point on C. LetP be any

other point on C, distant s from A (s being measured along the

curve). The unit vector i, tangent to the curve at P, is clearly

a vector fimction of «. Since i • i remains equal to unity along

C, we have

(10 .210)
=

It follows that the vector di/ds is normal to C at each point P.

Let 1/p (p is the radius of curvaiure of C at P) denote the magni-

tude of this vector. Then we may write

(10.211) ds

3

P

where j is a xinit vector normal to C; it is the unit principal

normal vector. The plane of i and j is called the osculating plane.

The unit binormal vector k at P is defined as follows: It is

normal to both i and j and is so directed that (i, j, k) is a right-

handed triad.

The equation (10.211) is the first of the FrenetrSerret formulas.

The complete set of formulas is

(10 .212) ^ = 1
, ^ = -— 1

,

ds p ds r p ds T

where r is a certain scalar, called the radius of torsion,* These

formulas are easily proved. Since

it follows that

(10.213) ^ = ai + bk,

= 0,

ds
oi + ft*,

* We note that p is necessarily positive, since it is defined as the reciprocal

of the magnitude of di/ds; r may be positive or negative.
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where a, 6, «, are scalars. On differentiating the relations

(10.214) i*j = 0, 3*k«0, k.i = 0
and using (10.211) and (10.213), we find

(10.215) a = 0, 6 + ^ = 0.

Hence, writing b = 1/r, we obtain (10.212)
For a cu^e C, cbawn on a surface S, the vector i is necessarilya tmgent to S. But the vector j is not necessarUy normal to

® C, tke c„„, is called

Flexible cables.

Let us now consider a flexible cable in equilibrium under theaction of known external forces and the tensions at its en^.

on an oiomont of cable.

K^re 107 shows an infinitesimal portion PQ, P beine at atow c from one cod of tKo coble. Let i, j, k dcoorftclt
tangent, prmcipal normal, and binormal vectors at P The

aongthds) may now be described

(i) a force - Ti at P, whore T is the tension at P:

wi^ ‘/rdVr i‘'2fiot «

some unspecified point of the element PQ.)
The element PQ is a system in equilibrium under these forces

of +r
^ conditions (10.207) to it. From thefirst of these conditions, we have
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(10.216) - Ti + (T + dT) i ds)

+ (IBji + + i2ak) ds = 0.

The second of the conditions (10.207) is satisfied identically to the

first order in ds. From (10.216), we at once obtain the scalar

equations

(10.217) T- + B2 = 0,
P

Rz = 0 .

These are the general equations of equilibrium. They enable us

to find the form of the cable and also the variation in tension

along it. In particular, the last of these equations tells us that

the osculating plane at each point contains the external force

vector.

Example, A light cable rests in contact with a smooth surface 8, under no

forces except the reaction of 8 and the tensions at its ends. It is required to

find the curve C in which the cable rests, and also the tension at each point.

The external force vector R ds is the reaction of the surface 8 on the

element. Since this reaction is normal to 8, it is also normal to C, and so

Ri «= 0. But Rz « 0, by the last of (10.217), and so

R « Baj.

It follows that the principal normal vector j is normal to 8 at each point of C.

Hence, (7 is a geodesic on 8. Thus, to construct a geodesic joining two given

points on a surface, we have merely to stretch a light thread between these

points. If Sf is a sphere, C is an arc of a great circle; if ^ is a cylinder, C is a
curve on the cylinder which maps into a straight line, when the cylinder is

cut along a generator and unrolled on a plane.

Again, since Ri — 0, the first equation in (10.217) gives

Thxis the tension T is constant; in particular, the tensions at the ends are

equal.

10.8. REDUCTION OF FORCE SYSTEMS

If we succeed in finding a simple force system S\ equipollent

to a given system S, we say that we have reduced the system S
to the system S'. We shall presently consider, in some detail, the
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Moment of a couple.

couple consisting of the forces P nn,l o ®^ows a

momen^G of this couple about 0 is easily found; denoting OB by
r and BA by p, wo obtain

(10.301) G = r X (-P) + (r + p) X P = p X P.

i. .«i;LxXT.rstrtr.

Smeo two couples which Jmvo the same momont are cauiDollcntorco systems, a couple is completely specified (as far as couipollencc IS concerned) by its free moment vector, or biieflv^Ssrmmevi. Thus, when we speak of a couple G w^ have n

Znent G
To avoid confusion in diagrams, the arrowheads mdie«+i«o.«.upl™ may bo martad with a o„a^bar, LSo
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Composition of couples.

Let there be a system of forces consisting of a number of

couples Gi, G2,

• • •
. The total force of this system is zero, and

the total moment about any point is clearly

(10.302) G = Gi + Gs + • ' • .

Thus, a system consisting of couples is eguipoUent to a single

couple; its moment is equal to the vector sum of the moments of the

individual couples. In other words, couples are compounded

by the parallelogram law.

Exerdee. Forces with components (2, 0, 0), (—1, 0, 0), (—1, 0, 0) act at

the points (0, 0, 0), (0, 1, 0), (0, 0, 1), respectively. Show that they can bo

reduced to a couple, and find its magnitude and direction.

Reduction of a force system to a force and a couple.

Consider a general force system S, with total force F and total

moment G with respect to a base point 0. Consider also a

second force system S', consisting only of a

single force F applied at 0 and a single couple

G. Obviously, S' is equipollent to S. There-

fore a general force system can always be reduced

to a single force applied at an arbitrary base

point, together with a couple.

Just as we represent a single force by an

arrow, so we can represent a general force

system by a diagram such as that in Fig. 109

;

this shows a force F acting at a base point 0
and a couple G. Although the couple G is

a free vector, it is convenient to draw it out from the base

point 0.

Fig. 109.—Repre-
sentation of a gen-

eral force system by
a foroe F and a

couple G-.

If we change the base point from 0 to O', where 00' = r, wo do

not alter F, but the moment about O' is not G; it is found by
adding to G the moment of F about O'; this gives [cf. (10.106)]

G' = G - r X F.

Hence, under a change of base point from 0 to O', the force F
and the couple G become F' and G', respectively, where

(10.303) F = F, G' = G - r X F.
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- ^»dF'. O' - F. Giinworda, the eedwef md F . G are %iwanara under a change of base point. If either

vanishes for all choices of base point.

Reduction to a wrench.

A wrench consists of a force F and a couple G with naraUelrepresent™ Ime «gmente, Thie rdetioa
expressed by the vector equation

(10.304) Q. ^

where p is some scalar having the dimensions of a length. The
quantities p and F are called the pitch and intensity of the wrench
respectively. The line of action of the force F is called the axisof the wrench.

A general force system can always be reduced to a wrenchWe shim now show how this is done. Lot us first reduce thesystem in question to a force F at a base point 0 and a couple G.

® ol>tain a forceF and couple G . These constitute a wrench if

(10.305) Qf - pp/

Since, by (10.303),

F' = F, G' = G - r X F,

the equation (10.305) is satisfitHi if r and p satisfy

(10.306) G - r X F = pF.

This IS, in fact, a vector equation for r (the position vector of O')and p (the pitch of the wrench).

rectangular Cartesian coordinates,
and let (Fj, Pi, fa), (Gi, O2, Oa) denote the components of F G
respectively. The vector equation (10.306) is equivalent to’the
scalar equations

+ zFa _ 6a — eFi + xFa _ Oa — xFa + uFi
Fi Ya

= V,

Xt
^ coordinates of O'. These equations show

that F, G constitute a wrench provided O' lies on the straight
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line 'with equations

/I n nnr7\ ~ i + 2l''2 _ Oz — zF \ xFz _ Oi — xP2 "hj/F i

(10.307;
Y, Fl Ft

We note that, if (x, y, z) is any point on this line, then (a: + kFi,

y + Wi, z + where h is any scalar factor, is also on it. It

follows that this line has the direction of F; it is the axis of tlus

wrench to which the system is reduced.

The pitch p is found by taking the scalar product of F and the

vectors on the two sides of (10.306). We find

F* G = pF*;

therefore,

(10.308) p =

It is, of course, not accidental that the pitch of the rosulting

•wrench is a function of the invariants F and F • G.

If p = 0, the wrcnch degenerates into a single force; in this

case F • G = 0. If p is infinite, the wrench degenerates into a

couple; in this case F = 0. In each of these special cases, we
have a force system equipollent to a plane system of forces.

Conversely, if the force system is equipollent to a plane system

of forces, then one or other of these special cases must arise.

Exercise. In the reduction of a given force system to a force and a couple,

the couple G depends on the base point. For 'what base points is G least?

Reduction of a system of parallel forces.

A set of parallel forces is a system of particular importamte
in mechanics, e.g., the weights of a number of particles.

Any n parallel forces may be denoted by kiP,

where fci, fts,
* ' * fcn are scalars. Selecting a base point 0, wo

first reduce this system to a force F at 0 and a couple G. Let
r, (s = 1, 2,

• * • n) denote the position vectors, relative to 0, of

the points of application of the several forces. Then,

|f =
2^

(k.P) = kP,

(
G = (r, X fc.P) = J!!,r,) X P = r X F,

(10.309)
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(10.310)

This reduced system is clearly equipoUent to the single force FappHied at the point C with position vector r
’

The point C, with

includes and remain pnrallol to one another.
It the forces m question are the weiehts of +h<a mow+jrai f

point C i, the center otS?^ e^^CSt‘
The reduction of some special force systems.
The force systems encountered in practical problems are oftenextremely complicated. However, the details of such a forcesystem are relatively unimportant when it acts on a rigid bodv

IS ^sential for the discussion of equilibrium. The total foree

1. Analysis of forces on an airplane.

orthSii'righilis SS™ ifj\s feTdiiSr 1^'

tto„a^ n, n, JZH'mu, htn*^"SS
ne.rr“,S“i=™JS'; "«“i ‘ ''«> ‘k«> h. <i™i«i

The forces acting on the airplane are as foUows:

namlJfn
^“6^^ 0^ ^ Various parts. These constitute a syetom ofparallolforccs and can be reduced to a single force Wacting verticaUy rw^-warf tl^ugh C; W is the total weight of the airplane.

a*
**'"“*> driving force, P duo to the airscrews. This force is inthe direction of the vector i or nearly so.

(iii) Forces arising from the action of the air. These forces arc duemamly to variatrons m pressure over the wing surface and in a lesser degree
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to friction; they form a very complicated system. Reducing this system to

a force F at C and a couple G, we resolve as follows:

V ^Xi + Yi+Zk, G = Li + Jkfj + iVk.

For normal flight, —Z is the dragj —Z is the liftj and M is the pitching

mom&m; Y,L,N SiXB zero. The precise terminology of aerodynamic theory

is not quite so simple as this. Under normal flight conditions, however, the

differences are small.

The theoretical determination of the force system (F, G) is a very difficult

problem in hydrodynamics; and, in practice, experimental methods are used.

A model of the airplane (or the airplane itself) is mounted in a wind tunnel.

Direct measurements are then made of the force system required to keep the

model at rest in a stream of air.

An analysis of the forces on a buUet or shell follows the same linos. In

this case, however, the driving force P is absent.

2. Analysis of stresses in a beam.

Consider a beam in equilibrium and let Ox be a line in the direction of its

length. We imagine the beam cut in two by a plane II perpendicular to Ox
at A (Fig. 111). We shall denote by B the part of the beam to the right of H,

and by L the part to the left.

The forces on L are as follows:

(i) Applied forces, such as gravity or external loads. These are equi-

pollent to a single force F at A and a couple G.

(ii) Forces exerted across n by jR on L. These arc internal forces for the

whole beam, but external forces for the system L. They arc calked tht^

stresses across the plane section n and are equipollent to a force S at A and a
couple M. Introducing the orthogonal triad of unit vectors i, j, k, as shown,
we write

S « iSfii + + ^sk, M - Jlfli + Md -f Af

The following terminology is used:

Si tension,

Si, Si — shearing forces,

Ml = twisting couple,

Mi, Mi ~ bending moments.
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If the applied forces are known, then F, G are known and we can find S, M.
We have merely to apply the conditions of equilibrium (10.207) to L
obtaining

’

S = —F, M = — G.

If we change the sectionn by varying the distance xoiA from 0, F and G are
known functions of x; hence, S and M are known functions of x. In other
words, there are two vector functions S(a?), M(a;) [or six scalar functions

Siix), • • • Mz(x)] which give, for each value of Xj a force system
equipollent to the stresses across the corresponding cross section of the beam.

Failure in an engineering structure, such as a bridge, is due to excessive
stress. The engineer must know in advance if any given beam or girder
is likely to fail under the loads which it will be called on to support.

Fxo. HI. Eoferenco vectors for reactions in a beam.

^though tho values of S and M do not give a complete picture of the
internal stresses, they are the quantities which the enginocr calculatesm order to sec whether or not a structure is safe.
pie above analysis also applies in naval architoeture. Regarding thehuU of a ship M a beam, subject to known applied forces, wo can determine a

force extern (S, M) equipollent to the internal stresses across any section
perpendicular to its length. A ship must bo so constructed that it will with-
stand the action of stresses (S, M) arising from the applied forces of weightand buoyancy. In a storm the ship may bo supported by waves under bowana stern; then the forces of buoyancy are concentrated there, and the ship is
in danger of "breaking its back.”

10.4. EQUIUBRIUM OP A RIGID BODY
Necessary and sufficient conditions of equilibrium.

In our mathomatical model, a rigid body is a set of particles
whose mutual distances are invariable. Let us now consider a
rigid body acted on by external forces. Reducing the force
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system to a single force F at a base point 0 and a couple G, we
Imow by (10.207) that the conditions

(10.401) F = 0, G = 0

are necessary for equilibrium. We now make use of the rigidity

of the body to prove that these conditions are also sufficient, so
that the body must be in equilibrium if they are satisfied.

Let us suppose that a rigid body acted on by external force.s,

satisfying (10.401), is not in equilibrium; then the particles

of the body will be on the point

Pig. 112.—Constraiiits preventing mo-
tion of a rigid body.

of moving. This motion will be
prevented by introducing the
following constraints (Fig. 1 12)

:

(i) The point 0 (taken in the
body) is fixed; this leaves the
body free to turn about 0.

(ii) With origin 0, we draw a
unit vector i; the particle A at
its extremity is constrained to
slide in a smooth tube with axis

in the direction of i. The two
constraints now introduced fix

all points of the body on the
line OA, but still permit the body to turn about tliis lino.

(iii) With origin 0, we draw a unit vector j, perpendicular
to i; the particle B at its extremity is constrained to move
between two smooth planes parallel to the plane OAB. If thoso
planes are close to each other, this constraint will prevent the
motion of B.

These three constraints together prevent any motion of tho
body, and so it must remain at rest. It is therefore in equi-
librium under the action of the given external force system and
the reactions of these constraints.

Now the reactions of constraint are equipollent to a force
F' at 0 and a couple G'. Since the body is in equilibrium,

F -I- F' = 0, G + G' = 0;

and so, by (10.401),

(10.402) F' = 0, G' = 0.
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In view of the smoothness of the constraints at A and B, we
see that the forces of constraint are

(i) a force P = Pd + P,j + applied at 0;
(u) a for^ Q = Qiij + Qjk applied at A (position vector i
relative to 0)

;

(iii) a forceR = Psk applied atB (position vector j relative to 0)

.

The vector k is a unit vector completing the orthogonal triad
e “ terms of Pi, P^, P^, Q., Qz, Rz, wenna tnat the six scalar equations contained in (10 .402) imply

Pi = P2 = Ps = Qs = Qg = Pj = 0.

Hence the constraints introduced actually exert no reactions, and
so the body remains in equilibrium even if they are removed
The sufficiency of the conditions (10.401) is now established.

It IS possible to state the conditions of equilibrium in forms
other thm (10.401). For example, it is easy to see that, if the
external forces have no moment about each of three non-coUinear
points, then the conditions (10.401) are satisfied. Conversely
if the external forces satisfy (10.401) for some particular base
point, they have no moment about any point. Thus, if G, G' G"
denote the total moments of the external force system about each
01 three non-collinear points, the conditions

(10.403) G' = G" = 0

are both nectwsary and sufficient for equilibrium. Occasionally
the conditions (10.403) arc easier to apply thnn (10.401).

Applications.

Tho conditions (10.401) will now bo applied to solve two problems.
Example 1. lipiro 113 shows a pulley, with radius r and center A, rkidly

attached te a honsontal shaft BCD. This shaft is free to turn in smoothboannip at li and C; tho end J) projects beyond tho bearing at C, and to it is
rigidly fastened a crank DE witli handle Eli. The angles BDE and DEEare nght angles. A weight \V is attached to the lower end of a cord passinground the pulley, the other end of tho cord being fixed to tho pulley. To
raise W, a man applies a force P at II in a direction perpendicular to BCD
iind making; an angle ^ with tho horizontal.

It is rotpiircd to find the magnitude of P and also tho directions and magni-
tudes of tho reactions R and R' at B and C, respectively.

^
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Let i, j, k be an orthogonal triad of unit vectors at A, i lying along AC
and k pointing vertically upward. Lengths are denoted as follows:

BA = AC == a, CD = h, DE - c, EH = d. Then, if DE makes an angle 0

with the vertical, the forces acting on the whole system can be described as

follows (position vectors being taken relative to A)

:

(10.404)

^ a force P = P cos ^ j
— P sin 0 k
at (a + 6 + d)i + <5 sin ^ j -f c cos ^ k,

a force — TTk at — rj,

a force R = R2i 4- Pak at —oi,

i a force R' = Pjj + at oi.

Beducing this force system to a force F at A and a couple G, we find

F = (P cos ^ 4- Pa + P5)J + (-P sin - F 4- Pa + P;)k,
<» = [(a 4- & 4- d)i + c sin ^ j 4- c cos ^ k] X [P cos j — P sin 0 k]

4- rj X Fk - oi X (Paj 4- Pak) 4- oi X (Pjj + P;k)
= [Wr - Pc cos ($ - ^)]i 4- [P(a 4- & + d) siniA + aPa - aPjlj

+ [P(a 4- b + d) cos — aPa 4- aPj]k.

For equ^brium, these vectors must vanish. Equating them to zero and
performing some simple calculations, we find

D Fr -P « —sec (e - <l>),

(10.405)
j
Pa

_p0a+6+i)

P
2a

2a

Rt

cos

p (b + d)
.

^

2
^

2a

_ F , ^ (2a 4- b 4“ d)
Pa--2

2a“
' sm 4^.

These equations constitute the solution of our problem.
The vtdue ofP given above is least when </> - 9, i.o., when the force at II is

perpendicular to the crank DE; this may also be seen quite simply by taking
moments about the line BD. Thus, to raise the weight with the least effort
the man should push at right angles to the crank. As far os the man is eou-
eemed, the actual position of the point H in the handle is of no importance:
a change m a merely alters the reactions atB and C.
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method lies in its capacity to replace acomplicated space diagram by a set of formulas. Once f104^d^w, the solution (10.405) was obtained

Example 2. Figure 114 shows a
pole or ladder AB, of length 2a and
weight W. The end A rests on the
ground, and the end B rests against
a rough vertical wall. The per-
pendicular from A to the wall meets
it at M, and the angle BAM - a.
The coefficient of friction between
the pole and the wall is Find
the inclination e of MB to the
vertical, when B is on the point of
sliding along the wall. (It is

assumed that no slipping takes
place at A.)

-Wk
Fig. 1 14. Pole or ladder leaning against

a wall.

anHMt
Orthogonal triad of unit vectors at A, 1 lying along MAand kpomtmg vertically upward. The forces acting on the rod are

(i) aforce — ITkat —acosai — osinorsin 9j -j-osinacos 9k-&i) a orce R - JJd -|- Uaj ij,]t at —2a cos « i — 2o sin « sin 9 j'

(iii) aforceR'-fJJi+ij'j+ijJfc^tO.
-f 2« sin a cos 9 k;

(Position vectors are taken relative to il )

to
*0 . F .. a togrtto, . oo.pl.

(10.406) F 0, G » 0.

d£rel!rHT^T ‘’"l KK in Which WO are not interested, we
fS ^

1

*
?

equations and fix our attention on the second A
,

Simple calculation gives
jx

(10.407) G - a sin a (F sin 9 - 2i2, sin 9 - 27Js cos 9)i

+ a(-F cos a + 2R, cos a + 2ff, sin « cos 9)j
-|- 2a( Rt cos a + fJi sin a sin 9)k = 0.

Hence,

(10.408) I

= o sin a (F sin 9 - 2«, sin 9 - 2R» cos 9) = 0,

I

“ "i" cos a -t- 2Rj sin a cos 9) 0
,
Oi = 2a(— 7^2 cos ot Ri sin ot sin 0.

^

^e equations (10.408) contain all the information concerning 9 which can

Sntao££s i?T equilibrium. Since they also contain the

w for « from these equations alone. But

f component of R along the wall actsa direction opposed to that m which B will move, i.o., along the tangent at
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B to the vertical circle with center M and radius MB = 2a sin a. The

magnitude of this component is also known; it is Hence,

(10.409) Bi » fxRi cos e, JSs - /iJ?i sin 6.

Substituting from (10.409) in the last of (10.408), we find

(10.410) tan d =‘ ft cot a,

and so 0 is determined.

In (10.408) and (10.409) we appear to have five equations for the four

unknowns Rij Rt, Ri, 6. Actually, there are only two independent equa-

tions in (10.408), since the component of G in the direction AB, vhs.,

—Oi cos a — Ga sin a sin ^ + Gs sin a cos d,

vanishes identically. * Combining any two of these equations with (10.409)

,

we can find, not only but also the components of the reaction R.

H we modify the above problem and ask for the reaction R at (?orr(»-

sponding to a general value of we cannot find a definite solution. Tlu^.

problem is indeterminate (cf. Sec. 2.6). In this case friction is not limiting,

and the equations (10.409) are not valid; we have only the ocpiationH

(10.408) from which to find Ri, Ri, R%. But these are only two independent

equations and so admit a singly infinite set of solutions.

Indeterminacy in a statical problem arises when the number of unknowns
exceeds the number of independent equations of equilibrium. Now, we can

have at most independent scalar equations of equilibrium for a rigid

body. Hence, a statical problem involving one rigid body is indeterminate^

if there are more than six unknown scalars. In general, problems involving

friction are indeterminate unless friction is limiting, i.e., unless sliding is

about to take place.

10.6. DISPLACEMENTS OF A RIGID BODY
The study of the displacements —finite and infinitesimal—of

a rigid body in space constitutes an interestingbranch ofgeometry.
As far as we are concerned infinitesimal displacements arc of the
greater importance in statics, in connection with virtual work,
and in dynamics, in connection with linear and angular vekxuty.
It is best, however, to approach the infinitesimal through the
finite, and so we shall now consider finite displacements of a
rigid body.

Finite displacements.

To describe the position of a rigid body, we do not need to
give the positions of all its particles. It is sufficient to fix three

* This component is the total moment of the applied forces about AB
;
tlu*.

fact that it vanishes is evident since the forces all cut AB,
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non-coUinear particles, for it is impossible to move the body with-
out moving at least one of these particles.

The displacement of a particle is described by a single vector
The displacement of a rigid body as a whole is a much more
complicated thing. It can be described by the vector displace-
ments of three nou-coUinear particles, because their positions
fix the whole body. However, these three displacements cannot
be assigned independently—the distances of the three particles
from one another must remain unaltered. We can find a much
simpler description of the general displacement of a rigid body
in terms of translations and rotations (cf. Sec. 2.4 for displacements
parallel to a plane).

A translation is a displacement in which each particle of the
body receives the same vector displacement. It can therefore be

specified by a vector AA', representing the displacement of some
one particle A,

In a rotation about a line or axis, all

the particles on this axis remain fixed.

A rotation may be specified by a directed

line segment, or vector n, lying on the
axis. It has a magnitude proportional

to the angle through which the body is

turned; its sense is such that the rotation

is positive with respect to it (cf. Sec. 9.1).

In making diagrams, •we mark with a
curved arc the arrow of a vector repre-

s

rosontation of a transla-
tion s and a rotation n.

seating a rotation (Fig. 115). A plain arrow represents a
translation s.

It is a remarkable fact (to be proved below) that when we
move a rigid body, keeping one particle fixed, all particles on
some line through this particle have returned to their original

positions on completion of the displacement. Thus the displace-

ment might be produced by a rotation about this line.* This
result is contained in the following theorem, due to Euler, which
states : The most general displacement of a rigid body with a fixed
point is equivalent to a rotation about a line through that point.

This fact is of interest in connoction with the motions of the eyeball or
of the stretched arm about the shoulder, since it shows that the 'displace-

ment from one position to another may be carried out in one simple operation
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To prove this theorem, we consider a rigid body with one
particle fixed at 0 (Fig. 116). Let S be a sphere of reference
drawn with 0 as center. If any particle of the body lies on S
before displacement, it will remain on S. Consider any particle
situated at 4 on jS before displacement, and let it move to B.
Further, let that particle which was at B move to C. Draw the
great circular arcs AB, BC on S, and also the great circles
bisecting these arcs at right angles. Let J be one of the two

Fig. 116.—^Rotation of a rigid body
about a point.

points of intersection of these
great circles. Join the points A

,

B,C to J by arcs of groat circles.

From the construction, the arcs
AJ, BJ

,
CJ are equal to ono

another; moreover, on account of
rigidity, the arc AB is equal to the
arc BC. Then the spherical tri-

angles ABJ, BCJ are equal in all

respects, and so the angles AJB,
BJC are equal. Consequently, a
rotation about OJ through the
angle AJB takes A to B and B to
C and leaves 0 fixed. Thus, tbia

rotation moves the three non-collinear particles originally at O,
A, B to the positions 0, B, C and so is equivalent to the displace-
ment considered. The theorem is now proved.
In view of this theorem, we may describe any displacement of an^d body with a fixed point as a rotation n about that point; by
we mean a positive rotation, through an angle n, about the

Ime through the fixed point in the direction of the vector n.
Consider now a general displacement, in which the body is

not constramed to turn about a fixed point. Let A, B,C ho tho
initial positions of three non-collinear particles of tho body. If
A/, B', C' are the final positions of these particles, we see at once
that we can bring about this displacement in two steps:

(i) The translation which takes A to A'; this leaves B at B"
and C at C", where BB" = CC" = a1'.

(ii) The rotation about A' which carries B" to B' «.nrl C" to C'.
Thus, the most general displacement of a rigid body may be

reduced to a translation, followed by a rotation about some base point.
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The base point is a point fixed in the body; in the above descrip-
tion, it is that point of the body originally at A, but it is clear
that we could have chosen any other. The translation involved
will be altered by a change of base point. Since the changes in
^e directions of lines in the body are due solely to the rotation,
it is not difficult to see that the rotation is independent of the
base point.

The above analysis of finite displacements* forms the basis
of our description of infinitesimal displacements, to be considered
in the next section.

Exeroi$e. A man holds his right ami at his side with the palm inward.
Keeping the arm rigid, he swings it forward and upward through 90°, then
outward through 90°, and finally downward to his side. Find the single
equivalent rotation.

Infiinitesiinal rotations.

Consider a rigid body with a fixed point 0; let the body be
turned through an infinitesimal

angle about an axis through 0.

We may represent this infinitesi-

mal rotation by the infinitesimal

vector 5n (Fig. 117). This vector

determines the displacements of

all the particles of the body. .

We shall now show that, if r ^ duo to tho infinitesimal rotation

is the position vector (relative to required.

0) of a particle A before displacement and r + 5r the position

vector after displacement, then the displacement is

(10.501) 3r = $11 X r.

This is proved as follows: In the rotation $n the point A moves
perpendicular to tho plane containing the vectors r and $n, in the
same sense as tho vector product $n X r. The magnitude
of the disiilacemont $r is ytikf • where AM is the perpendicular

from A to $n. But AM ~ r sin 6, where 0 = AdM, and hence
the two sides of (10.501) agree in magnitude and direction.

We shall now find the resultant of two infinitesimal rotations

* For a moro cotnploto treatment of finite displacements, sea H. Lamb,
Higher Mcebanitss (Oambridgo University Press, 1929).
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5n and 5n', applied in succession about axes through 0. The
position vectors of a particle A are as follows:

(i) r, before displacement;

(ii) r + 5n X r, after the first rotation;

(iii) r + to X r + 5n' X (r + an X r), after the second rota-
tion.

If infinitesimals of the second order are neglected, the resultant
displacement is

3n X r + 8n' X r = (to + an') X r.

But this is the displacement arising from the single rotation
represented by the vector an + an'. Thus, the resuUani of two
infinitesimal rotaMons about the same point is the vector sum of
those rotations. In other words, infinitesimal rotations are
compounded by the parallelogram law.*

Exerdae. Small rotations of magnitudes 89], 60%, 89, are applied to a
cube about the diagonals of three faces meeting at a comer. Find the dis-
placement of the opposite comer. What does it become if 89i = 89, = 59*?

General infinitesimal displacements.

We have been considering the composition of infinitesimal
rotations about axes passing through a point. Let us now discuas
the composition of general infinitesirnd displacements (i.e., dis-
placements consisting of both translations and rotations).
In a given displacement of a rigid body, the vector displacement

of a particle with position vector r is a vector function of r, say
A(r). For another displacement, it will be a different vector
function, say B(r). Consider now the application of the two
displacements in succession. The position vectors of a particle
are as follows:

(i) r, before displacement;

(“) r + A(r), after the first displacement;
(lii) r + A(r) + B[r + A(r)], after the second displacement.

The symbol B[r + A(r)] means the vector displacement of the
particle which is at r -|- A(r) before the displacement B is applied.
Now, if the displacements are infinitesimal, r + A(r) and r differ
only by a small vector quantity of the first order. Hence, we

is not tme for finite rotations. Consider, for example, two rota-
tions (each through a right angle) about two perpendicular intersecting •
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commit only an error of the second order if we write

B[r + A(r)] = B(r).

Thus, to the first order of small quantities, the resultant displace-
ment of the particle is

A(r)+B(r).

If the displacements are applied in the opposite order, the
resultant displacement of the particle is

B(r) + A(i).

Hence order in which infinitesimal displacements are applied
to a rigid body does not affect the final displacement.

In finding tho result of the second displacement, we were able
to neglect the fact that the particle had already been moved
by the first. Thus, when a number of infinitesimal displacements
are applied to a rigid body, the resultant displacement of any
particle is found by the following rule: Add ike vector displace-
ments received by the particle when the displacements are applied
separately to the body in its original position.

It is important to have a simple formula for the vector dis-
placement of any particle of a body arising from a general
infinitesimal displacement of the body. This formula will
involve the following vectors:

(i) r, the position vector of tho particle relative to a base
point 0;

(ii) 5s, tho translation of the body (i.c., the displacement of 0)

;

(iii) 5n, tho rotation of the body.
We have seen that 5s and 5n may bo treated separately. Hence,
using (10.601), we have, for tho displacement of the particle,

(10.502) 5s + 5n X r.

The formula (10.501) and the more general formula (10.502) are
fundamental in statics and dynamics.
The formula (10.502) involves tho choice of a base point 0, but

it is easy to change from one bas(i point to another. The dis-
placement considered above has boim redueccl to a translation
5s and to a rotation 5n about 0. Wo wish to represent the same
displacement as a translation 5s' and as a rotation 5n' about O'.
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If 00’ = a, we have, by comparing the expressions for the dis-

placement of 0' in the two schemes,

(10.503) hs’ = 5s -[“ 5n X a.

We have already mentioned that, even in the case of finite

displacements, the rotation is independent of the base point.
Let us verify this in the case of infinitesimal displacements. The
displacement of any particle is given by two equivalent expres-
sions, according as the base point is 0 or 0^ Equating them, we
have

5s + an X (r' + a) = 5s' + 5ii' X r',

where r' is the position vector of the particle relative to O’. Com-
bining this result with (10.503), we have

5n X r' = 5n' X r'.

But r' is an arbitrary vector, and so

5n' = 5n.

The simplest displacements of a rigid body are (i) a translation,
and (ii) a rotation about an axis. Combining these two, we got a
screw displ(mment, consisting of a translation and a rotation
about an axis parallel to the translation. (This is the displace-
ment of a nut moved along a bolt.) It is remarkable that any
displacement of a rigid body can he regarded as a screw displacement.
We sha^ prove this fact for infinitesimal displacements only.

Consider an infinitesimal displacement specified by 5s, 5n for

base point 0. Changing the base point to O', where 00' = r
we have ’

(10.504) 5s' = 5s + 5n X r, 5n' = 5n.

If 5s — p 5n
, where p is a scalar, the displacement is reduced to

a screw displacement; this reduction is achieved by choosing r

(10.506) 5s -1- 5n X r = p 5n.

This ^uation should be compared with (10.306). The argument
used there leads us now to the following conclusion: We may
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satisfy (10.505) by taking O' any'where on a certain line vhich
in fact; the axis of the screw displacement.
The scalar p is called the pitck of the screw displacement

IS given by

is,

It

(10.606) 50 = 'Q-QS
^ {8ny

There exists a striking analogy between force systems on the
one hand a^ infinitesimal displacements of a rigid body on
the other. This may be seen by comparing Sec. 10.3 with the
present section. The analogies are shown in the following table

:

Porce system Infinitesimal

displacement

THindamcntal vectors Total force F
Total moment G*

Rotation Sn

TrSpnalation 5s

Invariants F dn
5n* 5s

Simplest doscription Wrench

(pitch =

Screw displacement

It seems strange that the forceF should bo the analogue of the
rotation 5n, rather than of the translation 5s. However, we see
that F and Sn'ai'C alike in that they do not depend on the base
point, wlicioas both G and 5s change with change of base point
according to the same nilo [of. (10.303) and (10.504)].

So far we have developed the two theories separately. In
Sec. 10.7, they will bo brought together in the theory of virtual
work.

Exercise.. A whcol rollrt along u Htraight rond. Pind the axis of the sorov
displaoBmcnt ooeurriiig in jui infinitesimal time.

10.6. GENERALIZED COOBDIITATES AND CONSTRAINTS
When w(^ wish to describe tiio position of a particle in a plane,

we use two coordiimtos. These may be roctangulai- Cartesians,
polar coordinates, or indeed any system of curvilinear coordi-
nates. For !i paiiielo in space, wo use throe coordinates. To
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describe the position (or configuration) of a pair of particles in
space (e.g., the earth and the moon), we use six coordinates, three
for each.

Generalized coordinates.

Turning now to a general system, containing a great number
of particles, it appears at first sight that we must use a great
number of coordinates to describe its configuration. This
is not so, however, if the system is a rigid body or is composed of
a few rigid bodies. For we have seen that a rigid body is jfixed

when three of its particles are fixed. Hence, nine coordinates
would certainly suflice to describe its position; actually, as
we shall see later, six are enough.

To describe the configuration of a system we select the smallest
possible number of variables. These are called the generalized
coordinates of the system. Some examples are given in the
following table:

System Generalized coordinates

A flywheel. Q\ the angle between a definite radius of the fly-

wheel and a fixed line perpendicular to the axis.

A rod lying on a plane

surface.
are Cartesian coordinates of one end of

the rod relative to axes Oxy in the plane; 0 is the
angle between the rod and Ox.

A particle on the sur-

face of a sphere.

\ e, <t>: the usual polar angles of a point on a sphere.

A pair of scissors lying

on a table.
V) are Cartesian coordinates (relative to
axes fixed in the table top) of the pin or rivet
which holds the blades together; 0 is the angle
between the avaxis and the edge of one blade;
<f> is the angle between the blades.

The reader wiU readUy verify that, for each system in the
above table, the generalized coordinates satisfy the followintr two
conditions:

(i) their values determine the configuration of the system;
(u) they may be varied arbitrarily and independently without

violatmg the constraints of the system.
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When Mked to select generalized coordinates for a system, we seek
a set of variables satMying these two conditions. * The number
of such coordinates u called the number of degrees of freedom
of the system (cf Sec. 7.4). In the table on the preceding
page, the systems have in order 1, 3, 2, and 4 degrees of freedom.
There is, of course, no uniqueness in the choice of generalized
^ordinates. Thus, in the second system we might use the
Cartesian coordmates of the middle point of the rod and its
mchnation, or any other three variables which fix its position.A ngid body

,
or indeed any mechanical system, may be regarded

as a sot of particles. When the configuration of the body or
system is known, the position of each of its particles is known.
Since a configuration is fixed by assigning values to the general-
ized coordinates, it follows that the coordinates of any ‘particle of a
system imy he expressed in terms of the generalized coordinates
of that system.

For example, consider the second system in the table A
particle A, distant r from the end of the rod, has Cartesian
coordinates

(10.601) a; ={ + > cos S, y = ij + r sin ff,

relative to the a.xos Oxy. These expressions give the Cartesian
coordinates of A in terms of the generalized coordinates f, y, 6.
1 hey also contain the quantify r; this number distinguishes the
individual particle A and has the same value for all positions
of the rod. By varying r in the expressions (10.601), we can
obtain (for the configuration defined by i, y, e) the Cartesian
coordinates of all the particles in the rod.

More generally, for a system with generalized coordinates
(?», wc may write

(10.002) X = f(qi, (ji, • •
• y = qs,

•

q„),

e = h(qi, 22,

• •

2»),

where x, y, z are the Cartesian coordinates of some one particle
of the system in the configuration determined by the values
of the 2 s. 1 he functions /, g, h will, of course, contain certain

*When such variables can bo found, tho system is called holonomic.
There exist non^liolonomic systems for which it is not possible to choose
variables satisfying those conditions (e.g., a sphere rolling on a plane).
We shall consider only holonomic systems.
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numbers (such as r in the case of the rod) which define the par-
ticular particle under consideration. But, since these numbers
do not change as the system moves, we suppress explicit reference
to them.

When the system is moved from one configuration C (coordi-
nates gi, Qi,

’ • •

g*) to a neighboring configuration C (coordi-
nates gi + hqi, g» + Sgj, • • -j- the particle at x, y, z
in the configuration C moves to an -f 8a:, y -|- Sy, z + Sz, where

(10.603) Sa:=J^^5g„

Thus, in any infinitesimal displacement of a system, the displace-
ments of the individual paHicles can he expressed linearly in terms
of the increments in the generalized coordinates.

The Eulerian angles.

Let us now consider the problem of describing the position of
a rigid body which is free to turn about a point 0. We could, of
course, do this by assigning the coordinates of two particles A, B
in the body, not in the same line through 0. This method
involves the use of six parameters which cannot be varied inde-
pendently and so is rejected. We use a simpler method based
on the following facts:

(i) If we fix a line L in the body passing through 0, the body
can merely turn about L.

(ii) If we also assign the angle through which the body has
turned about L from some initial position, a final position is
completely determined.

To describe the direction of L and the angle of rotation, we
need three parameters; the most convenient parameters are
the Eulerian angles described below.

^

Kgure 118 shows two unit orthogonal right-handed triads
(ij j> h) and (I, J, K) at the point 0. The triad (i, j, k) is fixed
in a rigid body which turns about 0, and the triad (I, J, K) is
feed in our frame of reference. The direction of k is that of the
line L mentioned above.

The first Eulerian angle e is the angle between k and K.
The second angle

<l> is the angle between the plane (k, K) and
the plane (K, I). The third angle ^ is the angle between the
plane (k, i) and the plane (K, k). The angles e, <t>6xk, being
the usual polar angles; ^ is the angle of rotation about k. It is



Sec. 10.6] STATICS IN SPACE 289

e^dent that 9, 4>, \p determine the position of fi i W and liAnno
the position of the whole body.

^ ^
The above description does not make it clear when ^ and ^Me to be coated positive, and when negative. This vagueness

the following description of the angles in terms offimte rotations Let us take an initial position in which (i j k)comcide with (I, J, K). We can bring the body to the giS
K

hi°ordor^^°'*^^
^ the following rotations

(i) A rotation <^K; this brings the movable triad (i, i k)
into coincidence with (!', J', K).

i> J

coincidence with

(iii) A rotation ^k; this brings (i,j,k) into the required
nnal position.

We observe that all possible positions of the body can be
obtamed by assigning values to 9, f in the ranges

0:S^<2ir, Q ^ yjf < %r.

Any infinitesimal displacement of the body (with fixed point
0) may be described in two ways: first, as an infinitesimal rotar
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tion. 5n and, secondly, by means of the increments in the Eulerian
sJigles. Comparison of these descriptions gives us an expression
for do. involving 8$, 84>, This will now be found.

The displacement of the body from the configuration (fl,

to a. second configuration (9 + AO, 4 + A<l>, \j/ + Af) may be
effected by applying the following finite rotations in order:
A^k, A9y, A<^K. If the increments in the angles are infinitesi-
mal, the order of these rotations is immaterial and we obtain

(10.604) fin = sey -I- S<I>K + fi^k.

It is more convenient to have for fin an expression of the form

(10.606) fin = find -f- finjj -f- finsk.

By resolving vectors in the diagram (Fig. 118), we see that

{

J' = i sin ^ -I- j cos

K = k cos fi - I" sin 9,

= i cos ^ — j sun^.

Substitution in (10.604) gives

(10.607) fin = (sin ip 89 — sin 9 cos Ip S4>)i

-f (cos Ip 89 + sin fi sin V' S<P)i

(cos 9 S<p Sp)k,

which is of the form (10.605) as required.

The Eulerian angles 9, <p, ip form a set of generalized coordi-
nates for a rigid body with a fixed point. They can also be
used as part of a set of generalized coordinates for a rigid body
free to move in space. Referring again to Fig. 118, we regard 0
as a^base point in the body and (I, J, K) as a triad of unit vectors
carried by 0 and remaining parallel to axes fixed in our frame of
reference. The Cartesian coordinates x, y, z of 0, together with
the Eulerian angles 9, <p, ip, describe the configuration of tho body
completely. Since the numbers x, y, z, 9, ip can be varied
independently, without violating the rigidity of the body, it is

clear that a rigid body, free to move in space, has six degrees of
freedom.

Exercise. What are the Eulerian angles of the triad I, J, K relative to the
triad i, j, kin Fig. 118?

Constraints.

A particle free to move in space has three degrees of freedom;
its Cartesian coordinates x, y, z may be taken as generalized
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coor^te
_

If tli« parade is subjected to a eonstiaint thea^ber rf degrece of freedom is reduced. Jor euaSe W
ZSSu^

f(% y, 2) = 0.

The coor^ates are no longer independent since they must satisfyttas es^ou
^ It nay be solved for e iu te^

/’ *° “ "’“‘'"'y ussigued pair of values of i v(provided fliey grve a real value to s) tbere correspouds a Si
I S"'?"? *' *'“ l!“«'>lited coorJLS
the constramed partide has two degrees of freedom, uS

We tarn now to the general case of a system with n degreesd^om and coordimto suhjeot^

a^fL^ tonstramts deecribed analytically by 4 equa-

/r(«i, Qi, q„) =0, (r = 1, 2,
• • • A).

We may solve those equations for A of the coordinates in termsof the remaming n - k; those n-k coordinates can be variedmdependently wi^ut violating the constraints. The^^ed^ hm thrtom, n-4 degrees of freedZ;

M • + 1

?""* taken as generalized coordinates Theconstraints have been eliminated.
u^aies. me

Most systems in mechanics are constrained systems - a avs+Am
of free particles is the only exception.

The f*5
“ fact, eliminating the constraintsThe following remarks will servo to clarify this statementA system with « degrees of freedom may consist of a larcenum er of particles, say JV. To describe the positions of all

three
(considered to be free) we require 3JV parameters—

f^r particles are notU free, and so these ZN parameters are connected by certainequntionn of conctraint. Acfunlly, there must he - nZl
equations. It is theoretically possible to carry out the foUowing

(i) assign three coordinates to each of the N particles-

thi“e sTLISZte:
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(iii) solve these equations for 3N — n coordinates in terms of

the remaining n.

In this way, we express all the coordinates of the particles in

terms of n generalized coordinates of the system. We seldom
carry out this analytical process in practice, because it is very
much easier to find generalized coordinates by inspection.

In selecting such coordinates, we eliminate the constraints

automatically.

Exercise. Four equal rods are hinged together to form a rhombus,
which can move in a plane. Assign generalized coordinates. If one hinge
is broken, how many extra degrees of freedom does the system acquire?

10.7. WORK AND POTENTIAlL ENERGY

There are two methods of solving problems in statics. These
are (i) the method of forces, explained earlier in this chapter
and (ii) the method of virtual work, the basic ideas of which
were given in Sec. 2.4. The application of the principle of virtual
work requires some intermediate formulas for work done under
various conditions. These will now be developed.

First, let us consider the work dW done by a force P in a
displacement 5s of the point of application. For this we have
the formula (2.401), which reads

(10.701) dW -=-9 -Ss^ X Sx + YSy + Z8z,

where X, Y, Z axe the components of P and 5*, Sy, 8z the com-
ponents of 5s.

Work done by forces on a rigid body.

Consider a rigid body acted on by the forces

P* (i = 1, 2,
• •

• AO,

the points of application Ai having position vectors u relative to
a base point 0 in the body. In a general infinitesimal displace-
ment, the pomt Ai receives the displacement

(10.702) 5s -h 5n X r<,

where 5s is the displacement of 0 and 5n the rotation [cf. (10.502)].
By (10.701), the total work done is
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(10.703) dW = ^ Pi . («s + to X ti)

= (X P*) • «s + to . T (n X Pi)
i»i

— F • 5s -|- G • 5n,

where F and G denote the total force and the total moment
about 0.

Since two equipollent force systems have the same F and G
It follows that, tn any dispUcem&nt of a rigid body, the amount's
of work done by equipollent force systems are egucd.
To find the work done by a couple G, we put F = 0 in (10.708).

Hence, m a translation a couple does no work; in a rotation Sn
the work done is

’

(10.704) STT = G • to.

Exercise. In driving home a screw nail, a man presses on the screw
driver with a force of 12 lb., at the same applying a twisting couple of 2 ft. lb.
If the screw nail is 2 m. long and has a pitch of^ in., how much work is done?

Generalized forces.

We now consider a general system with n degrees of freedom
and generalized coordinates qi, gs,

• •
• We wish to cal-

culate the work done by the forces acting on t.hig system when
it undergoes a small displacement. A typical force P (com-
ponents X,Y,Z) acts at a point x, y, z which, as a result of the
displacement, moves bo x -{ Sx, y + z dz; the work done
by Pis

(10.705) SWj. ^ X6x + YSy + Z 8z.

But, as in Sec. 10.6, dx, 8y, dz can bo expressed linearly in terms
of the increments Jgi, if/2,

• •
• ig„ in the generalized coordinates.

In fact, we can write [cf. (10.603)]

^4- y
dqr ^ dQr

+ Z iffr.

(10.706)

and so

(10.707)
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The work done by each of the forces is given by an expression of

this form; by addition, we obtain an expression of the form

(10.708) dW = Qi 8qi + Q2 5^2 + * *
• + Qn 8qn

for the total work done by all the forces. The coefficients

Q13 O2,

* •
• Qn of the 5g’s are called generalized forces; they

involve the components of the individual forces and, as a i*ul(5,

the values of the generalized coordinates in the undisplaced
configuration. It is not necessary to use (10.707) to calculate
them; they can be foxmd directly from (10.708).

Ab examples, let us consider (i) a particle attached to a fixed point by a
light string and (ii) a rigid body with a fixed point.

In the first case, the particle moves on a sphere and we may take as gen-
eralized coordinates the polar angles 6, 4>. We shall take the point ^ = 0
vertically above the center of the sphere. The forces acting on the particle
are gravity and the tension in the string. In a small displacement 5^, S<t>, the
work done by gravity is —mg S(a cos 6), where m is the mass of the particle
and a the radius of the sphere; the tension does no work. Henco, if 0, 4> are
the generalized forces, we have

0 88 + ^ &<J)
s= mga sin $ 88;

the generalized forces are

(10.709) 0 = mga sin <& = 0.

In the case of a rigid body with a fixed point, we may use the lilulcrian
angles 8, 0, ^ as generalized coordinates. Let L, M, N bo the moments of
the appUed forces about the lines i, j, k of Fig. 118. In a small rotation
«n, we have, by (10.607) and (10.704),

8W = jL 8n\ 4- ifeT + N 8%%
= L (sin ^ - sin ^ cos ^ 50) + ilf(cos 0 55 -f- sin ^ sin 0 50)

H- N (cos 5 50 -H 50).

But, if 0, ^ are the generalized forces, we have

8W « 0 55 + 50 + ^ 50.

Equating coefficients of 55, 50, 50 in these two expressions for 5 IF, wo
obtain 0, In particular, if the force system is a couple AHc, we find

0 = 0, ^ » iV cos 5, ss

Potential energy.

Conservative systems were considered in Sec. 2.4. In a
displacement of such a system the work- done depends only on
the initi^ and final configurations; it does not depend on the
intermediate sequence of configurations.
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Let Co be a standard configuration for a conservative system
and C any other. Let g^o), . •

•
gCo>) ^he generalised

coordmates of Co and (qi, qs,
• •

• q^) those of C. In the dis-
placement from C to Co, the work done by the forces acting
on the system is called the potential energy V in the configuration
C. Clearly, 7 is a function only of the g«>’s and the q’s. It is
usual to suppress the dependence of V on the gf^i’s and write

(10.710) V=V(q„q„ • g„).

A change in Co merely alters the value of 7 by the addition of a
constant. Hence, even if the standai'd configuration is not
specified, the potential energy is determined to within an additive
constant.

In a small displacement from C to C', the potential energy
increases by S7. Now, it was shown in Sec. 2.4 that 57 = —SW
where 517 is the work done, and so

’

(10.711) 5F = -57 = - V Sqr.

Comparing this result with (10.708), wc see that the generalized
forces for a conservative system arc

(10.712) Qi= - Qi — —

Hence, to find the generalized forces for a conservative system,
we simply differentiate the potential energy and change the
sign. Thus, (10.709) follows immediately from the fact that
7 = mga <h)h 0 for a particle on a sphere.

The principle of virtual work.

According to the principle of virtual work, established in
Sec. 2.4: A tq/stem with workless constraints is in equilibrium
under applied forces if, and only if, zero virtual work is done by
these forces in an arbitrary infinitesimal disj)laccrncnt satisfying
the constraints. In this statement the term ‘^applied force”
means any force other than a reaction of constraint.
For a system with generalized coordinates qi, qs, • • any

displacement defined by Sqx, 5r/a,
* •

• 5(7„ satisfies the constraints
automatically. By (10.708) the work done is

&W - Qi 8qi + Qa 5gs H- • • •

-f 5g„,
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whOTe Qi, Qs, • •
• Qn denote the generalized forces. For

equilibrium, STT = 0 for arbitrary values of the 8q’a, and so the
conditions of equilibrium (both necessary and sufficient) are*

(10.713) Qx = 0, 0* = 0,
. • • = 0.

For a conservative system, the conditions of equilibrium
(10.713) read

(10.714) = 0,
dq2

0
,

These conditions may be expressed by saying that V has a
stationary value—often a maximum or TniniTmiTn

^
but sometimes

neither. The eqxiilibrium is stable if F is a minimum; this was
proved in Sec. 7.5.

The equations (10.714) provide the most systematic way of
finding all positions of equilibrium for a conservative system.
The potential energy F is a function of gi, ffs,

“ •
* ?n; we suppose

this function known. The equations (10.714) are n equations
for the values of the g's corresponding to a position of equilibrium.
When we have solved these equations and obtained values for
the g^s, we can test the stability of the equilibrium by investigat-
ing whether F is a minimum.

Applications.

Example 1. Consider a system with two degrees of freedom, for which

F = ffi + 3^132 + 4^®.

The conditions of equilibrium are

= 2gi 4- 3g2 « 0,

dV «

5^
= 3gi -h « 0.

The only solution of these equations is

gi “0, g2 “ 0;

* It is sometimes advantageous to regard a general mechanical system as a
free particle in a space of n dimensions with coordinates gi, gj,

• •

The generalized forces play the part of the usual components of force (X, F,
Z), We recognize in (10.713) the natural generalization of the conditions
of equilibrium: X = 0, F = 0, Z = 0.
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tto is, therefore, the only position of equiUbrium. As for stability we
observe that

y - (Qi -h 3^2)“ + JgJ.

Since F = 0 for gi = jj = 0 and is positive for all other values, it foUows
that 7 IS a minimum at the position of equilibrium; the equilibrium is
stable.

Example 2. We shall now discuss a device known as Hooke’s joint
This IS used to transmit a torque or
couple from one axis to another,
inclined to the first.

Figure 119 shows the essential
features of the joint. AB is a shaft
or axis, branching into the fork
BCD; A'B^ is another axis, with
fork B'C'D^ These forks are con-
nected by a rigid body composed of
two bars CD, C'D', joined perpendic-
ularly at their common center 0,
The lines ABj A*B^ meet at 0 when
produced and are perpendicular to
CD, C'D', respectively. There are
smooth bearings at C, D, C', D', and
the axes AB, A'D' are free to turn
in smooth bearings at .4 and A'.

Let I be a unit vector in the direc-

tion AB and I' a unit vector in the
direction D'A'. When a couple Ml is applied to ABCD, the system^will
move unless motion is prevented by other forces. Wo propose to calculate
the couple MT applied to A'B^C'D', which (together witlx Ml and the
reactions at the bearings) gives equilibrium.
To solve such a probUun, the general plan is as follows: (i) select general-

ized coordinates 52 ,

* • • for the system; (ii) calculate an expression of
the forin (10.708) for the work done in a displacement; (iii) equate the
generalized forces to zero, and solve.

We note that the fixed olcmonts of tho Hyntom aro tlio linos Ali, A'H' and
the point 0. Since ABCD can merely turn about AB, a HinRlo coordinate
9 (the aiiRlo turned throup-h) is sufficient to fix it. When ABCD is fixed,
tho line CD is fixed. Now tho. line CD' iiuist he perpendiculur to both CD
and A'B (from tho constructioti of the joint)

; hence CD' is fixed, and so tho
angle $ suffices to fix, not only A BCD, but A 'B'CD' also. Tho system has
one degree of freedom, and 9 is a g«!iieralu5ed coordinate.
When 9 inercoscH U» 9 + S9, A'B'CD' turns through some small angle 99':

tho displacements of ABCD, A'li'CD', CDCl)' aro os foUows:
ABCDiu, rotation BOl,

A'B^C/iy: a rotation F,

CDC'D': a rotation « Snd -h find + 57i*k,

Fig. 119.—Hooko’s joint.
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where i, j, k are unit vectors along CD, C'D' and perpendicular to them.
Since no work is done by the reactions at the bearings and the internal
reactions at C, C', D, D', w-e have [of. (10.704)]

(10.716) 5TF « Jlfl • 5^ I + MT • 66' I'

^ M 66 + M' 66'.

We must now find 66' in terms of 66. The point D belongs to two rigid
bodies ABCD and CDC'D'. Equating the two expressions for its dis-
placement [cf. (10.501)], we have

(10.716) I X oi » 5n X ai,

where a = OD « OD'. Sim ilarly, by considering the displacement of D',
we find

(10.717) ^e' r X aj « 5n X aj.

Now, resolving along i, j, k, we have

I - am 4> i + Qoa <t>k, I' « - sin i -|- cos <l>'k,

where <f>, <t>' are the angles between k and AB, B'A', respectively. Sub-
stituting these values for I and I' in (10.716) and (10.717), we obtain

(10.718) 0 =< Sna, — sin 0 5^ = 5na,

(cos 0' 66' « 6nt, - sin 0' 66' « 6ni.

Equating the expressions for 6n3, we obtain

(10.719) 66' =» cos 0 sec 0' 66.

Substituting this value in (10.715), we get

(10.720) 6W ^ {M + M' cos 0 sec 0') 66,

and so the single generalized force 6 is

9 « -{- M' cos 0 sec 0'.

For equilibrium, this must vanish, and so the couple required to hold
A'B'C'D' is M'l', where

M' « — ilf sec 0 cos 0'.

The fraction of the torque M transmitted through the joint is sec 0 cos 0'.
Example 3. In Fig. 120, AB represents a shaft free to turn about a hori-zonW axis L, perpendicular to AB at .d

; DE represents a heavy bar threaded
on the shaft AB and perpendicular to it. The pitch of the thread is p, so
that, when DE turns through an angle 0 about AB, E moves along AB^mugh a distance p0. The points C, C' are the centers of gravity of AB
DE, respectively. We wish to find the possible positions of equilibrium of
this system under gravity, all friction being neglected.
We start with a standard configuration in which AB is vertical and DE

lies in the vertical plane H perpendicular to L at A. Let denote the
distance AE in this position. We pass to a general configuration by swing-
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ing through an angle $ and turningDE to make an angle ^ withU The

is

generahzcd coordinates. In terms of them, the poten^al
(10.721)

V = -wa cos 6 - TF[(*o + p^) cos fl + 5 sin $ cos H
tiJe?.“

tho weights of AB, DE, respec-

The conditions of equilihriuin are

as
- 9 + W(xn + p0) sin « - TF6 cos eooB4> -= 0,

dV
(10.722)

t^ ~ 0 + Wh sin 0 sin ^ => 0.

Elimination of 0 gives for 4, the equation

(10.723) TF6> sin 24, = 2wpa + 2irp(®o + p4>).

With numerical values for tho constants, this equation can bo solved graph-ically or otherwise. In terms of 4, e is given by
® ^

(10.724) tun 6 a= ~ ? .
0 Hin 4>

Some interesting results enn ho deduced without solving (10.723). If ia
small, a position of equilibrium ooours for some small value of 4>, i.e., with

Fm. 120.-A bar ED is threaded on a shaft AB, wlii^oan turn aliout a horizon.
t(il axis Ij,

DE close to it. Iior this position, tan 0 is finite, since p and 4, arc small ofthe same order. Another position oeeum near 4> = iU for this Urn 0 is

(ro'723rma®°
^ side of

riiL Podtion of equilib-

siofrr^rV’
‘'’'ampins considered above are three-dimen-

conelude with an application of the methods ofor and energy to a two-dmicnsional nystem with many degr(‘<*fl of fn^edom.
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Consider a chain of n equal uniform rods, smoothly jointed together and
suspended from one end Au (Figure 121 shows the case n = 5). A hori-

zontal force P is applied to the other end An+i of this chain. It is required

to find the equilibrium configuration.

Fig. 121.—

a

chain of rods pulled by a horizontal force.

As generalized coordinates, we take the inclinations (to the downward
vertical) 0a,

• • • 0„ of the several rods in order. If each rod has length 2a
and weight w, the potential energy in a general configuration is

V = —wa cos 01 — w&a cos 0i + g cos 02) — • • •

— io(2a cos 01 4- 2a cos 0a + • • • + 2a cos 0n-i 4- a cos 0n)
= — ‘u;a[(2n — 1) cos 0i + (2n — 3) cos 0a -1- • • +3 cos 0»-i + cos 0nl-

In a small virtual displacement the work done by gravity is

—57 = —wa[(2n — 1) sin 0i 50i 4- (2n — 3) sin 02 503 • •
• + sin 0n 50nl.

The work done by the force P is the product of P and the horizontal dis-

placement of An+i, i.e.,

P5(2a sin 0i 4" 2a sin 02 4" * 4* 2a sin On)-

Adding these two expression, we find, for the total work done,

dW = [2P cos 01 — (2n — l)i4; sin 0i]a 50i

(10.725) 4- [2P cos 02 (2n — Z)w sin B^a 602

+ • • *

+ [2P cos 0n — ta sin On]a 60n.

This must vanish for arbitrary values of 50i, 502, • • • dOn, if the displace-

ment is from a position of equilibrium. Hence, equating to zero the brackets
on the right of (10.726), we find



Ssc. 10.8] STATICS IN SPACE 301

(10.726)

tan 2P
w(2n — 1)'

tan 2P
w(2n —T)'

tan Bn

These equations give the inclinations of the rods to the downward vertical
in the equilibrium configuration; the tangents form a harmonic progression.

10.8. SUMMARY OF STATICS IN SPACE

I. Conditions of equilibrium.

() For a single particle (necessary and sufficient)

:

(10.801) P == 0,

or

(10.802) Z - 0, F = 0, 2 = 0.

() For any system (necessary), or for a rigid body (necessary
and suiSicient)

:

(10.803) F = 0, G - 0.

(F = total force, G = total moment.)
(c) t or any system with workless constraints (necessary and

sufficient)

:

(10.804) dW = 0, (dW = work done by applied forces).

n. Equipollence.

() Conditions of equipollence:

(10.805) F = F', G = G'.

() Any system of forces can bo reduced to a force F at an
assigned point, together with a couple G. If G = pF, the
reduced system is a wrench.

HI. Displacements of a rigid body.

(a) Finite displacements:

(i) Any displacement of a rigid body with a fixed point is

equivalent to a rotation n (Euler's theorem).
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(ii) -A. general displacement is equivalent to a translation s,

followed by rotation n.
’

(&) Infinitesimal displacements:
(i) Infinitesimal rotations compound vectoriaUy. The order

of application is immaterial.
(ii) For a ri^d body with a fixed point, the displacement

of a particle of the body is

(10.806) X r.

(iii) In general, the displacement of a particle of the body is

(10.807) 5s + Sn X r.

IV. Work and potential energy.

(a) Work done on a particle:

(10.808) 5W = P . 5s = Z 5® + 7 5y + Z 5z.

(b) Work done on a rigid body:

(10.809) 5T7 = F • 5s -j- G • 5n.

(c) Work done on a general system:

(10.810) 517 = Qi Sqi + Q2 5^2 + • •
• +

(d) Work done on a conservative system:

(10.811)

EXERCISES X

_ with components (-7, 4, -6) acts at the point (2, 4, -3).Fmd Its moment about the origin. Find also its moment about the lino

X -> y = z,

the positive sense on the line being that in which * increases.

nomt
^ components (1, 2, 3) at apoint (3, 2, 1) and by a force with components (-1, -2, -3) at a point

\~t’
~ components of the equipoUent force and couple

fliu tJiG ongin.
“

‘1 weight w is placed on a rough plane inclined to the hori-

hoSJnfW ® “ efficient of friction is 2 tan a, find the least

^ “love.iJetermme the direction m which the particle moves.
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i. A tripod consisting of three uniform rigid legs, each of length 2a

£tld

®

W, the legs being smShly
« horizontal plane(TOofficiont of friction m), the feet forming an equilateral triangle, ^d

SriZ” ^ consJtent with

.ffc .t/rs.ttzLM -T
SCI;

a 2 coordinates

SoiSiniL a J With components (-8, -2, Z) acts at a point with

the z-oxj findi
^ ^ resultant moment about

£wC’+?’-T ^
““Sle <*, the shortest disibetween their linos of action being c,

the h-i
W and edge a, has hinges at B and C,the Imo BC being vortical with B on top. The hinge at C can support a

'”1* ^ suppUes a vortical aids of rotation.The wind blows on the gate, exerting a uniform pressure v. The cate is^pt in position by a light rope attached to the outer upper comer A and to a^mt B on the gromd, where CE = o and CB is a perpendicular to the gate.Find m terms of P, a the tension in the rope and the magnitude of the
reaction at each of the hmges.

9.

Three idemtioal spheres Ue in contact with one another on a horizontal

Fi * ii.

^ identical sphere rests on them, touching all three. Show
that the coefficient of friction between the spheres is at least (-v/g - v^)

I^t
( between each sphere and the plane is at

10.

Denoting by S, 4, the usual polar angles, find the polar angles of the
axis of an mfiiutcsimal rotation equivalent to three infinitesimal rotations
ail of the same magnitude, with axes whoso polar nngiAf, are

120°, 4, .
' 60*, <f>

“

11. A rigid body receives in succession three rotations about three
mutua ly perpendicular interHocting linos fixed in space, each rotation being
through a right angle and the senses being oychc. Find the axis and magni-
tude of the Hinglo (iquivalcjiit rotation,

12. A rigid body receives a finite translation and a finite rotation (through
an angle 0) about an axis D porpondicuiar to tho translation. Show that the
resultant displaccjmcnt is equivalent to a rotation (through an angle $)
about an axis parallel to 7), tho position of this axis depending on the orderm which tho translation and rottition are applied.

13. Show that any finite displacement of a rigid body is equivalent to a
screw, i.e., a translation and a rotation about an axis parallel to the transla-
tion (Chaslcs* theorem).



304 MECHANICS IN SPACE [Ex. X

14* In coming to rest on a slippery road, the wheel of a car travels 1 0 feet

forward and 2 feet sideways, at the same time turning through an angle of

180® about its axle. Locate the axis of the equivalent screw displacement.

16.

Show that, in general, a force system may be reduced to a fonse acting

along any given line together with another force. (The linos of action of the

two forces are said to be conjugate,)

16. A rigid body is acted on by a force F at 0 and a couple G. P is an

assigned point, with position vector r relative to 0. Show that there is

a single infinity of lines through P about which the force system hits no

moment; show that these lines lie in a plane and find, in Cart(^sian coordi-

nates, the equation of this plane. (The lines are called null linenj and
the plane a null plane.)

17. Show that, if a rigid body is in equilibrium under the action of four

forces, the invariant (F • G) of any two is equal to the invariant (F • G) of

the other two. Show also that the invariant (F • G) of any throe of the

forces is zero.

18. A heavy uniform inextensible cable hangs in contact with a smooth
right-circular cone of semivertical angle a, the axis of the cone being vortical.

Prove that the cable hangs in a curve satisfying the equation

(M)* +
**

where z is the depth below the vertex of the cone, ^ is tlie azimuthal angle,
and Aj B are constants.

19. In a Hooke's joint (Fig. 119) force systems (F, G) and (F', G') (imdud-
ing the reaction of the bearings at A, A') act on the parts A PC/.), A
respectively, 0 being taken for base point. For equilibrium, show that
couples G, G' must both be perpendicular to the plane CDC'iy.

20. There are two identical rough stones, each being an oblate spluToid
of semiaxes a, 6 (a > h). One is laid on a horizontal floor and tln^ other
balanced on top of it, the axes of symmetry being vertical. Con fining attc^n-
tion to displacements in a vertical plane through the axis of synmu^try, show
that the equilibrium is stable if a® > Zh\

21. Discuss the stability of any four successive positions of equilibrium
for the system shown in Fig. 120. Consider only the case wlicrc p is small
in comparison with a and 5.

22. A force system is equipollent to a force F at 0 and a couph^ G; anotheu
force system is equipollent to a force F' at C and a couple G', Prove that,
if the axes of the equivalent wrenches intersect, then

*

F • G' -f F' • G «= (p -f • F',

where p, p' are the pitches of the wrenches.
23. In a Hooke's joint (Fig. 119) let the angle 0, through which ABCD

is turned about AH, be measured from zero when CD lies in the plam^ ofAH and A'H'. Denoting by a the angle between AH and H'A', find the
angles <!> and in terms of d and a. Check your answers by cousid(!ring
the special cases: (i) ^ = 0, (ii) 5 =



CHAPTER XI

KINEMATICS. KINETIC ENERGY AND ANGULAR
MOMENTUM

We now approach the study of dynamics in space We shall
require

Trcouau

(i) a simple way of describing the motions of particles and of
rigid bodies;

(ii) methods of calculating kinetic energy and
momentum. ®

These items belong to kinematics (if we understand the word to
include mass as well as motion) and form the subject matter of
the present chapter.

11.1. KINEMATICS OP A PARTICLE
l^tOryz be rectangular axes fixed in a frame of reference and

I, J, K unit vectors along them. For any particle, with coordi-
nates *, y, 2

, we define the following vectors (cf. Sec. 1.3)

:

(11 . 101 )

' Position vector: t = xl-\-yJ + zK,

Velocity: q = * =

Acceleration: f = = jSL + yj zS,.

The simplest way of describing the motion of a particle is to
give the vector function r(«). For, when r is known as a vector
function of the time t (i.e., when x, z are known as scalar
functions of t), wo can trace the path of the particle and
find its velocity and acceleration at any instant by differentiation.
We frequently require expressions for the components of

velocity and acceleration in directions other than i, k. Two
particular resolutions of these vectors will now be considered.

Tangential and normal components of velocity and acceleration.

Figure 122 shows tho path U of a moving particle A; Ao is
a fixed point on C. The arc length AoA is denoted by s. From

305
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(11.101), we see that the vector dt/ds has components dx/ds,

dy/ds, dz/ds along I, J, E; it is the unit tangent vector to C
at A and will be denoted by i.

Fig. 122.— particle moving in

space.

For the velocity of A wo have

/II 1 ••

(11 . 102)

Hence, the velocity of a particle is

directed along the tangent to its path,

and has magnitude s.

For the acceleration we have

I
• w*

But, by (10.211),

^ = i,
ds p’

si + di

where j is the unit principal normal vector and p the radius of
curvature of C at ^1. Hence,

(11.103) f = li +
9

and so we may state: The wxeleraHm of a particle lies in the
osGidaiing plane to its path; the components in the directions of
the tangent and principal normal are § and s^/p, respectively. Thowi
results should be compared with those for the corresporlding two-

’ dimensional case (cf. Sec. 4.1).

Components of velocity and acceleration in cylindrical coordi-
nates.

In Fig. 123, A is the position of a particle at time t and M
the foot of the perpendicular from A on the plane Oxu. Th(»
pote coordnates (JR, 4) of M, together with the z-coordinate
ot A, are the cylindrical coordinates (R, 4,

z) oi A. Lot i j k
be umt vectors at 4 in the directions of the parametric lines’ of
these coordumtes (i.e., those directions in each of which just
one of the three coordinates fi, 4,

z increases, the other tworemai^g constant). We wish to find the components of tho
velocity and acceleration of A along i, j, k.
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The vector k k constant in magnitude and direction. The
directions of i and j do not depend on R and they are, however,
dependent on As in See. 4,1 (where r, $ correspond to
R, <l>), we have

(11.104)

Since

^ _ •

d4>
~ —

L

r OA = iei + sk.

Fig. 123.—Cylindrical coordinates.

we obtain, on differentiating r with respect to t and nait^g (11.104),

(11.106) q = * = jfei +

A second differentiation with respect to t gives

(11.106) f = (^ - B^^)i + 1 1 + 2k.

From these equations, we can read off the components of the
velocity (q) and the acceleration (f) in the directions of i, j, k,
when required.

Composition of velocities and accelerations.

We often need to connect the velocities (or accelerations)
of a particle relative to two different frames of reference, S and
/S'. We shall here think only of the case where there is no
relative rotation of the frames. Let 0 be a point fixed in /S and



308 MECHANICS IN SPACE [Sbo. 11.2

O' a point fixed in S'. A particle A has position vectors r = OA
and r' = O'A; they are connected by

(11.107) r = ro+r',

where ro = 00', Differentiation gives

(11.108) q = qo + q', f = fo + f',

where q, f = velocity and acceleration of A relative to

q', f' = velocity and acceleration of A relative to S',

qo, fo = velocity and acceleration of S' relative to S,
The equations (11.108) give the laws of composition of velocities
and accelerations.

11.2. KIOTMATICS OF A RIGID BODY
Motion of a rigid body with a fixed point

Consider a rigid body constrained to rotate about a fixed
point 0. Let jfi, U be two instants; in the time interval tt — h
the body receives a displacement which is equivalent (cf.

10.5) to a rotation n about 0. If we keep h fixed and let tj
appro^h ti, the direction of n will approach some limiting
direction, which we denote by the unit vector i. Tlu^ ratio of
the angle of rotation n to the time interval <2 - will approm^h
a liimting value «. The vector <0 = coi is called the nfmlar
velocity of the body at the instant fi. At this instant the Ixuly is
rotatog about a line through 0 in the direction of a; tins line
IS called the instantaneous axis of rotation. The rate of turning
ISJO ra(rians per unit time and is a rotation in the positive sense
about the instantaneous axis.

In an mtotesmal time dt the body receives an infinitesimal
rotation <0 di; and so the displacement of a particle of the liody
IS, by (10.501),

dr = (0 d< X r,

where r is the position vector relative to 0. The vehnatv of
this particle is

•

(11 .201) *» X r.

This formula

terms of the

giv^ the velocity of any particle of the body in
angular velocity vector «. Thus, if « is known as
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a vector function of the time, we can find the velocity of any
particle at any time; in other words, the single vector function
<o(0 suflSices to describe the motion.
As the body turns about 0, the instantaneous axis (determined

by o) wiU occupy different positions in the body. Since this
axis always passes through 0, its locus in the body is a cone with
vertex 0\ it is called the body coTie (or polhode coue). Similarly,
the locus of the instantaneous axis in space is another cone with
vertex 0; it is called the space cone (or herpolhode cotic).

A rigid body moving parallel to a fundamental plane may be
regarded as a body turning about a point at infinity. In this
case the body and space cones become cylinders; their inter-
sections with the fundamental plane are the body and space
centrodes of our earlier theory (cf. Sec. 4.2).

We saw in Sec. 4.2 that, in the motion of a rigid body parallel
to a plane, the body centrode rolls on the space centrode. Simi-
larly, in the motion of a rigid body with a fixed point, the body
cone rolls on the space cone. To establish this result we must
show that:

(i) the body cone touches the space cone;

(ii) the particles of the body on the line of contact of the cones
are instantaneously at rest.

Let OA be the position of the instantaneous axis of rotation at
some instant. It is a generator of the fixed space cone and also

of the moving body cone. After an infinitesimal time dt,

another generator OB of the body cone comes into coincidence

with a generator OjB' of the space cone. But the displacement
in time dt is an infinitesimal rotation of magnitude co dt about OA,
and so the angle between the planes 0AJ5, OAB' is an infinitesimal

angle. Since these planes represent the tangent planes to the two
cones along the generator OA, it follows that the tangent planes

cannot cut at a finite angle; the cones must therefore touch.

Since all particles of the body on the instantaneous axis OA are

instantaneously at rest, the second of the above conditions is also

satisfied, and the result is established.

The components of angular velocity in terms of the Eulerian

angles.

In Sec. 10.6 we defined the Eulerian angles 0, they

describe (relative to a fixed triad I, J, K) the position of a triad
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of unit orthogonal vectors i, j, k, fixed in a rigid body turning
about a point 0 (Tig. 118). The motion of the body is deter-

mined when 6, 4>, f are known as functions of the time t; but
this motion can also be described by the angular velocity <>>(<).

We write

o = tiiji waj eogk,

and seek expressions for «i, mj, <03 in terms of 9, <l>, and tlunr

rates of change.

In an infinitesimal time cU the body receives the rotation
a dt. But, by (10.607), this rotation is

(sin 4^ d6 — sin 6 cos d<l>)i "i" (cos 4' d6 sin 9 sin 4^ d4>)i

-|- (cos 9 d4> -f- d4^)k,

where dd, d4>, dtp are the infinitesimal increments in 9, 4>, 4/ in
time dt. Equating this expression .to w dt and dividing by dt,

we have

{

coi = sin () — sin cos ^
«2 = cos V' d -|- sin 0 shnf'

«s “ cos 9 ^ 'p.

These equations give the components of angular velocity when
the motion is known, i.e., when 9, 4>,4f are known as functions of
the time. Conversely, when the components of a arc known at
any time t, we can solve the above equations for 9, ip, ^ as func-
tions of t and so determine the motion.

• i i,

components of a on the fixed triad I, J, K (Fiit. 1181
in terms of S, 4,, 4, and their rates of change.

v K- 1 10;

General motion of a rigid body.

Let us consider a rigid body moving in a general manner. Wo
select a particle A of the body as a base point and denote its
v^ocity by q.t. In an infinitesimal time dt, the displiwjomcmt

^ ^ translation dt, and a rotation
dn about A (cf Sec. 10.5). By (10.602), the displacement ofany particle B of the body is

> i *

4A + dn X r,

where r - .IB. Henoe, for the velocity o{ Bve have
(11 .208

) , = +
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where <a = cZn/di. We observe that this velocity consists of two
parts: (i) the velocity of the base point, and (ii) the velocity

of B relative to A, viz., <o X r. It is clear that the velocity of B
relative to A is precisely the same as if the body were turning
about A (as a fixed point) with angular velocity <>>.

If we alter the base point A, the translation dt is changed,
but the rotation da. remains the same. It follows that the

vector <0 pertains to the motion of the body as a whole; it is the
angular vdodty of the body and is to be regarded as a free vector,

since it does not depend on our choice of base point. The
equation (11.203) gives the velocity of any point of the body
when the angular velocity to and the velocity q^ are known;
thus, the two vectors a and q^ completely describe the motion.

When u and q.* are known as vector functions of the time,

we have a picture of the motion at any instant. From the

velocity q of any particle B, as given

by (11.203), its acceleration f can be

found by differentiation; thus,

f =

Here dq^/dt is the acceleration f.,1 of

the base point A; it depends solely

on the motion of A and not on the

angular velocity. As for the last

term, di/dt is the velocity of B
relative to A; therefore, by (11.201), it equals « X r.

then

(11.204) f = ^ X r + o» X (u X r).

Fig. 124.—A wheel rolling on a
straight track.

We jiave

Example 1. As a simple illustration, let us consider a circular wheel

rolling with constant speed along a straight level track (Fig. 124). We take

as base point the center C of the wheel and denote its velocity by V. This

vector is constant; it lies in the plane of the wheel and is horizontal. The

angular velocity <d of the wheel is a vector perpendicular to its plane; it also

is a constant vector. By (11.203), a particle B of the wheel has velocity

V+oXr,

where r « CB, Since X r is a vector perpendicular to <o, this velocity

lies in the plane of the wheel— fact which is intuitively obvious. Since
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ci> and V are constant vectors, the acceleration of B is, by (11.204),

f = X (« X r) = 6»((i> • r) —

Thus, each particle of the wheel has an acceleration of magnitude
directed toward C.

Example 2. As a second illustration, let us consider the motion of the
propter of an airplane making a turn. In particular, let us MHi how the
velocity and acceleration of the tip of the propeller may be found.
For simplicity, we shall suppose that the center 0 of the propeller ileHc.rilx^H

a horizontal circle C with constant speed V; let b bo the radius anil A the
center of C. Figure 125 shows the position of the propeller when the line
from the center to the tip B makes an angle e with the vertical.

B

Fig. 125. Motion of an airplane propeller.

Let 1
, j, k be a triad of unit orthogonal vectors at 0; i points along AOk points verticaUy upward, and j completes the triad. Th« vector i iscl^ly Je unit tangent vector to C at 0. As a base point for the Icii,

”

fll “ + « X r.
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In particular, the velocity of jB is

(11.205) qB * Vi + X (a sin 0 i + a cos k)

-ecos«l + ^l+|sm9^7j-oBinek,

where a = OB and » = sc, the speed of the tip relative to the airplane.
Hence the absolute speed is given by

= »* + F® ^1 H- ^
sin 0^*.

Actually, a/h will be small, and so ^ F*, approximately. If the
trigonometrical term is retained, takes maximum and mmiTTnim values
when the propeller is horizontal.

The acceleration of B may be found by differentiating (11.205). We shall
assume that s is constant

j
then the scalars u, F, h and the vector k are con-

stant, whereas the scalar B and the vectors i and j are variable. To find
dx/di, and dj/di, wo note that i and j may be regarded as the position vectors
of points fixed in a body, turning about 0 with angular velocity (F/6)k.
Hence, by (11.201),

dt

V
fkxj

It is loft for the reader to verify that the acceleration of jB is

(11.206) fB
'V* . F* F^a \ 2t;F— sin d +— -i-— sin ^ I i -f-

— cos ^ j cos ^ k.
<ct 0 0* / 0 a

Under normal circumstances, the terms in v^/a far exceed the other terms in

magnitude, and so the acceleration is due almost entirely to the spin of the
propeller.

11.3. MOMENTS AND PRODUCTS OF IlSfERTIA

The moment of inertia of a system was defined in Sec. 7.1.

For a particle of mass m distant p from a line L, the moment of

inertia about L is jnp*. For a system of particles, the moment
of inertia is the sum of the moments of inertia of the several

particles.

We now define products of inertia. Let P, Q be two planes,

and let p, q denote the perpendicular distances from them of a

particle of mass m. The distance is counted positive or negative

according as the particle lies on one side or the other of the

corresponding plane. The product mpq is called the product

of inertia of the particle with respect to the planes P, Q. For a

system of particles, the product of inertia is the sum of the

products of inertia of the several particles.
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Let Oxyz be rectangular axes; the moments of inertia of a
system of particles about the axes Ox, Oy, Oz are, respectively,

(11.301) A = + 2*), B = Sm(0* + a:*),

C — Emitx^ + y®).

Here m is the mass of a t3^ical particle, x, y, z arc its coordi-

nates, and the summation extends over all particles of the
system. The products of inertia with respect to the coordinate
planes, taken in pairs, are

(11.302) F = "Emyz, O = hTnzx, H = Emxy.

For a continuous distribution of matter the summations ai’o

replaced by integrations, the mass m being replaced by the mass
pdr (p = density) of a small volume element dr.

It is a remarkable fact that,

when A, B, C, F, G, II are known,
we cantod the moment of inertia

I of the system about any line

through 0. To sec this, wo
recall that, by definition,

I =

where p is the pcrpcndioular

distance of a typical particle P
(mass m) from the line L (Fig.

126). Now p = OP sin 6, where

L; thus, p equals the magnitude
of the vector product XXr, where 3i, is a unit vector along L

*—

>

and r = OP. The components of a, are the direction cosines
a, y of L, and the components of r are the coordinates x, y, z
of P. Hence, the components of a, X r are

pz — yy, yx — az, ay — fix.

Thus, since p is the magnitude of the vector with those com-
ponents, we have

(11.303)

I — EinKfiz — yy)^ -i- (yx — ass)* -1- (ay — /3x)®]

= a^'Zm,(y^ z*) + fi^2m(z^ + x*) + 7*Sm(x* -f y*)
— 2fiy2myz - 2ya2imx - 2afiEmxy

= Aa* -f + Cy* - 2Ffiy - 2Gya - 2Hafi.
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This gives 1 in terms of A, B, C, F, 0, H, and the direction cosines
ofL.

When A, B, C, F, O, if are known for any set of rectangular
axes through the mass center, we can find the moment of inertia I
of the system about any line L very easily. This is done in
two steps:

(i) use (11.303) to find the moment of inertia Jo about a line

through the mass center parallel to L;
(ii) apply the theorem of parallel axes (cf. Sec. 7.1) to find I.

If A, B, C, F, O, H are known for a point other than the mass
center, we can find J in a similar manner, but two applications
of the theorem of parallel axes are required.

The momenta! ellipsoid.

By varying «, /3, y in (11.303), we obtain the moments of
inertia about all lines through 0. Let us measure off, along
each line through 0, a distance OQ = where I denotes
the moment of inertia about the line in question. The locus of

Q has the equation

(11.304) Ax^ + By^ + - 2Fyz - 2Gzx - 2Hxy = 1.

This is the equation of a quadric surface with center O', in

general, it is a closed surface, since I does not vanish for any
line.* Hence, (11.304) is the equation of an ellipsoid; it is called

the rtmmdal ellipsoid at 0.

When the equation of the momenta! ellipsoid at a point is

known, we find the moments and products of inertia with
respect to the axes of coordinates by inspecting the coefficients

in this equation. Under a rotation of axes from Oxyz to Ox'y'z',

the equation of the momcntal ellipsoid changes from (11.304) to

AV* + B'y'^ + C"z'® - 2F'y'z' - 2G'z'x' - 2H'x'y' = 1.

The coefficients A', B', C, F', G', H' give the moments and
products of inertia for the new axes.

The quadric rcipresonted by the equation (11.304) sums up
the inertial properties of the system with respect to axes through
the origin. The form of the equation changes (in the sense

that the values of the coefficients change) when we rotate the

* There is only one exceptional cose. If all particles of the system lie on
a line L, then 1 = 0 for L; the quadric is then a circular cylinder with axis L.
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coordinate axes, but the quadric itself remains an invariant
model of the inertial properties. The representation of physical
properties by means of a quadric surface is of frequent occur-
rence—^it is used in elasticity, hydrodsmamics, and other branches
of applied mathematics. Since the coefficients in the equation
of the quadric change when we change the axes, they cannot be
called scalars, in the sense that mass is a scalar. Nor are they
components of a vector. The whole set of six coefficients, or
more precisely the array

A -H -G
(11.305) -H B -F

-G -F C

is called a tensor. This is the simplest example of the con-
cept which has played such an important part in the theory of
relativity.

An array is also called a 'matrix. Just as we use a Ringlo. letter
to denote a vector (which may be regarded as a matrix with
three elements), so we may denote a matrix by a single letter.
The operations of algebra may be applied to matrices, yielding
a compact and powerful notation in mechanics.*

Existence of principal axes and moments of inertia.

Equation (11.303) gives us the moment of inertia about any
lineL through 0 in terms of the direction cosines of L and the six
coefficients shown in the array (11.305). We shall now show
that the number of coefficients may be reduced from six to three
hy making a suitable choice of the axes Oxyz.
Let Oxyz be any axes. Then I, as given by (11.303), attains

its maximum value for some line Li. Let this maximum be I\.

Let us take axes Ox'y'z' such that Oa:' coincides with Li; we leave
the directions of the other two axes imspecified for the present,
except for the conditions that they shall be perpendicular to Ox'
and to one another. Then, for any line L, the moment of
inertia is

I = AV* -t- + C'y'^ - 2F'p'y' - 2G'y'a' - 2H'a'p',

* See R. A. Frazer, W. J. Duncan, and A. R. Collar, Elementary Matricoa
(Cambridge University Press, London, 1938).
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where A', B', C, F', G', H', are the moments and products of

inertia for the axes Ox'y'z', and
j
8', y' are the direction cosines

of L relative to Ox'y'z'. If we put a' = 1
,

jS' = 7' = 0, then L
coincides with Lx, and so A' — Ix, the maximum moment of

inertia.

We shall now show that the vanishing of O' and H' is a neces-

sary consequence of the fact that / is a maximum for a' = 1
,

= y' = 0. Since a'* d- j3'* -|- 7'* = 1
,
we can write

7 - Ii = -2a'(,G'y' + H'^') (£' - 7i)/S'*

+ (C - Ix)y'^ - 2F'fi'y'.

If we take a line L near Lx, «' will be nearly unity and /3', 7' will

be small. If at least one of G', H' is different from zero, we can

choose jS', y' (reversing one or both signs if necessary) so that

(O'y' -1- H'fi') is negative. But, since
j
8' and y' are small, the

sign of the right-hand side of the above equation is determined

by the first term. Therefore, I — Ix may be made positive.

But this is impossible since Ix is the maximum of 7 . Therefore

the h3q)othesis we made about O' and H' is false, and we conclude

that O' = H' = 0, so that for any line L,

I = Ixa'^ + B'p'^ + C'y'^ - 2F'p'y'.

This is true for all axes Ox'y'z' such that Ox' coincides with7ji.

Let us now subject Oy' to the condition that, of all lines per-

pendicular to Ox', Oy' has the maximum moment of inertia, say

7s. Then we have B' = 12,
and so for any line L,

I = Ixct'^ + 7s/S'* + C'y'^ - 2F'fi'y'.

For lines L perpendicular to Ox' we have o' = 0
, + 7'® = 1

,

and so

7 - 7s = -2F'p'y' -f (C' - 7s)7'’“.

If we take a line near Oy', $' will be nearly unity and y' will be

small. It is evident that, if F' does not vanish, we can make 7

greater than 7s, which is impossible since 7s is a maximum.

Therefore F' = 0, and we have for any lino L,

I = 7ia'* + 7s/3'* -h C'y'K

Substituting 7'® = 1 — a'® — |S'*, wo get

T -C = ih- 0")«'* -F (72 - C'W^ ^ 0,
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and so the third moment of inertia C' is the least of all moments
of inertia for lines through 0.

We may sum up as follows, simplifying the notation: It is

always possible to choose rectangular axes Oxyz such that the moment
of inertia I of a system about a line L through 0 is giuen by

(11.306) I = Aa* + 5/3* + Cy%

where a, ft y are the direction cosines ofL relatioe to Oxyz. Those
axes are called prindpd axes of inertia at 0, and the moments of
inertia A, B, C about them are called principal moments of
inertia. The planes defined by the principal axes are called
‘j^ndpal planes; for any pair of principal planes, the product of
inertia vanishes since F, G, andH are absent from (11.306). For
principal axes, the equation of the momental ellipsoid is

(11.307) Ax^ 4" By^ Cz^ = 1.

E^eiee. Find principal axes of inertia for a thin straight miiforin rod
at its nuddle point.

General method of finding principal axes and moments of inertia.

The principal axes and moments of inertia have been shown to
exist. We shall now show how to find them, starting from
general axes Oxyz with moments and products of inertia A, B,
C, F, (?, H. Let OeVz' be the principal axes and A', B', C"’tho
pnncipal moments of inertia. Any point P has two sets of
coordmates, (a:, y, z) and (*', y', z'), according to the axes which
are used. One set of coordinates are linear functions of the
other, such that

+ y* + z* = a:'* 4- -f. g/2

for every point P. Also, for every point P, we have
Ax* 4- 5p* 4- Cz* - 2Fyz - 2Qzx — 2Hxy = A'x'*

4- B'y'’^ 4- C'z'\
sm^ each side represents the moment of inertia about OPmultiphed by OP*. Therefore, no matter how the constant KIS chosen, we have the identity

Ax* 4- 5p* 4- t'z* - 2Fyz - 2Gzx ~ 2Hxy - K(x^ + v* 4- gi)
- A'x'* 4- 5'y'* 4- C"z'* - a:(x'* + y

'2
4- g's).

Let us denote each side of this identity by #. Consider the
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(11.308)
a#
32'

= 0.

Explicitly, these equations read

(^' - = 0, (B' - K)y' * 0, (C' - K)z' = 0.

Rejecting the trivial solution x' — y' = z' = 0, we must choose
K equal to A'

,
B', or C. We have then the following three

solutions:

K = A', x' arbitrary, y' = 0, 2' = 0;
K = B', x' = 0, y' arbitrary, 2' = 0;

K — C'l x' = 0, y' = 0, 2' arbitrary.

Thus (11.308) have nontrivial solutions provided K is equal to
one of the principal moments of inertia; the corresponding values
of x', y', 2' give the principal axes.

Now

dx a®' a® dy' a® dz' a®
’

and similar equations could be written for d^/dy and d#/as.
Therefore, (11.308) imply that

(11.309)
69
dz

= 0.

If K, ®', y', 2' are chosen as above, (11.308) are satisfied, and
therefore (11.309) are satisfied. Explicitly, (11.309) read

(11.310)

(A -K)x-Hy-Oz = 0,

-Hx + (R - K)y - R2 = 0
,

.
-Gx -Fy-\-iC - K)z = 0.

Since these equations have a solution other than ® = y = 2 == 0,

it follows that

A-K -H -G
(11.311) -H B-K -F

-G -F C -K
This is a cubic equation for K, and, as we have seen, its three
roots are the three principal moments of inertia. To s\im up:
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Starting with, general axes Oxyz with moments and “products of
inertia A, B, C, F, 0, H, the three principal moments of inertia at 0
are the val'ues of K saHsfying the cubic determinantal equation

(11.311), and the directions of the diree principal axes are given by

the ratios x:y:z determined by (11.310) when the above values of K
are substituted.

The problem of finding principal axes and moments of inertia

is essentially the same as the geometrical problem of finding the
directions and magnitudes of the principal axes of an ellipsoid

from its general equation.* The use of the equations (11.309)
is most naturally suggested by the problemf of finding station-

ary values (including maximum and minimum values) of the
expression

Ax^ + By^ -f- Cz* — 2Fyz — 2Gzx — 2Hxy,

subject to the condition a:* -t- y* -f- e® = 1.

Method of symmetry.

For a body which exhibits symmetry, it is often possible to
find principal axes of inertia very simply.

In Sec. 3.1 the idea of symmetry was used in connection with
mass centers. A more thorough discussion requires the concept
of a covering operation, which we now proceed to define.

If we rotate a body of revolution about its axis through any
angle, we do not alter the distribution of matter—tho whole
body appears exactly as before. Similarly, if we turn a threc-
bladed propeller about its axis through an angle 27r/3

, the final
distribution of matter is that with which we started. Those
rotations are examples of covering operations. In general, a
covering opera^ for a body is a transformation which does not
alter the distribution of “matter as a whole, although the indioulual
partu^ are “moved. In the case of a curve or surface, w'here no
distribution of matter is involved, a covering operation is a
transformation which leaves the curve or surface unchanged as
a whole. The covering operations which we shall consider are
(i) a rotation about a line or axis, and (ii) a reflection in a plane.

y- Somerville, Analytical Geometry of Three Dimensions
(Cambridge University Press, 1934), Chap. VIII.

Diffe^tial and Integral Calculus (Blackic & Sons,Ltd., Glasgow, 1936), Vol. II, pp. 188-191.
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Whenever there exists a covering operation* for a body, the

body is said to possess symmetry. If the covering operation is a
rotation through an angle 2iejn about an axis (where n is a
positive integer other than unity), this axis is called an axis of
n^onal syrmnebry; for n = 2, 3, 4 the symmetry is digonal,

tsrigorud, tetragonal, respectively. Thus the axis of a three-

bladed propeller is an axis of trigonal symmetry; for a two-
bladed propeller the axis is of digonal symmetry. If the covering
operation is a reflection in a plane, then that plane is a yilane of
symmetry for the body.

When we speak of an axis of symmetry, without qualification,

we understand that a rotation through any arbitrary angle is a
covering operation. A surface of revolution has this type of

symmetry.

We now return to the problem of finding principal axes of

inertia for a body possessing symmetry. In this connection

we have the following theorem: A covering operation for a body,

which leaves a point 0 of the body unchanged, is a covering operation

for the momental dlipsoid at 0. The proof of this theorem
depends on the following facts, which hold for any distribution

of matter whether symmetrical or not and are easily proved:

(i) when a body is rotated about a line, the momental ellipsoid

at any point on the lino turns with the body;

(ii) when a body is reflected in a plane, the momental ellipsoid

at any point on the plane is also reflected in this plane.

When the rotation (or reflection) is a covering operation for the

body, the distribution of matter is unaltered, and the momental
ellipsoid at a point on the axis of rotation (or in the plane of

reflection) is the same as before. The rotation (or reflection)

is therefore a covering operation for the momental ellipsoid

also, and so the theorem is proved.

Now wo know from the geometry of the ellipsoid that, when the

axes are uneqiuil, there are only very special covering operations;

these arc (i) a rotation through an angle tt about a principal axis

and (ii) a reflection in a principal plane. If the ellipsoid has

more general covering operations, it must necessarily be of

revolution or, in particular, a sphere. Thus, for example, if a

rotation through an angle 2t/3 is a covering operation, the
* Other than a rotation through four right angles; this is a trivial oporar-

tion, sinco it leaves every particle of the body back in its original position.
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ellipsoid must be of revolution. If a rotation through an angle «•

about a line L is a covering operation, then L must be a prin-
cipal axis. If a reflection in a plane n is a covering operation,
then n must be a principal plane.

We shall now apply these facts to the momental ellipsoid.
The truth of the following statements will be obvious:

(i) An axis of n-gonal symmetry is a principal axis of inertia
at any point of itself. (Example: a two-bladed propeller.)

(fl) At any point on an axis of trigonal or tetragonal syim—
metry, the momental ellipsoid has this axis for axis of revolution,
and two of the principal moments of inertia are equal. (Exam-
ple: a three- or four-bladed propeller.)

(iii) The normal to a plane of S3unmetry is a principal axis
of inertia at the point where it cuts the plane of symmetry.
(Example: the hull of a ship.)

Principal axes of inertia for a number of bodies are given in
^e table on page 324. In each case an argument, based on the
ideas of symmetry

,
can be used to verify that the principal axes

are given correctly.

The momental ellipse.

Let us now consider a distribution of matter in a 11,
and let Ox, Oy be rectangular axes in this plane. Since H is
a plane of symmetry, its normal at 0 is a principal axis of inertia,md the section of the momental ellipsoid at 0 by the plane n
is a principal section; it is called the momental dlvpse at 0.

If A and B denote the moments of inertia about Ox, Oy
respectively, and H denotes the product of inertia with respect
to plmes though Ox, Oy, peipendicular to H, the equation of
tliis elupse is

(11.312) A®* — 2Hxy -f By'^ = 1.

(We see this by introducing the third axis Oz and putting 2 = 0m the equation of the momental ellipsoid.) It is clear that the
principal axes of this elhpse are principal axes of inertia at O10 nnd them we proceed as follows.

an angle « with

+« k ^ denote the coordinates of a point referred
to the axes Ox j/, Oxy, respectively, then

® = 2' cos - y' sin e, y = 2' sin « -I- y' cos B.
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The eQUSition of the ellipse (11.312) referred to the axes Os^
Oy' is

’

A(x' cos d — y' sin ff)^

— 2H(_x' cos 0 — j/' sin d)(x' sin 6 + y' cos d)

+ B(x' sin d + y' cos 0)* = 1
or, equivalently,

(11.313) AV* - 2H'xy + B'y'^ = 1,

where

A' = A cos* e — 2H sin 0 cos + B sin* e,

H' = {A — B) sin 0 cos 0 + H(cos* 0 - sin* 0),

B' ^ A sin* 0 + 2H sin 0 cos 0 + B cos* 0.

Now (11.313) represents the equation of an ellipse referred to
principal axes at its center if H' = 0. Hence, Ox', Oy' are
principal axes of inertia at 0 if

(11.314) tan20 = -5^.

The two values of 0 in the range (0, t) satisfying this equation
give the directions of the two principal axes. The complete set

of principal axes at 0 are Oa^, Oy', and a line perpendicular to

them.

This method of finding principal axes of inertia at a point can
be applied to any case where one principal axis at the point is

known; it need not bo restricted, as here, to the case of a plane

distribution of matter. In particular, it applies to any body with
a piano of symmetry or an axis of digonal symmetry.

Moments of inertia of some simple bodies.

The table on the following page gives the principal axes and
moments of inertia at the mass center for some simple bodies.

The moments of inertia about the axes Ox, Oy, Oz are denoted

(as usual) by A, B, Q, respectively. In aU cases the bodies are

homogeneous, i.o., of constant density.

Some of the moments of inertia given in the table have already

been calculated in Sec. 7.1. We shall give the calculations for

the ellipsoid and leave the reader to verify the others for himself.

The equation of an ellipsoid B with semiaxes a, b, c, referred

to principal axes at its center, is
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Body
(mass = m)

Principal axes

(at mass center 0)

Principal moments
of inertia

Rectangular plate (edges

2a, 26).

Ox, Oy parallel to edges

2a, 26, respectively; Oz
perpendicular to plate.

A = imb*, B — Jmo*,

C = im(a« + 6*).

Solid rectangular cuboid

(edges 2a, 26, 2c).

Ox, Oy, Oz parallel to

edges 2a, 26, 2c, respec-

tively.

A = \mQ>^ -f* c*)»

B = im(c* + a*),

C « im(a* -f- 6*).

Circular plate (radius a). Ox, Oy in plane of plate;

Oz perpendicular to

plate.
.

A ^ B —
i??ia®,

C * §wia*.

Elliptical plate (semi-

axes a, 6).

Ox, Oy along semiaxes a,

6, respectively; Oz per-

pendicular to plate.

Solid circular cylinder

(radius a, length 21). I

Ox, Oy perpendicular to

axis; Oz along axis.

4 - J? =
Am(3ct» + 4i«),

C — Jwto*.

Solid elliptical cylinder

(semiaxes a, 6; length

21).

Ox, Oy along semiaxes a,

h of section, respec-

tively; Oz along axis of

cylinder.

A - Am(3&» + 4i»),

B - Am(3o» + 4Z»),

C — imCo* + 6>).

Sphere (radius a). Ox, Oy, Oz any throe per-

pendicular lines.

» R SB (7 » Jt/mx*.

SoUd ellipsoid (semiazes

a, b, c).

Ox, Oy, Oz along semiaxes
a, 6, c, respectively.

A = i?n(6» + c*),

B SB J77i(ca + a^)^

C =» iw2(a* + 6*).

The moment of inertia about the a:-axis is given by

7 “ ^

where p is the density and the integration extends throughout
the eUipsoid E. We put a;' = x/a, y' = y/b, s' = s/c and obtain
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~ ~ fff (^V* + ch'^)dbc dx' dy' da!,
^ W

where the range of integration is now the interior of a unit

sphere S. From the symmetry of S,

j^j y'^ dz' dy'

=

f fJ* z'« dx! dy' da!

(S) ^ (S)

+ dx' dy' dz'.

But this last integral has already been calculated in Sec. 7.1; it is

the moment of inertia of a sphere (of unit radius and density)

about a diameter and has the value Stt/IS. Hence,

A = (6* + c*) = + c%

as given in the table. The values for B and C follow in exactly

the same way.

The following rule, known as Rove's rule, summarizes most of

the results given in the table on page 324: For solid bodies of the

cuboid, elliptical cylindrical, and eUipsoidcd types, the moment of

inertia about a principal axis through the center (and parallel to the

generators, in 1M case of the elliptical cylinder) is equal to

m(a^ + b^)

n
’

where m is the mass of the body, a, h are the semiaxes perpendicular

to the principal axis in question, and n = 3, 4, or 5 according

as the body bdongs to the cuboid, elliptical cylindrical, or ellipsoidal

type.

The methods of decomposition and differentiation.

If wo wish to calculate a moment of inertia, we can always do

so by evaluating a multiple integral. But in many cases there

arc simpler methods. One method is to divide the body into a

number of parts, for each of which the moment of inertia is

known; by adding the moments of inertia of these parts, we

obtain the rcciuired result. This is the method of decomposition

and has been used already in Sec. 7.1.

Another method, known as the method of differentiation, can
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be used to find the moment of inertia of a shell when the cor-
responding moment of inertia for a similar solid is known.
As an example, let us find the moment of inertia of a spherical

shell about a diameter. We first consider a uniform solid sphere
of density p and radius r. Its moment of inertia about a diameter
is (8jr/15)pr®. If the radius of this sphere is increased to r 4- dr,

the moment of inertia is increased by

dl = (8rr/3t)pr* dr]

this is the moment of inertia of a spherical shell of radius r,

thickness dr, and mass Airpr^ dr. Hence the moment of inertia
of a spherical shell, of radius a and mass m, about a diameter
is |ma*.

Similarly, by considering the ellipsoid

jL +yL + jL - 1

^d increasing k tok dk, we can find the principal moments of
inertia at the center of a thin shell boimded by two such ellipsoids.
The reader will have no difliculty in showing that, for = 1, the
results are

+ c»), im(c* + a*), im(a* -|- 6*),

where m is the mass of the

Equimomental systems.

Two distributions of matter which have the same total mass
and the same principal moments of inertia at the mass center
are said to be ^imomentd systems. For example, a hoop of
mass m and radius a/\/2 is equimomental with a circular plate
of mass m and radius o.

Such systems are interesting on account of the following
fact: Two rigid bodies which are equimomental have the saimi
dynaimoal behavior. By this we mean that two such bodies,
when acted on by identical force systems, will behave in the
same way; if the bodies were fixed inside two identical boxes
we should not be able to distinguish between them. This resultwU be evident when we have developed the general principles of
dynamics in Chap. XII.
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11.4. KINETIC ENERGY

The kinetic energy of a rigid body with a fi^ed point.

Consider a rigid body turning about a fixed point 0 with

angular velocity o. A particle P of this body, with velocity

q and mass 6m, has kinetic energy i8m • (cf. Sec. 6.1); the

kinetic energy of the body is

(11.401) r = is 6m •

where the summation extends over all particles of the body.

We seek an alternative expression for T, involving the angular

velocity 6) and the principal moments of inertia at O.

Let Oocyz be any rectangular axes at 0, and i, j, k unit vectors

along them. Resolving vectors in the directions of these axes,

we write

r = ai + 2/j + ^k, <«> = wai + wid “h c^Jsk,

where r = OP. For the velocity q of P, we have, by (11.201),

(11.402) q=oXr
= («si! — wjj/)i + (wtx — «ia)j + (wiy — «2a;)k*

Heace, by substitution from (11.402) in (11.401), wc obtain

2r = S 87n l(usfs — cijjj/)® + {ca^x — wiz)* -1- {uiy — W2a;)®]

= wfS Sm •
(j/® -|- z®) + MjS 8fn • (z® + a:®) + to®S 5971 • (a;® -f- j/®)

— 2w2W3S dm-ye — 2«smi SStti • zx — 2wico2 25791 • xy,

or

(11.403) T = ^(ilwi + Bui + Cm® — 2Fu2f)>s — 20utui
— 2Huiut),

where A, B,C, F, 0, H are the moments and products of inertia

for Oxyz. If the axes are principal axes of inertia, then

p^Q = H = 0,

and we obtain, as the required expression for the kinetic energy,

(11.404) T = i'(.d.Mi + Pm| + Cm®),

where A, B, C are now principal moments of inertia.

The expression (11.404) is valid only when the axes Oxyz

are principal axes of inertia at 0; for other axes, it is evident
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from (11.403) that T involves both products and moments of
inertia. If we iwe ^es with directions fixed in space, not only

Til
products and moments of inertia—worses^, these will vary with the time. To avoid these complica-

tions, It IS customary to use axes which are permanently principal
axes of mertm at 0, so that the simple formula (11.404) holds atany time and A, B, C are constants.
In general the prmcipal axes at 0 are fixed in the body. But
the momenta! ellipsoid at 0 is of revolution, only one of them

ueed be so fixed; the other two may be any perpendicular linesm the plane perpendicular to the axis of revolution. It mightap^ar that the use of such axes, fixed neither in space nor in the
body, would mtroduce a needless complication. But actually
It amplifies considerably the theory of tops and gyroscopes,
for a ngid body turning about a fixed line L through O it

(11-403) simplifies to the form^ila
(7.116), ^en m the two-dimensional theory. We have merely
to teke Oz along L; then = «, = 0. a,, = «, and (11.403)

T = iCo,\

where C is the moment of inertia about L.

The kinetic energy of a rigid body in general.

Let us now find the kinetic energy T of a rigid body moving
quite generaUy rn space. Applying the theorem of K6nig
(cr. Sec. 7.1), we have ®

(11.405) T = irngg + r,

where m = mass of body,

ffo = speed of mass center,

B relative to mass center.But the mass center may be regarded as a base point in the bodyand so, as erpl^ed in Sec. 11.2, the motion relative to the maes
center rs that of a ngid body turning about a fixed point. Thus

svtobok^^w^L
® interpretation of tlm

symbols. We therefore have

(11.406) T =W + ^(Aa? -f- But + Cal),



Sbo. 11.6] KINEMATICS 329

where A, C — principal moments of inertia at the mass center,

wi, 0)2,
0)8 = components of the angular velocity w in the

directions of principal axes of inertia at the

mass center.

In applying the principle of energy, proved in Sec. 5.2, to

particular systems, we need expressions for kinetic energy.

For a particle the kinetic energy is simply for a rigid body,

we have the formulas (11.404) and (11.406). With the aid of

these fundamental formulas, we find no dijOSiculty in calculating

the kinetic energy of any system.

11.6. ANGULAR MOMENTUM

The angular momentum of a particle about a line was defined

in Sec. 5.1 as the moment of the linear momentum vector about

the line in question. Now in dealing with moments of vectors

in three dimensions, it is the vector moment about a point which

is fundamental, rather than the scalar moment about a line.

Accordingly, we define the angular momentum of a particle as a

vector; the scalar angular momentum defined in Sec. 5.1 is,

of course, merely one component of the vector defined here.

Angular momentum of a particle and of a system of particles.

Consider a particle of mass m, moving with velocity q relative

to some frame of reference S. The linear momentum is wiq

(cf. Sec. 5.1). We define the angular momentum h, about any

point 0, as the moment of mq about 0; hence, by (9.301),

(11.501) h = r X mq,

where r is the position vector of the particle relative to 0. It

is clear that h depends on the frame of reference used in the

measurement of q.

For a system of particles, the angular momentum is the vector

sum of the angular momenta of the several particles. Ijct me,

Xi, qi denote the mass, position vector (relative to a point 0),

and velocity of the ith particle, respectively. The angular

momentum about 0 is

n

(11.502) h = X ^
i*: 1

where n is the number of particles in the system.
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We note that, if 0 is fixed in the frame of reference, then
"

f*’ , .
components of h along rectangular

axes fixed in the frame are

n ^

(11.603) m,(y^ -

n

2)
— yi±i).

Let us now consider -the effect of changing the frame of refer-
ence. Let S be a new frame, having a velocity qo of translation
rel^ive to 5. Then the velocities q<, q(- of a particle relative to
/b, /b

, respectively, are connected by

(11-504) q, = q, + qj,

according to (11.108). The angular momenta about 0 are then

1^ “ X (*^‘ X lor S; h' * V (r^ x m^q;) for S'.
fTi

Substituting from (11.604) in the expression for h, we find

(11.606) wWTf) X qo + h'.

If 0 IS the mass center, mat = 0, and so the first term on the

nght vanishes. This gives the Mowing remarkable result:
Angular mornentum about the rnass cerOer is the same for aU frames
of reference in rdative translational motion. Generally it is most

fefeed
reference in which the mass center

In speaking of angular momentum about a point 0, we shall in
future always understand a frame of reference in which 0 is
fixed.

Angular momentum of a rigid body.

The most interesting application of (11.602) is to the case
of a ngid body turning about 0. The formulas which we are
about to develop are fundamental in g3rroscopic theory.
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In. & slightly different notation, we have, for the angular
momentum about 0,

(11.506) h = S(r X 5m q),

where 5m is the mass of a t3T)ical particle, r its position vector,
and q its velocity; the su3nmation extends over all particles in
the body. But, by (11.201),

q = « X r,

where « is the angular velocity of the body. Hence,

(11.607) h = 2 5m • [r X (<o X r)] = S 5m • [o»r* - r(« • r)].

Let us resolve this vector along an orthogonal triad i, j, k
at 0. In the usual notation, we write

r = ai + yj + zk, «> = coii + W2j + cojk

and denote by A, B, C, F, G, H the moments and products of
inertia with respect to the triad i, j, k. The component of h
in the direction of i is

.

hi = 2 5m • [wi(a:* + y* + z®) — x(uix + way + wsz)]
= <i)i2 5m • (y* + z®) — (a22 &m xy — «s2 5m • za:

= Ata\ — //«2 — (?«3.

Similar expressions for the components ^2 and hi are found in

the same way; the complete set of components is

hi = A03i — H(j)i — Go»i,

(11.508)
I
hi = -Hm + Bcos - Fcoi,

^
hi = — (?coi — Fui -|“ Cui.

The stnicture of these formulas should be compared with the
array (11.305).

If i, j, k are principal axes of inertia at 0, thenF = O = i? — 0,

and those formulas are greatly simplified. They become

(11.509) hi = Aui, hi = Bui, hi = Cui,

where A, B, C are now principal moments of inertia at 0.
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As in the case of ^etic energy, it is usual to choose the
coordinate vectors i, j, k in directions which are permanently
principal axes of inertia at 0. With such a choice for these
vectors, the simple formulas (11.509) hold at any time, and
A, B, C are constants.

If the body is constrained to rotate about a fixed axis, we may
take k along this axis. Then wi = 0, ws = 0, ug = w, and
(11.508) gives

(11.510) hi = —Gu, ha = —F<a, ht = Cu.

Thus the angular momentum vector does not lie along the axis of
rotation, unless the latter is a principal axis of inertia. However,
the component ht along the axis of rotation is equal to the product
of the moment of inertia about that axis and the angular velocity
This is in agreement with (7.117).

11.6. SUMMARY OF KIITEMATICS, KINETIC ENERGY
AND ANGULAR MOMENTUM

I. SShematics of a particle.

Velocity:

(11.601)

Acceleration:

(i = unit tangent vector).

(11.602) f — J-siH-^j, (j= unit principal normal

vector).

n. Kinematics of a rigid body.

(a) Bigid body with a fixed point

:

Motion described by vector «; velocity of any particle of the
body is

(11-603) q = « X r.

(6) Rigid body in general motion:
Motion described by vectors q^, <>; velocity of any particle of

the body is

(11.604) q = q^i + « X r.
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m. Moments and products of inertia.

(o) General formulas:

’ A = :Sm(y^ + a*), B = Sm(2* + x^),

(11.605) • C = Zm(a:^ 4- y^),

^
F = Smj/s, 0 = "Zmzx, H = Hmxy;

(11.606) I = Aa^ + + Cy^ - 2Fpy - 2Gya - 2Hafi.

(6) Momenta! ellipsoid (r = l/VJ):
General form:

(11.607) Ax^ + By® + (7z® - 2Fyz - 2Gzx - 2Hxy = 1.

Form for principal axes:

(11.608) Ax^ + By® + Cz® = 1.

(A, B, C are principal moments of inertia; F = 0 = H = 0.)

IV. Kinetic energy.

(a) Particle:

(11.609) T = img®.

(5) Rigid body with a fixed point (principal axes)

:

(11.610) T = i(A<o®i + Bcol + C«i).

(c) Rigid body in general motion (principal axes at mass

center)

:

(1 1.611) T = lirajo 4“ ^(Aw* 4” Bui “1" G«|)*

V. Angular momentum.

(a) Particle:

(11.612) h = rXmq.

(5) Rigid body turning about a point (principal axes)

:

(11.613) h = Awd 4- Buii 4- Cwsk.

EXERCISES XI

1. What is the kinetic energy of a homogeneous circular cylinder, of

mass m and radius a, rolling on a plane with linear velocity »?
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2. For a certam orthogonal triad of axes at 0 the moments of inertia of a
body are 3, 4, 5, and the products of inertia vanish. What is the greatest
moment of inertia of the body about any line through 0?

3. A rod, of length 2a and mass m, turns about one end 0, describing a
cone with semivertical angle ou It completes a revolution in time r. Find
the magnitude and direction of the angular momentum about 0.

4. A rigid body is turning about a fixed point 0, and Oxyz are rectangular
axes. If the components of velocity of the particle with coordinates (1, 0, 0)
are (0, 2, 5), find the component in the direction of the a^axis of the velocity
of the particle with coorchnates (0, 0, 1).

6.

Find the length of a homogeneous solid circular cylinder of radius a,
given that the momental ellipsoid at the mass center is a sphere.

6. A body turns about a fixed point. Prove that the angle between its
anplar velocity vector and its angular momentum vector (about the fix’ed
point) is always acute. Show that, if the principal moments of inertia
A, Bj C are all different, then the angle vanishes only if the body is turning
about a principal axis.

7. Find the moment of inertia of a solid homogeneous cube about an
arbitrary line through its center.

What are the principal axes of inertia at a comer?
8. Find the moment of inertia of a rectangular plate 3 ft. by 4 ft., of mass

20 lb., about a diagonal.

9. Find the components of velocity and acceleration along the para-
metric lines of spherical polar coordinates r, 0, 0, for a particle moving in
space.

Check your formulas by applying them to the following special cases:

(i) 0 «« constant; (ii) ^ Jtt.

10.

A car drives round a curve of constant curvature at constant speed.Whatm the magmtude and direction of the instantaneous acceleration of the
highest pomt of a tire?

0 and HUMS m is rigidly mounted on^ Ths shaft is normal to thod^a,t Its center C. The disk rolls on a rough horizontal piano, D beingm Pl^e by a smooth universal joint. If tho center of the disk
rotates about tee vertical through D with constant angular velocity n, firul

disk*t^^D
energy, and the angular momentum of tho

.
taming a comer, the middle point of the back axle doscribiiiira <Mcle ofr^us r. H the length of the axle is 2a and tho wheels are regarded

+ a)» +
6(r - o)» + h*
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13. An ellipsoid of revolution with fixed center rolls without slipping on a
fixed plane. Describe the space and body cones.

14. A plane is fixed in space. Coordinate axes Oxyz rotate about 0.
T^eir angular velocity has components o)i, «2,

W 3 along them. If the equa-
tion of the plane at any instant is

Ax 4* 13?/ + Cz * 1,

prove that

^A. „ ^ dB ^
^ “ i5w3 - Cwa, = (7«1 - Aw3, ^ »= Aw2 - jBcoi.

16.

A governor consists of two equal spheres, of mass m and radius o.
They arc fixed to the ends of equal light rods, each of length c — o, which are
hinged to a collar on a vertical axle. By means of a light linkage and sliding
collar, the equality of the inclinations to the vertical of the two rods is

ensured. If this angle of inclination is Q and the angular velocity of the
governor about its vertical axle is co, show that the kinetic energy is

where
A + ufi sin B) -1- Cw® cos®

A « mi\u^ + c®), C “ imaK

16. Provo that the angular momentum of a moving system about a point
0 is the sum of the following parts:

(i) the angular momentum about 0 of a particle moving with the mass
center and having a mass equal to the total mass of the system;

(ii) the angular momentum of the system about the mass center.

17. A steel ball is placed between two horizontal planes, which rotate

with angular velocities «, w' about vertical axes L, L'. Assuming that no
slipping takes place, show that the center of the ball describes a horizontal

circle with center in the plane containingL and L\ Show that the distances

of this (‘.enter from L and L' arc in tho ratio w':m.

18. Por a rigid body in gcmc^ral motion, sliow that there is no point at rest.

Show alsc^ that, in gencjral, there is one point, and only one, with no
a<t(^<d<^ration.

19. Por a system of particsbs, prove that the kinetic energy of motion
r(dat.iv(i U) the mass cemtor may b(^ expressed in tlie form

where m » total mass of system,

mi = mass of typical particle,

Vij *= magnitude of velocity of mi ndativo to my,

and the summation contains one term for each pair of particles.
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20. OAisa. light rod of length 6 which turns with angular velocity £1 about

an axis 0

B

perpendicular to it. d. is the middle point of a rod Cf> of mass m
and length 2a, hinged to Od at A in such a way that CD is always coplanar

with OB. If e denotes the angle OAC, prove that the oomiwnents of tho

momentum of CD about 0 in the directions Od. OB and a direction

perpendicular to them are, respectively,

— ijno*£l sin B cos B, + }a* cos® 9),



CHAPTER XII

METHODS OF DYNAMICS IN SPACE

The following three principles are fundamental in Newtonian
mechanics:

(i) the principle of linear momentum,
(ii) the principle of angular momentum,
(iii) the principle of energy.

General forms for the first and last of these principles have already

been given in Chap. V
;
we shall merely recall them here, stressing

their applications to dynamics in space. The treatment of the

principle of angular momentum, given in this chapter, is inde-

pendent of that given in Chap. V
;
there is reason for this, since

in two dimensions angular momentum is a scalar, whereas in

three dimensions it is a vector.

We begin our discussion of the above principles by considering

the simplest of all systems—a single particle.

12.1. MOTION OF A PARTICLE

Equations of motion.

For a particle of mass m acted on by a force P, we have, by

the fundamental law (1.402),

(12.101) mf = P,

whore f is the acceleration relative to a Newtonian frame of

reference. This vector equation can also be written in the form

(12.102) ^ (mq) = P,

where q is the velocity of the particle. In this form, it is often

referred to as the 'principle of linear momentum for a particle:

The rate of change of linear momentum of a particle is equal to the

applied force.

By resolving the vectors f and P in the directions of rectangular

axes OxyZf fixed in the frame of reference, we obtain, as in Sec.

6.1, the equations

(12.103) mx = X, my ^ 7, ml = Z,

337
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where X, Y, Z axe the components of P along the axes. These
are the equations of motion of a particle in rectangular Cartesians;
other forms of the equations of motion are obtained below.
Let i, j, k be unit vectors along the tangent, principal normal

and binormal to the path of the particle. By (11.103),

where s denotes arc length along the path and p is the radius of
curvature. Writing

P = Pii + P2j+P,k,
we obtain from (12.101) the following intrinsic equations of
motion:

(12.104) ms=P„ o=Pa.
P

Now let i, j, k be unit vectors in the directions of the para-
metne lines of cylindrical coordinates (P, q,, z). By (11 10(»
we have \

f = (^ - P^*)i + i ^ (S 2
^)j + sk.

Thus, if

^ - -P* i + P* j + P, k,

we obtain, as equations of motion in cylindrical coordinates,

(12.105) m(& - P^2) =
mS = P,.

Equating (12.103), (12.104), and (12.105) arc probably tlu‘most useful forms of the equations of motion of a particle Other^ may be obtmad by foUowtog the X.‘^y, reeoleliai of vectors along a suitably chos^ orthoiomj

equations fl2 IfU?
^ Wnt! intrinsic

the equations (12.104) are pakculily^wnve^e^ ^Fo°r tSim’pie. cousuler a particle sliding do™ a smooth ourX S;
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gravity. In this case Pi is simply the component of the particle’s

weight in the direction of the tangent and is therefore known.
Integration of the first equation in (12.104) gives s (and s) in

terms of the time. The other two equations then give the

reaction of the curve on the particle without fiuiiher integration.

There is a point of interest in connection with (12.104).

From the last of these equations, it is clear that the path is

such that the osculating plane contains the applied force. We
recall that, for a flexible cable in equilibrium [cf. (10.217)], the

osculating plane also contains the external force; there is a close

analogy between the two problems.

Exercise. A particle moves on a smooth surfaco under no forces except

the reaction of the surface. Show that its path is a geodesic on the surface.

Is this result true when the surface is rough?

Integration of the equations of motion.

To obtain the equations of motion of a particle is one question,

but to solve them is another. The second task is much harder

than the first. Indeed, we may say that only a very few of all

possible problems in dynamics can be completely solved, if by
sohdion wc mean the expression of the coordinates as easily

calculable functions of the time t. However, it is always possible

to obtain solutions in the form of power series in t. Considera-

tion of this process leads to the following important general

theorem: The motion of a particle is determined when its initial

position and velocity are given.

Lot us sketch the proof of this theorem in the case of a free

particle, moving in accordance with the equations (12.103).

We shall suppose that X, Y, Z are given fimctions of x, y, e and

perhaps of x, a, t, also. (Consider, for example, a projeotile

under the action of gravity and air resistance, as in See. 6.2.)

Then the equations (12.103) give £<>, Vo, Ho in terms of

(12.106) Xe, 2/ 0, 2o, *o, Vo, 2o,

the subscript indicating evaluation at < = 0. If we differentiate

(12.103) and consider the resulting equations at < = 0, we see

that they give the thii'd derivatives of x, y, z with respect to

f at f == 0 in terms of the quantities (12.106), since ®o, Vo, h
have already been found. Proceeding in this way, we can

determine aU derivatives of x, y, z at t = 0 in terms of the quan-
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tities (12. 106) . Thus, we have all the coefficients in the following

Taylor expansions for x,y,z:

X = Xq + Xot + ^X(^^ + • *
•

,

y = yt + + • •
•

,

J! = Zo "f" Zoi "t" + ' * • .

The above series provide a formal solution of the equations
of motion and, as we have seen, this solution depends only on
®o, Vh *0,

*0, ^0, zo. For the completion of the proof, it is necessary
to discuss the convergence of the series; this belongs to the
theory of differential equations, and we shall merely remark
that the conditions of convergence (for some range of values
for <) are satisfied in all the problems we shall consider.

In order that a solution for the motion of a free particle (not
necessarily expressed in power series) may be made to fit th<^

stated initial conditions, there must be available six constants
of integration.

For a set of particles moving under forces depending on tlitur

positions and velocities, it may be shown by an argument
similar to that given above that the motion is determined when
the initial positions and velocities are given. (This is most
easily seen by means of Lagrange’s equations; cf. Chap. XV.)
The number of constants of integration is double the numlwu’ of
degrees of freedom.

If we regard the universe as composed of particles, this result
leads to a rather surprising conclusion. If we knew at th<<
present moment the position and velocity of every particle in
the universe and could solve the differential equatiorts of motion,
we should be able to predict the whole future of the universe!
Even more surprising, since the motions of all the particU's
could be followed backward in time as well as forward, wi^ should
be m a position to uncover the history of the universe from its
beginning.

Is tins practical science? It is not, for such a complete knowl-
edge of present conditions is quite beyond our power. From a
pMosophrcal point of view, however, the question is of interest-

e question as to whether the past and future are dctiirmined

tJ
present. That they are so determined is implied in

Newtonian mechanics, and it is here that quantum mechanics
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introduces a new and revolutionary idea: Nothing is certain,

only ‘probable.

Principle of angular momentum.
By (11.501), the angular momentum of a particle about a

fixed point 0 is

(12.107) h = r X mq.

Lot us calculate the rate of change of h. Differentiating (12.107),

wc find

(12.108) £i = iXmq + rXm4
= q X mq + r X mf
= r X P,

whore P is the force acting on the particle. In words, the rate

of change of angular momerdmn of a particle about a fixed poirA

is equal to the ‘moment of the applied force about that point.

If we take 0 as origin of rectangular axes Oxyz and resolve

vectors in the directions of these axes, we obtain

{

m(yt — eg) = yZ — zY,

m{zd - xl) =zX - xZ,

m(xy —yx) = xY — yX,

whore X, Y, Z are the components of P. The last of these

equations is the same as that obtained in Sec. 5.1 for a particle

moving in the plane Oxy, moments being taken about 0 (or Oz).

Principle of energy.

For a moving particle we have, as in Sec. 5.1,

(12.110) T = W,

whore f is the rate of increase of the kinetic energy and W is

the rate at which the applied forces do work. This general form

of the principle of energy is of little use, except in the case where

the working forces are conservative. Then W = where V
is the potential energy of the particle and (12.110) gives, on

integration,

(12.111) T + V = E,

where 1? is a constant, the total energy.
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The reader may ask: Seeing that the equations of motion

(12.103) are three equations for three unknowns (and therefore

mathematically complete), why do we trouble to develop four

more equations (12.109) and (12.111)? The answer is: The

latter equations often give directly pieces of information which

can be used in conjunction with (12.103) to simplify the work.

Example- Let us consider the motion of a particle on a smooth sphere.

We use cylindrical coordinates (fi, <#>, z) with origin at the center of the

sphere, the axis of z being directed vertically upward. Then the equation

of the sphere is

(12.112) = a® - zK

The forces acting on the particle are its weight mg and the normal reaction

N of the sphere. By resolving these forces along the parametric lines of

and z, we find Ps, P^, and P« in (12.106); these equations, together

with (12.112), are four equations from which we can find N, R, z as func-

tions of the time. This plan of dealing with the motion, though straight-

forward, is not so simple as that given below.

We fibfst note that, since N does no work, the principle of energy applies.

Now the potential energy of the particle is mgZy and its kinetic energy is

where q is the velocity, with components given by (11.106). Hence,

by (12.111),

(12.113) + RH^ + «*) 4- mflrg = mE,

where E is here used to denote the constant energy per unit mass. Again,

since N and the weight have no moment about 0«, the angular momentum
about Oz is constant. The components of linear momentum in the P- and z-

directions have no moments about Oz; the ^component is and its

moment is Hence,

(12.114) R*4^ = h,

where A is a constant. This result follows also from the second equation
of (12.105), since P^ = 0 in this case. When the initial position and velocity
are known, the constants E and h can be found, and the equations (12.112),

(12.113), and (12.114) provide three equations to determine P, 0, and z»

From (12.112), we have, by differentiation,

*

When this value of Jk and the value of from (12.114) are substituted in
(12.113), we get

(12.116) 2*
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This is a single equation for 2 as a function of t; when this equation has been

solved, (12.112) gives R in terms of t directly, and ^ can be found by a

quadrature from (12.114). The solution of (12.116) is given in the next

chapter.

12.2. MOTION OF A SYSTEM

Principle of linear momentum; motion of the mass center.

We now recall some results established in Sec. 5.2. If mi and qi

denote the mass and velocity of the ith pa]rticle of a system,

then the linear momentum is

n

(12.201)
^

where n. is the number of particles. By (6.206), we have

(12 .202)
iiL = ie,

where F is the vector sum of the external forces. This is the

principle of linear momentum in its general form. It may be

stated as follows: The raie of increase of the linear numenium

of a system, is equal to the vector sum of the external forces.

If qo denotes the velocity of the mass center and m the total

mass, the linear momentum M is mqo and (12.202) gives

(12.203) Jw4o = F-

This is the equation of motion for a single particle of mass m
under a force F, and so we have the following result, already

stated in Sec. 5.2: The mass center of a system moves like a particle,

hamng a mass equal to the mass of the system, ousted on by a force

equal to the vector sum of the external forces acting on the system.

This alternative statement of the principle of linear momentum

is particularly useful; it reduces the determination of the motion

of the Tnajw center of any system under known external forces

to a problem in particle dynamics. As illustrations, we may

consider the motion of a high-explosive shell or of the earth in

its orbit round the sun. To determine the motion of the mass

center of the shell, we need know only the sum of the forces

exerted by the air on the elements of its surface and, of course,

the weight of the shell. Similarly, in the case of the earth, its

Twofla center moves like a particle subject to the gravitational

fiAiHn of the sun, moon, and other bodies in the solar system.
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Principle of angular momentum.

By (11.502), the angular momentum of a system of particles

about a point 0 is

(12.204) h = (r< X rmi).

Here mt = mass of ith particle,

Ti = position vector of ith particle relative to 0,

q» = velocity of ith particle relative to 0,

n = number of particles in system.

In what follows, we shall consider 0 to be either a fixed point
in a Newtonian frame of reference or the mass center of the
system.

The rate of change of h is

t ^ (ii X mi(ii + ti X JniQi).

Since = q,-, the first vector product vanishes. Thus we have

(12.205)

where f, is the acceleration of the ith particle relative to O.
K 0 is a fixed point, then fj is acceleration relative to a New-

tonian frame, and so

mrff = Pi + Pi,

where Pi, PJ are, respectively, the external and internal forces
on the ith particle. Hence, by (12.205),

(12.206) i = ^ Ti X Pi +
2^

Ti X P.<.

The second summation vanishes, since the internal forces have no
moment about any point (cf. Sec. 10.2). Hence,

(12.207) i = G,

where G is the total moment of the external forces about the
fixed point 0.
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. If 0 is the center, the acceleration of the ith particle

relative to a Newtonian frame S is

fo +
where fo is the acceleration of 0 relative to S [cf. (11.108)].

Hence, the equation of motion of the ith particle is

m<(fo+fO =Pi + P'<.

Substitution for mjfi in (12.205) gives

(12.208) h = ^ ri X P« + ti X P'< - mat) X fo.

The second sununation vanishes as before, and the last vanishes

since ^ muCi - 0. Hence, we obtain again an equation of the

form (12.207), where G is now the total moment of the external

forces about the mass center.

We may sum up the principle of angular momentum as follows:

The rate of change of the angular momentum of a system aibout a

point, either fixed or moving with the mass center, is equal to the total

moment of the external forces about that pointy in symbols,

(12.209) t = G.

The equations (12.203) and (12.209) are fundamental in

dynamics and, indeed, in statics as well. Like the general

conditions of equilibrium F = 0, G = 0, they hold for ^y
system—^it may be the whole, or any part, of a given distribution

of matter. When the system is a single rigid body, (12.203)

and (12.209) provide two vector equations for qo and «, the

velocity of a base point (the mass center) and the angular

velocity of tho body (cf. Sec. 11.2). Moreover, when applied

to a system in equilibrium, for which 4o and h vanish, they reduce

to the conditions (10.207), the basic equations in statics.

Example. Aa a simple illustration, lot us consider a cylinder rolling down

an inclined plane. Tho mass center moves in a vertical plane, and ao the

vectors 4o and F lie in this plane. Resolving them along and perpendicular

to the inclined plane, we obtain the first two equations in (7.312). Tho

ongiiUr velocity a is parallel to the axis of the cylinder, and the angular

moiuexituni about tho mass center is

h ss JiA,
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where 7 is the moment of inertia about the axis of the cylinder. Since h has
a fixed direction, (12.209) gives a single scalar equation—^the third and last
of the equations (7.312).

Principle of energy.

In ^dition to the principles of linear and angular momentum,
there is a third general principle—^the principle of energy. This
principle, established in Sec. 6.2, is very useful when the working
forces are conservative. Then it leads to the law of conservation
of energy,

(12.210) T +V =

where T and V are the kinetic and potential energies and E is
the constant total energy.

The two most common systems in mechanics are the particle
and the rigid body. For each of these systems, the principle of
energy is not independent of the principles of linear and angular
momentum; it may, however, be used in place of any one of the
scalar equations deduced from (12.203) and (12.209) by resolution
of vectors. When it is used in this way, the value of the law of
conservation of energy lies in its simplicity; it involves only
positions and velocities, not accelerations.

^
constant kineticen^. Show that the magnitude of the angular momentum h (about apomt on the axis) is also constant. Is the direction of h necessarily fixed?

12.3. MOVING FRAMES OF REFERENCE
In Sec 5.3 the question was raised: If the laws governing the

motion of a body m a Newtonian frame of reference are knownhow does It move when viewed from a frame of reference moving
relative to the Newtonian frame? This question has been^WCT^ for a particle moving in a plane; we shall now consider
three-dimensional motion.

Frame of reference with translational motion.
Let S be a Newtonian frame of reference and 8' a frame of

reference which has, relative to 8, a motion of translation only.
i!or a movmg particle, we have, as in (11.108),

(12.301) f = f0 + f
',
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where fo is the acceleration of S' relative to S. Since S is New-

toman, the law of motion is

»if = P,

where m is the mass of the particle and P the force acting on it.

In S' the law of motion is, by (12.301),

(12.302) jwf' = P - mfo.

Thus the motion of S' gives rise to the fictitious force —mfo.

This means that we can regard S' as Newtonian, provided we

add to the actual forces a fictitious force —win on each particle.

Rotating frames; rate of change of a vector.

Let i, j, k be a triad of unit orthogonal vectors in a frame of

reference S', which rotates with angular velocity £1 relative to a

Newtonian frame S. Any vector P may be expressed in the

form

(12.303) P = Pii + Psj + PJi.

We H^n.11 now calculate the rate of change of P as estimated by an

observer in S.

In calculating dP/di, we must remember that not only do

Pi, Ps, Pi vary, but also the vectors i, j, k. Straightforward

differentiation of (12.303) gives

(12.304) ^ = ^i + -5rl+-^rk + Pi-. + P2dP dPI . ,
dP2 • I

dP8

.

di dt dt ’ dt
. p *

dt

Now i is a vector fixed in a rigid body {S'), which rotates with

angular velocity Si. We may think of i as the position vector

of a particle B of this body relative to a base point A, the ori^n

of i. Then <&/dt is the velocity of B relative to A

;

and so, by

(11.203), di/dt = Q X i. The same reasoning applies to j

and k; thus wc have

(12.805) 1 = 0X1, |-OXi, §-OXk.

Substituting these results in (12.304), we obtain

dt
P,(12.306)
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where.

(12.307) ^ = +
St dt dt dt

We use the symbol S/St to denote a partial differentiation in
which, i, i, k are held fixed.

We note that dP/dt consists of two parts. The first part,
SP/St, is ^e rate of change of P as measured by an observer
moving with S j it may be called the raie of growth, since, in
calculating it, we think of the vector P as changing or growing,
whereas i, j, k remain constant. The second part of dP/dl, viz.’
® X P, is due to the rotation of the triad i, j, kj it may be called
the rate of transport. Thus, for a rotating frame, the rate of
change of a vector equals rate of growth plus rate of transport.

Motion of a particle relative to a rotating frame.

Let S' be a frame of reference which rotates with angular
velocity Q about a point O, fixed in a Newtonian frame S.
Relative to S, the vetocity q of a moving particle A is, by (12.306),

(12.808) ,.|.| + axr,

where r = OA. The acceleration is

(12.309) ,.§_| + ox,.

Substitution from (12.308) gives

(12.310) f = g + ^Xr + Qxg + QX
OtSt^

' +

~
St^ ~U ^ ^ "t" ® X (Q X r) + 2Q X

)

of

Let q' and f denote, respectively, the velocity and acceleration
the particle relative to S', so that

(12.311)

Now,

(12.312)

q' = Sr

St’
r = S*r

I

do
dt

Q X (Q X r) = Q(Q

— + O X Q -
St
^ ^

rQs
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aad so (12.310) may be writteni

(12.313) f = f + ft + f.,

where

(12.314) f, = ^ X r + Q(Q • r) - rfi®, = 20 X q'.

For a particle fixed in /S', q' = 0; then f' = 0 and f® = 0,

so that f reduces to ft. For this reason ft may, in the general

case, be called the acceleration of transport. The acceleration f,

is called the complementary acceleration or acceleration of Coriolis.

We note that the acceleration of Coriolis is perpendicular to

both O and q'.

For a particle of mass m acted on by a force P, the law of

motion in /S is

Tnf = P;

in /S', the law of motion is

(12.315) jnf' = P - wift — mfe.

Thus the rotation of S' gives rise to two fictitious forces, — wift

and —mf®. The last of these is the Coriolis

force; the first is intimately related to the

force usually known as c&ntrifugal force.

When these two forces are added to the

actual force P, the law of motion of a

particle in S' is precisely the Newtonian

law—wo say that S' is reduced to rest by the

introduction of these fictitious forces.

Frames with constant angular velocity.

Let us now consider the case where the

angular velocity of the rotating frame S' is

constant. Since A is a constant vector, it

determines a fixed axis of rotation through

0. Lot AN bo the perpendicular from the

position of the particle A to this axis (Fig.

127). Then

Fig. 127.—^Tho vectors

R and r for a particle A.

Q . r = Qr COS 9,

where S is the angle AON. The acceleration of transport is,

therefore.
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f* = OOr cos 0 — rO*

= ONQ^ - (0N + NA)Q>
= -R0>,

where R = NA. In this case the equation (12.315) becomes

(12.316) mf' = P + jnRQS — 2mQ X q';

the fictitious force jjiRQ* is the centrifugal force, as ordinarily
understood.

For a particle at rest in S', q' = 0, and so the only force
required to reduce S' to rest is the centrifugal force. The condi-
tion for relative equilibrium is

(12.317) P -I- = 0.

This is actually the condition used in Sec. 6.3, in Hia^naBing the
equilibrium of a particle on or near the earth’s surface.

Exercise. Show that in a frame with constant angular velocity Ck,
reduced to rest, the centrifugal force per unit mass is —grad V, whore

Frames of reference in general motion.

The above results have been obtained on the supposition that
the point 0 is fixed in a Newtonian frame of reference. If 0 is
moving, the formulas (12.308) and (12.309) for q and f give merely
the velocity and acceleration of A relative to 0. The complete
expressions for velocity and acceleration are obtained by adding^e velocity qo ^d the acceleration f, of 0 to these expressions
for q and f, respectively.

Thus, relative to a frame S' moving in a general manner, the
motion of a particle takes place in accordance with the equation

(12.318) mi' = P — ndo — mit — mte,

where f — acceleration of particle relative to S',
P = force applied to particle,

f0 = acederation of base point in S' (rdative to a New-
tonian frame),

it, f, = acederation of transport and acceleration of Coriolis
fcf. (12.314)].

For dow-moving frames, for which fo and the angular velocity Q
are small, the fictitious forces -mio, -mi,, -mi. may not be
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noticeable. However, as remarked in Sec. 6.3, they become

important for an airplane making a sharp turn or pulling out of a

power dive; the formula (12.318) enables us to estimate the

force which interferes with the motion of the pilot’s hands in

manipulating the controls.

12.4. MOTION OF A RIGID BODY

The general principles of Sec. 12.2 govern the motion of any

system. In this, section, they are used to find explicit equations

of motion for a rigid body.

Bigid body with a fixed point.

Consider a rigid body constrained to rotate about a fixed

point 0. By (11.509), the angular momentum about 0 is

(12.401) h = Aca-d H" Bwsj + Cujs.,

where i, j, k = unit vectors in the directions of principal axes

of inertia at 0,

A, B, C = principal moments of inertia at 0,

Ml, Ms, Ms = components of the angular velocity a of the

body in the directions i, j, k.

As pointed out in Sec. 11.4, in general the principal axes at 0

are fixed in the body; in that case the triad i, j, k has the angular

velocity <o. But if A, B, C are not all different, we may use a

principal triad which is fixed neither in the body nor in space.

To allow for all possibilities, we shall denote the angular velocity

of the triad by Q, noting that Q = t» if the triad is fixed in the

body.

Writing

Q = Oii + Osj + Sl»k,

we apply (12.306) and obtain

(12.402) h = ^ + Q X h

= Acbli + B6>^ + CoJak + (^^li +
X (Acoii + Bcoaj + CoJak)

= (Acbl •“ B<)32^Z Co3z^2)'^

+ {B6j2 — Ccosi^i + A 0)1 123) j

+ (Cd)3 — Ao)iJ22 + J5o)20l)k.
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Now, by (12.209),

h = G,

where G is the total moment of the external forces about 0; hence
(12.402) gives, as the eqwtions of motion of a rigid body with a
fixed point,

{

Ai)x " “h — Gi,

Bujt — CutQi -f- AwiQi = Gt,

Cua — .4(01 Qg BuaQi = Gt,

where Gi, Ga, Ga are the components of G along i, j, k.
If i, j, k are fixed in the body, so that O = <o, the eouations

(12.403) become

( 4,(01 (S C')(02(0s = Gl,

(12.404) ; _ (C - = Ga,

(
C(o* — (4 — B)<aiua = Ga.

These are Euler’s equations of motion for a rigid body loith a fixed
point.

When the working forces are conservative, we can use, in
place of any one of the three equations in (12.403) or (12.404),
the following equation, deduced from the principle of enerev
(12 .210):

^

(12.406) ^(A(of + Bo>l + Cwf) + V = E.

Example 1. A rectangular plate

Bpins with constant angular velocity a>

about a diagonal. Find the couple
which must act on the plate in order
to maintain this motion.

In Fig. 128, 0 is the mass center

of the plate and i, j, k are unit

vectors along the principal axes of

inertia at 0 ;
k is normal to the plate,

and i and j lie in its plane, i being

parallel to the length. The princi-

ning about a diagonal. ‘ pal moments of inertia at 0 are

(12.406) A B — J97ia*, C = 4?n(a® -h 6®),

where m is the mass of the plate, 2a its length, and 26 its breadth.
If a is the angle between i and the axis of rotation, so that tan a = 6/a,

the angular velocity of the plate is

<d = « cos a i -h w sin a j.
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Tlie components of in the directions i, j, k are, therefore,

0)1 = 0) cos 0£, 0)s == O) sin «, W3 = 0.

Substituting these values of o)i, 0)2, <03 and the values of A, J5, C from (12.406)

in the equations (12.404), we get

(12.407) Gi = 0, (3^2 = 0, Oi « i?n(a® - 6®)w* sin a cos a

, a® — 6*

= jiqrp*

These are the components of the couple G which must act on the plate; we

observe that the axis of the couple is normal to the plate and turns with it.

If we suppose the plate to turn in bearings at the ends of the fixed diagonal

and to be subject only to the reactions at these bearings, then clearly it is

these reactions which supply the couple G. Each reaction lies in the plane

of the plate and is of magnitude

, a* - b*

As the plate turns, these reactions turn with it.

Fluctuating reactions of this sort must be avoided in the case of flywheels

and rotors. It is not enough to make sure fe

that the mass center lies on the axis of /
rotation. The rotating body must bo ^ q /
balanced so that the axis of rotation is a ^
principal axis of inertia. It is loft to the /

reader to prove, by means of (12.404), I /
that the fluctuating reactions vanish for \

any rotating body if, and only if, this 'V \
condition is satisfied.

j a \
Example 2. A drcvlar disk of radius a

j

and mass m is supported on a needle point .

at its center; it is set spinning with angular

velocity «o about a line making an angle a X
with the normal to the disk. Find the angular J

velocity of the disk at any subsequent time,
^

In Fig. 129, k is a unit vector normal to
,

the disk at the center 0, and 1, 3 are fixed

in the plane of the disk; wo suppose
j

^ ^

chosen so that the initial anpilar velocity lies in the plane of k and j.

The angular velocity of the disk at any time is

wii + «2j + wsk;

at f = 0,

The principal moments of inertia at 0 are

A ^ B = \ma\
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Since the external forces (the reaction at 0 and the weight of the disk)
have no moment about 0, the equations (12.404) give

(12.408)

Atbi — {A. — = 0,

ACi^ — (C — A)ci>sei>i = 0,

Cfbz B 0.

Prom the last of these equations it follows that <o, is constant; hence .

o)» = 0)0 cos a. Multiplying the second equation in (12.408) by *( = V^)and adding the result to the first of these equations^ we get

A\ — t(C — ii)«o cos a ^ «= 0,

where { « + tcoj. Since C = 2A, this equatioh can be written

I — cos a € « 0;

the general solution is

where is a constant. From the initial conditions, we have

fo = im sin a,

and hence

(12.409) «i - -
0,0 sin « sin(o,o< cos a), o,, = o,o sin a oos(o,„< cos a),

wa *= «o cos a.

This is the solution of the problem as stated, but it does not tell us at once how
It the disk moves in space. To find this, we

must either introduce the Eulerian aneioo
defining the positions of i,

j, k relative to
fixed axes, or use a different method.
Example 3. Find the motion in space of

os the disk considered in Example 2.

In Fig. 130, his the angular momentum
vector, the angular velocity vector, and
k a unit vector normal to the disk as
before; i and j are unit vectors in the
plane of the disk, but not fixed in it. The
vector J is taken in the plane determined
by h and k. We note the following

f facts:

(i) Since the external forces have no
Pm. 130.—Disk spinning about about 0, then, by (12.209), h is

^ ooplanar with h ?• constant vector—it has a fixed direction
in space determined by the initial

,... ^ ,
conditions.

in£ ptoe of
- 0, then = o and « lies

di£.w“ ^
its angular velocity a isdifferentfrom... However, k is fixed both in the triad andin t^rS .(S
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a point of the triad, the extremity of k has velocity Q X k; as a point of the

disk, it has velocity X k. Hence,

(Oii 4“ 4" Q«k) X k («ii 4* wsj 4“ wsk) X k,

and so Qi = oi, 12* * Since wi » 0, we have Oi = 0.

Appl3ring the general equations (12.403) and making use of the above facts,

we get

— -dojjlis 4" Cc080>8 = 0,

Ac&2 = 0,

c<&8 >= 0.

Thus, «2, <«>8, hi, hi are constants, and Qt/Qi = Qi/toi * Cut/Aai = hi/hi;

the angular velocity O of the triad has constant magnitude and lies along the

fixed direction h. The following facts concerning the motion are now

obvious:

(i) The disk spins about its normal k at a constant rate «8.

(ii) The angle /3 between fc and h, given by h cos j8 =» hi, is constant; the

normal to the disk moves on a cone with axis h, turning about h at the con-

stant rate 52.

(iii) The angle a between <0 and k, given by « cos a = W8, is constant; the

angular velocity vector <> describes a cone about the normal to the disk.

This is the body cone (cf. Sec. 11.2). The angle a - jS between o and h is

also constant, and so the space cone has constant semivertical angle a — ^

and axis h; it lies inside the body cone.

The above problem is a special case of the motion of a rigid body with a

fixed point under no forces, considered in Chap. XIV.

General motion of a rigid body.

We now consider a rigid body moving quite generally. Let F

denote the total external force and G the total moment of the

external forces about the mass center. By (12.203), the accelera-

tion f of the mass center (relative to a Newtonian frame) is

given by*

(12.410) nii = F,

where m is the mass of the body. For the motion relative to the

mass center we have, by (12.209),

(12.411) i = G,

where h is the angular momentum about the mass center. This

last equation is exactly the same as if the mass center were

fixed, and so can be treated by the methods given above.

* For simplicity, we drop the subscripts from qo and f0,
the velocity and

acceleration of the mass center.
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Let US resolve the vectors £, F, &, G along a princiinil triad

i, j, k at the mass center. As before, this triad is sii])p(>H('d to

be permanently a principal triad. Its angular velocity will be

denoted by O; if the triad is fixed in the body, fl! = «, the angular

velocity of the body. Now, by (12.306),

*-| + ax,,

where

q = wi + + w?k

is the velocity of the mass center. Substituting for f in (12.-1 10)

and noting that (12.411) leads to equations of th(' form (ri. UW),
we obtain the following scalar equations of motion:

m('u — vQs + wQs) -
m(v_ — wQi + uQs) = ^'

2,

m(w — uQm + yQi) = Fz,

A(i)i — "f* Co)z^2 = G\^

B6)2 — “f" ilwiJis = Gif

C6)z *4" BoiQi «= Gz»

Here the constants A, By C are the principal monu^nis of iiu^rl ia
at the mass center.

The equations (12.412) are six equations for the eoinpoiHutts
of velocity of the mass center and the components of angular
velocity of the body. For any one of these six (Mpiations, we
can substitute the law of conservation of energy,

(12.413) r + 7 = 7t?,

provided the external forces arc conservative. In a more explitnf*
form, (12.413) reads

(12.414) + v^ + w^) + + Ctaf) + V - K,

Ex^cise. From the basin equations (12.410) and (12.411), drdtieo the
principle of energy for a rigid body in the form

12.5. IMPULSIVE MOTION
The principles of dynamics, thus far considered in this cliapttT,

ordinary or continuous motion. By this we inc^an
at the forces acting, and the accelerations producetl, ar<^ finit<*.

(12.412)
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Sometimes we have to deal with, problems ia which sudden

changes in velocity occur. For two-dimensional problems of

this type, we use the methods of Chap. VIII; similar methods

for motion in three dimensions will now be developed.

General equations of impulsive motion.

Integration of the equations (12.203) and (12.209) from time

to to time h gives*

(12.601) A(7aq) Ah = G dt,

where A denotes an increment in the time interval ti — to. These

equations express the principles of linear and angular momentum
in integrated form. In words, they read as follows:

(i) the increment in the linear momentum of a system is equal

to the total impulse of the external forces;

(ii) the increment in the angular momentum ab6ut a point 0
(either a fixed point in a Newtonian frame or the mass center of

the system in question) is equal to the time integral of the total

moment about 0 of the external forces, i.e., the total angular

impulse about 0.

In this form the principles of linear and angular momentum

(ian easily be applied to problems where sudden changes in

vcilocity occur. The method of procedure is essentially that

given in Chap. VIII, and so we shall give only a brief outline

here.

The very short time interval h — to in. which the changes

occur is regarded an infinitesimal. Any finite force will then

contribute nothing to the total impulsive force

F = lim F dt.

On the other hand, a force P, for which

P = lim r^Pdt

is finite, contributes the impulsive force P to F. If r denotes

the position vector of the point of application of such a force P

* For simplicity, we drop the subscript from qo, the velocity of the mass

center. •
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(the positioa vector being relative to the point 0 about which
the angular momentum is calculated), then r does not change
by a fimte amount in the infinitesimal time ti — to- Hence,

lim r* (r X P) dt = r X lim T’P dt = r X P,

and the force P contributes the impulsive moment r X P to the
total impulsive moment

6 = lim P' G dt.

Then, from (12.501), we have

(12.502) A(jwq) = f, Ah = 6,

where F = total impulsive force = vector sum of external
impulsive forces,

6 = total impulsive moment = total moment of external
impulsive forces.

These are the general equations of impulsive motion.
For a rigid body in general motion, the first of the above

equations gives the change in the velocity of the mass center; the
second gives the change in the angular momentum (and hence
the c^e m angular velocity) about the mass center. For ar^d body with a fixed point, the second equation in (12.502)alone suffices to determine the change in angular velocity.

from one

tta .bou. 0 i,

h = Atad + + Cwgk,

ertemal impulaive forces are ft at the^kt
* *^0

r = -a (i + j),
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and an impulsive reaction Q at 0. Since ^ has no moment about 0, the

second of the equations (12.602) gives

+ Buij 4- Cojjk « —a -x/S (i “H j) X -Pk

= a<v/2-P(j-i).

Hence,

a V2 *P

A '

a V2-P
B ’ 0)3 0 ;

the plate begins to turn about a line

in its piano passing through 0. The

angle &, between i and this axis of

rotation, is given by

i. /I
^

tan 5
W 1 Jo

Since

A = iwa*,

B * itaa* + 2ma* =

we find

tan

the axis of rotation is indicated in

Fig. 131 by the vector <o.

The impulsive reaction Q at 0 is

easily found. The velocity of the

mass center, immediately after the

plate has been hit, is

Fig. 131.—Square plate, suspended

from 0 and struck by a blow JPk.

q *» o X (—a \/2 i) —g— k.

Thus, from the first of (12.502), we get

and so

Q =. -ipii.
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12.6. SUMMARY OF METHODS OF DYNAMICS IN SPACE
I. Motion of a particle.

(a) Equations of motion:

(12.601) mf = P (vector form)

:

(12.602) mx = X, my = Y, mS = Z
(Cartesian coordinates)

;

(12.603) mA = Pi, = P^, 0 = P3

(intrinsic equations).
(&) Principle of angular momentum:

(12.604) t = r X P.

(c) Principle of energy:

(12.606)

(12.606)

s’ — (T = -Img*, W = work done)

;

^ + V = B (conservation of energy).

n. Motion of a system.

(ffl) Principle of linear momentum:

(m = 2 miqe);

(motion of moss c(5nt(T).

(12.607) ^

(12.608) mq = F
(6) Principle of angular momentum:

(12.609) 4 - a j • .° ^ (fixed point or mass center).
(c) Principle of energy:

(12.610)

(12.611)
T = W;

T + V ^JE
ni. Motion of a rigid body.

(a) Rigid body with a fixed point:

(conservation of energy).

(12.612)

(12.613)

i. .^=«+“Xh = G;

( Aui ~ (B - C)(ciui = Oi,
J Bui -(C - A)a,ui = Oi,

“ (4 - P)c0iW2 = (?,;
(12.614) ^(4«! + Bui + Cul) + r = B

(conservative forces).
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(Jb) Eigid body in general:

(12 .615)

(12 .616)

( mt —
"E (motion of mass center),

\ t = G (motion relative to mass center)

;

img* + 4(Ao)f + Bwl + C«|) + V =-E
(conservative forces).

IV. Rotating frame of reference.

Rate of change of any vector:

t'2-617) f = I + Q X P.

V. Impulsive motion.

General equations:

(12.618) A(mq)=l', Ah =G.

EXERCISES Xn

1. A heavy particle moves on a smooth surface. Show that its speed is

the same whenever its path cuts a given horizontal curve on the surface.

2. Show directly from Euler’s equations (12.404) that, if G = 0 and

A = B, then w is constant.

3. A particle is attracted toward a fixed line by a force, perpendicular to

the line and varying as the distance from the line. Show that its path is a

(‘.urve traced on an elliptical cylinder.

4. A solid of revolution rotates with constant angular velocity w about a

fixed axis whic.h passes through its mass center and is inclined to the axis of

symmetry at an angle a. Prove that the reactions of the axis on the solid

arc equipollent to a couple of magnitude

± (C — A)«* sin a cos a,

where C is the moment of inertia about the axis of symmetry and A the

other principal moment of inertia at the mass center.

6. Explain how a man, standing on a smooth sheet of ice, can turn

round by moving his arms,

6- A bar of length 2tt is fitted at its middle point with a nut which moves

without friction on a fixed vortical screw of pitch p; the bar remains hori-

zontal and turns with the nut. Find the acceleration of the nut.

7* Two particles, of masses tm-, attract one another according to the

inverse scpinre law. At time i = 0, m is at the origin and has a velocity u

along the a>-axiH, and m' is at the point (a, &, c) and has velocity components

(w', y', u?')- Determine

(i) the coordinates of the mass center at time

(ii) the constant areal velocity of the motion of m/ relative to m,

(iii) the constant areal velocity of the motion of m relative to m'.

8. Two men support a uniform pole of mass m and length 2a in a hon-

zontal position. They wish to change ends without changing their positions
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on the ground^ by throwing the pole into the air and catching it. If tho polo
is to remain horizontal throughout its flight and the magnitude of th(» impul-
sive force applied by each man is to be a find the magnitudes and
directions of the impulsive forces.

9.

An equilater^ triangle is formed of three rods, each of mass 7n and
^gth 2a, It hangs from one vertex, about which it is free to turn. A blow
P is struck on one of the lower vertices in a direction porpcndicmlar to the
plane of the triangle. Prove that the impulsive reaction on the point- of
support has a magnitude iP,

10. A solid homogeneous ellipsoid of mass m and aemiaxc^s a, b, c spiuH
with constant angular velocity <a about an axis which is fixed in Hpae(‘ and
makes constant angles a, /3, y with the axes of the ellipsoid. Show that th<»
components (along the axes of the ellipsoid) of the couple that must at:t on
it in order to maintain this motion are

— c*) cos j8 cos y

and two aimilar expressions.

11, A p^icle of mass m moves in a plane under tho action of two for<»(‘H
One force IS an attraction mk^ toward the origin; tho other is porpimdi^mlar
to the velocity q and has magnitude rrik^q. Show that tho motion is givtm
by an equation of the form

a? 4- = e*^*(Ae^ +

conditions) aro present in tins

nf
iMcot runs with constant relative speed v round the rim of a wheelof radius o wluoh rolb along a straight road with uniform velocity V. Kind^e iMgmtude and diction of (i) the acceleration relative to the wheeW the acceleration of transport, and (iii) the Coriolis acceleration. ,idtcate these accelerations in a diagram.

^ three linear scalar equations to

^ign^ point o^“l^dy,Vp^to^SSlfi!;.ig!Sf

^ ^®“8th 2a is made to rotate with (‘ot.Hla..t

nomaUy^oSn£d t£®r^o v “ ’’ullet is fire,!
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edge and adheres to it. Prove that Immediatdy afterward the particle is

moving in a direction inclined to the horizontal at an angle a, given by

tan a ^ m(M +2m) v

^M(M +4m)'aa>'

whore v is the speed of the particle just before impact.

17. A homogeneous ellipsoid of semiaxes

a, b, c, (a >b> c)

is to bo mounted on a horizontal axis L in such a way that it may oscillate

as a compound pendulum with the smallest possible periodic time. What

position of L relative to the axes of the ellipsoid should be selected?

18. A crankshaft of mass m, in the form of a letter S formed out of two

semicircles, each of radius a, spins with angular velocity <•> in bearings at its

ends. Fiad the magnitudes of the reactions exerted on the bearings, and

show the directions of these reactions in a diagram.

19. A system is sot in motion by impulsive forces applied to certain pre-

scribed particles. If P is the external impulsive force on a typical particle,

q its velocity, and St an arbitrary infinitesimal displacement consistent

with the constraints (assumed workless), show that

S(mq • St) = S(P • St),

where the summation on the left extends over aU particles of the system and

the summation on the right over the prescribed particles.

Ijet T be the kinetic energy of the actual motion and T' that of any other

motion (q') consistent with the constraints and making q' = q for the

prescribed particles; prove that T <T* (Kelvin's theorem).

20. A rhombus ABCD is formed of four uniform rods, each of mass m and

length 2a, smoothly jointed at the vertices. Prove that if the rhombus is in

motion in its plane, in such a waythat A and C are moving along the diagonal

AC, the kinetic energy may be expressed in the form

T » 2m(v — 2ow sin 0)* + l?na*c.>*,

whore v is the velocity of A, w the angular velocity of AB, and 6 the inclina-

tion of AC to AB,
IIonce, prove by Kelvin's theorem (see Exercise 19) that, if the rhombus

is at r(wt in the form of a square and is jerked into motion by an impulsive

for(ie applied at A in the direction AC, then the angular velocity imparted

to the rods is

3\/2 V

where t; is the velocity imparted to A.



CHAPTER XIII

APPLICATIONS IN DYNAMICS IN SPACE—MOTION OF
A PARTICLE

18.1. NOTE ON JACOBIAN ELLIPTIC FUNCTIONS

So far, we have used only the elementary functions, alone or
in combination polynomial, trigonometrical, exponential, and
logarithime. We now find it necessary to introduce the elliptic
function.

Definition of a function by means of a differential equation.
A variable y is said to be a function of x when to values of x

there correspond values of y. In fact, a function is d(^tennined
by a ruU which assi^ y when x is given. Usually this rule is a
formula admitting direct calculation of y (e.g., x^, 3 sin 2^), but
we may also use a differential equation to define a functioii; wo
must, however, assign initial conditions to make the solution
unique.

Consider, for example, the differential equation

dHj ,

dl + ^ = 0'

with the conditions y = 0, dy/dx = 1 for a: = 0. If we had
never previously heard of the function sin this equation and th<^
imtiaJ conditions would serve to define it. Another wav of
defining sm a: is by the differential equation

(13.101)

with the conditions

(13.102) y =
0, g > 0,

1 - y\

for a: =5 0.

A type of differential equation with periodic solutions.

364
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(13.103) (I)’
- (1 - »•)(! -

where fc is a constant such that 0 < fc < 1. It is really simpler,

however, to take a more general point of view and study first the

differential equation

(13.104) (§)

where /(j/) is a general function. We can find out a surprising

amount about the solutions of this equation without specifying

the function /(j/). We shall, however, assume that /(y) is

continuous; that it vanishes for y = a and y = b {a <b), but its

derivative does not vanish for either of these values, amd finally

that f(,y) > 0 for o < 3/ < 6 . (The right-hand side of (13.103)

has these properties, if we take o = — 1 ,
6 = !•)

Let us take a geometrical point of view, regarding x and y as

rectangular Cartesian coordinates in a plane. The equation

(13.104) is then a relation between the slope and the ordinate

on a curve, and a solution, or mtegral curve, is a curve for which

this relation is satisfied.

A number of statements can be made regarding the integr^

curves of (13.104). These will now be given, followed by their

proofs.
a. 1 j. j

(A) If we know an integral curve, then that curve translated

through any distance parallel to the x-axis is also an mtegral

(B) If an integral curve starts in the fundamental strip

o ^ ^ 6
,
it cannot pass out of that strip.

(C) Every integral curve in the fundamental strip touches the

bounding lines 3/
= o, y = b and has at no other point a tangent

parallel to the x-axis.

(D) There is one, and only one, integral curve touchmg a

bounding line at a given point.*

(E) All integral curves may be obtained from one mtegral

curve by translation parallel to the x-axM.

(F) An int^al curve is symmetric with respMt to its normal

at a point of contact with a bounding line.

* The bounding lines y = o, V = h satisfy (13.104), but we do not regard

them as integral curves. They are singular solutions.
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(13.106)

-f.
dy

vm'

witn penod 2P, where P is given by (13.105); this means that

(13.106) ^(a; + 2P) = 0(a:),

for all values of x.

sol® on i p ^ solution of (18.104), then tie general

i™! S,” I’
“ “ ““ “bitrary constant.Some of these properties are shown in Kg. 132.

Proofs

:

if l^^rSn asTotlv" translation;
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according as dy/ds < 0 or dy/dx > 0. These two equations

together give (in the neighborhood of a: «= ®o) the unique integral

curve satisfying the condition of tangency.

(E) Let C and C' be any two integral curves. We have to

show that C may be made to coincide with C by a translation.

Let C touch y = a at a: = *0. Translate C until it also touches

y = a &t X = xo. By (A), it is still an integral curve after

translation; by (D), it coincides with C.

(F) The two equations (13.107) give the two parts of an

integral curve, meeting at a point of tangency with y = a. To
a given y, there correspond equal values of a: — xo, except for

aign This establishes the symmetry for the parts of the curve

running up from y = a to y — b. But there is the same S3mi-

metry with respect to the normal at a contact with y = b. It is

not difficult to see that this implies symmetry of the whole curve

with respect to the normal at any point of contact with a bound-

ing line. If the part of the curve to the right of such a normal

is folded over the normal, it will coincide with the part of the

curve on the left.

(G) This is obvious from (13.107).

(E) This follows from (G) and the symmetry of the curve.

(I) This merely expresses (E) in analytic form. Since the

differential equation is of the first order, we expect just one

constant of integration.

The Jacobian elliptic functions.

Let us now apply our general results to the differential equation

(13.108) = (1 - y®)(i - W, (0 < fc < 1).

The fundamental strip is -1 ^ y ^ 1. We define the Jacobian

elliptic function sn x to be that solution of (13.108) which satisfies

the conditions

(13.109) y « 0, ^ for a: = 0.

It is evident that sn x depends on the value of k, which is called

the modulus of the function, and we may write it sn (x, k)
;
but

it is usual to suppress the explicit dependence on k. (In speaking

of the fxmction, we call it “ess-en-ex.”)
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From the result (I), stated on page 366, we know that the most
general solution of (13.108) is

y = sn (® + c),

where c is an arbitrary constant. Further, by (H), we know
that sn a; is a periodic function. Thus,

(13.110) sn (x + 4JQ = sn x,

where K is the elliptic integral

(13.111) K = 1 /•! dy

J-l ^(1 _ y2)(l _ kY)

;

K is, of course, a function of k.

By (F) the graph of the function sn x has symmetry witli
respect to each normal at a contact with the lines y = ±1. But,
since the right-hand side of (13.108) is an even function of y, tlio
graph has a further symmetry. The equation (13.108) and the
conditions (13.109) are unchanged when we change x into —

x

and y into -y, and so the curve is unaltered by a reflection in
the origin. For the general case, shown in Fig. 132, the wholes
curve can be constructed by means of the symmetiy when we
know a half wave, running from y = atoy = b. In the cjuse of
sn X, we need merely know the curve from y = 0 to w = 1 or
equivalently, from x = 0 to x = ^.

’

The properties of sn x may be summed up as follows:

(dx
~ ~ sn® x).

(13.112)

sn (x -(- 4jK) = sn x.

(0 < A < 1),

We now define other elliptic functions
equations

’ cn X and dn x, by the

I
cn® X = 1 — sn® X, cn 0 = 1,

I dn® X = 1 — A2 sn* X, dn 0 = 1

,

(13.113)
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with the further condition that the

functions and their derivatives shall

be continuous. Since k < 1, dn a: is

always positive. It is clear that

cn X has the period 4i^ and dn x

the period 2K.

If we take the square roots of the

two sides of the first equation in

(13.112), we get an ambiguous sign.

However, for continuity, one sign

must be taken throughout, and that

sign is fixed by considering a: = 0.

Thus we find

(13.114) ^ S’! ® = cn a: dn a:.

Differentiation of (13.113) gives

d
sn X T- sn a;

dx

sn X cn X dn X,

and so

(13.116) ^cnx = —snxdnx.

Similarly,

(13.116) ^ dn X = — fc’ an x cn x.

Just as (13.108) is a generalization

of (13.101) and reduces to it if & = 0,

so the elliptic functions are general-

izations of the trigonometric func-

tions. In fact, if fc = 0, we have

sn X = sin x,

cn X = cos X,

dnx = 1,

X = •Jit,

and (13.114), (13.115) reduce to

familiar formulas.

(13.117)

cnx-T-cnx = —
dx

Fig.

133.

—

Graphs

of

sn

a?,

cn

dn

a;

(fc*

=

0,7).
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The theory of elliptic fxmctions is extensive, but this very

brief presentation contains enough to enable us to solve certain

dynamical problems. For numerical tables of the functions

sna;, cna;, dna;, see L. M. MUne-Thomson, Die elliptischen

Funktionen von Jacobi (Verlag Julius Springer, Berlin, 1931).

Tables of elliptic integrals may also be used to find the elliptic

functions; cf. J. B. Dale, Five Figure Tables of Mathematical
Functions (Edward Arnold, London, 1903), or E. Jahnke and
F. Emde, Tables of Functions (B. G. Teubner, Leipzig, 1938),

Figure 133 shows graphs of the functions, drawn for = 0.7

;

this makes K = 2.07636.

Exercise. Show that, in. the limit A; = 1, we get

sn a; = tanh «, cn as = dn a; « sech x.

13.2. THE SIMPLE PENDULUM
The motion in terms of elliptic functions.

We can now give the exact solution for the motion of a simple
pendulum in terms of elliptic functions.* Let m bo the mass
of the bob and a the length of the pendulum. The equation of
energy (12.111) gives

(13.201) — mga cos 6 E,

where B is the inclination of the string to the downward vertical,
and E the constant total energy. We shall suppose the motion
to be oscillatory with amplitude a, so that d = 0 for d « ±a.
Then E = -mga cos a, and (13.201) may be written

(13.202) 6^ = 2p
2 (cos B - cos a) = 4p2 (sm2 _ gjj^2

where p® = g/a.

Let us define
<l> by

(13.203) sin \B = sin sin

so that

Y cos ^B 6 — sin cos
<t> <j>.

Since the motion of a compoimd pendulum is identical with that of the
P^dulim (cf. Sec. 7.2), the solution now given applies

also to the.eompound pendulum; in (13.202) and the subsequent equations,we are to put p = ga/k*, where a is the distanee of the mass eenter from the
axis of suspension and k the radius of gyration about that axis.
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Multiplying (13.202) by i cos* we get

sin* ia cos* <l>
sin*^ cos* 4> cos* ^d,

or

(13.204) ^* = 2>*(1 - sin* sin* 0).

If we multiply this equation by cos* and put

(13.205) y = sin <#> * fc = sin

we get

(13.206) 2)* = P’*(l - J/*)(l - *'*2/*)-

Except for the constant p* on the right, this has the form of the

equation (13.108). To get the exact form, we define a new

independent variable by

(13.207) x = pt

and obtain

(13.208) (I)’
- a - »)(! - W.

The general solution of this equation is

(13.209) 3/
= sn (a: + c),

where c is a constant of integration. Hence, we have the follow-

ing result: The general osdUatory motion of a simple pendulum,

with amplitude a, is given by

(13.210) sin ^6 = sin sn [p(* ” *®)3>

where to is a constant of integration, p* = flr/a, and the modulus

of the elliptic function is fc = sin ^a.

We usually find in dynamical problems that, if sn appears, the

other elUptic functions cn, dn have simple physical meanings.

From (13.210) we get at once, by (13.113),

(13.211) cos = dn lp(< — U)],

and differentiation of (13.210) gives

(13.212) d = 2p sin cn [p(t — <o)l.
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The periodic time.

As we have seen, the periods of sn x and cn x are 4cK. Thus,

by (13.210) and (13.212), the motion repeats itself after a time

iK/p, and so the periodic time of the pendulum is

(13.213) T = — = - r
p P Jo Vil - yi){l -

Putting y = sin 4, we get

(13.214) r = ^
pJo Vl - sin* 4

Now,

d4‘

and so we have the following infinite series for the periodic tinn’i

of the pendulum:

(13.215) r

For very small amplitude a, we get, as a first approximation,

r - 2. ^.
agreeing with (6.307), where I was used to denote the hmgth.
The next approximation is

(13.216) ..6.^(l + g).

It is evident from (13.215) that the periodic time increuHPs
steadhy with the amplitude.
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18.3. THE SPHEEICAL PENDULUM

A particle of mass m is attached to a fixed point by a light

string or rod of length a and oscUlates under the action of gravity.

Since the particle is thus constrained

to move on a sphere, this system is

called a spherical pendulum. Under

special initial conditions, a spherical

pendulum will move in a vertical plane;

then the motion is that of a simple

pendulum, discussed in Sec. 13.2.

Although we shall be able to deter-

mine the general motion of a spherical

pendulum in terms of elliptic functions,

there are two particular motions which

can be discussed quite simply. The

first is a motion in which the particle

performs small oscillations near the

lowest point of the sphere, and the

second is motion in a horizontal circle.

Pig. 134.- -Spherical
lum

pendu-

Small oscillations (first approxiination).

Let Oxyz be rectangular axes, 0 being at the lowest point

of the sphere and Oz being directed vertically upward (Fig. 134).

If i, j, k is a unit orthogonal triad along the axes, the position

vector of the particle is

(13.301) r = *i + yj + 2k.

The force P on the particle is made up of gravity and the tension

(/S) in the string. Now the direction cosines of the string

(running from the particle to the point of support) are

X y a - z

a a a

and so

(13.302) P = -mgk - Iri + yj + (« - a)k] -•

So far the expressions are exact. But if x and y are small, z

is a small quantity of the second order, since the plane z = 0

touches the sphere. Hence, we have as equation of motion,



374 MECHANICS IN SPACE [Sbc. 13.3

omitting small quantities of the second order,

(13.303) m(d!i + ^ i - ^ j + (S - mg)^-

Comparing the coefficients, we see that 8 — mg, and

(13.304) ® + p*a: = 0, ^ =
0, (p* =

These are simple harmonic equations, as in (6.403). As far as its

projection on the horizontal plane is concerned, the bob of tho
pendulum moves like a particle attracted toward 0 by a force
proportional to the distance from 0. As shown in Sec. 6.4, the
path is an ellipse with center at 0. (When the ellipse degener-
ates to a straight line, we get the motion of a simple pendulum,
performing small oscillations.)

We have idealized the problem by leaving out all consideration
of frictional resistance. The effect of this is to cause the bob
of the pendulum to spiral in toward 0, instead of continuing for
ever in the elliptical path. However, the approximation (neglect
of z) is perhaps a more serious oversimplification. Wc shall see
the effect of this later, whenwe consider the second approximation.

The conical pendulum.

./^y prescribed motion of a particle will take place under the
action of a suitable force, namely, a force equal to the acceleration
multiplied by the mass of the particle. Thus the bob of a
spherical pendulum may be made to move in any way on the
sphere defined by the length of the pendulum; to produce this
motion, it is in general necessary to add a suitable force to the
weight of ^e bob and the tension in the string. But if we can
find a motion in which no such additional force is required, then
that motion is a possible motion of the pendulum under weight
and tension alone.

“

Consider a motion in a horizontal circle of radius R at constant
speed q. The acceleration is of constant magnitude q^/R and is
directed in along the radius of the circular path. Resolving
al(mg to radius, along the tangent to the circular path, and
v^ically, we find that no additional force is required provided

fi(sinfl = ^*,
R 8 cos B = mg.
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where m is the mass of the bob, S the tension, and 6 the inclina-

tion of the string to the downward vertical (Fig. 135). Since

sin e = B/a, elimination of S gives

(13.305) q -
y'Q* _ ^2

‘

If b denotes the depth of the horizontal circle below the center

of the sphere, so that 6* = a* — R\
we have

(13.306) g* =

This gives the speed q at which

a horizontal circle at depth b may
be described by the bob of the

pendulum. When behaving in

this way, the pendulum is called

a conical pendulum, since the string

describes a right circular cone.

Exercise. Find the tension in the string of a conical pendulum moving

at a depth h. Examine the limits b—ra,b-*0.

The general motion of a spherical pendulum.

To investigate the general motion of a spherical pendulum, we

take cylindrical coordinates 12, <l>,
z, the origin 0 being at the

center of the sphere and the axis of z directed vertically upward.

We have already obtained the equations of motion in (12.114)

and (12.116); they may be written

(13.307) (o’* -z^)4> = h,

(13.308)
«** = /(»)>

where

(13.309) m = ^ [(z* - o*) (* - f)
-

We recall that a is the length of the string the radius of the

sphere on which the particle moves), and h and E are constants,

the values of which depend on the initial conditions. We shall,

for definiteness, assume h positive, so that ^ increases j
there is no

loss of generality here, since we can reverse at will the sense in

which <l>
is measured.

0

Fig. 135.—Conioal pendulum.
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Our plan is to solve (13.308) for z as a function of t; then

(13.307) will give ^ by a quadrature.

We note that f(z) is a cubic. It is positive for large positive

values of z; it is negative for z = ±a; it is positive for values of a

occurring during the motion, as we see from (13.308). Those
last values must of course lie in the range (—a, a). Since a
cubic cannot have more than three changes of sign, it follows that

m

Fig. 136.—Graph of /(a).

the graph of f(z) is of the general nature shown in Fig. 136; th<i

function /(g) has three real zeros, zi, z^, zz, such that

(13.310) -a <zi <Zz<a <zz,

(In exceptional cases, we may have one or more signs of equality
instead of inequality.) Since /(«) cannot be negative during the
motion, we see that z oscillates between the values Z\, z^i. We
note that the equation (13.308) is of the type (13.104), so that
all the general results established for (13.104) apply to (13.308).
To obtain 3 as a function of t, we proceed as follows: Since
Zi, Zz are the zeros of f{z), we have

(13.311) /(z) = ^ (a _ 2i)(g _ 2j)(2 _

Let us define u = y/z - zi, so that z = 2ui2. Then (13.308)
gives

(13.312) ^ (2s - Zi - US)(2, - 2i _ u^).

This suggests the differential equation (13.108) for the elliptic
function sn. Let us HafinA
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(13.313)

V =
u __ Iz-Zi

Vz* — 2i
\Z2 — Zi

fc =
/Z2 — Zi .-4

\28 — Zl 2a*

Then (13.312) may be written

(13.314) = p*(l - »*)(! -

and so

(13.315) « = sn [pO - io)],

where to is a constant of integration. Hence we have

’

2 - 2 i = (22 - si) sn* [p(t - to)],

I

22 — 2 = (za — zi) on* [p(t — *o)],

,
28 — 2 = (28 — Zi) dn* [p(t — to)].

Any one of these three equations gives 2 as a function of t. We

note that 2 has the period iz

(13.316)

(13.317) T =

where K is as in (13.111). Since,

by (13.307), 4 increases steadily

throughout the motion, the path of

the particle on the sphere is as

shown in Fig. 137.

We have already seen that the

particle oscillates between the two

levels 2 = Zi and z = Z2. We
shall now show that the arithmetic

mean of these levels lies below the

center of the sphere, this statement being equivalent to

(13.318) 2i + 22 < 0.

We have two different expressions for /(z), (13.309) and

(13.311) ;
they must, of course, be identically equal, and therefore

Fig. 137.—^The path of the bob of a

spherical pendulum.

E
(13.319) 2i + 22 + 28 * -> 2828 + ZsZl + «1^2 = —O*

- 2a*JS
212828 —
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From the second of these, we have

(13.320) + 22 - -
28

Since zi and Z2 are each less than a in absolute value and Zz is

positive, (13.318) follows at once.

The path on the sphere is represented analsrtically by a relation
connecting z and <#>. Elimination of t from (13.307) and (13.308)
gives the required relation in the form of a differential equation

(13.321) _ A*

A/ (a® - a*)*/(z)

If we look down on the pendulum from a great distance above,
the bob appears to describe a plane curve, with It and 4> as polar
coordinates. The motion resembles that of a particle attracted
toward a center of force, the areal velocity (iE®^) being a con-
stant for both motions. Just as we considered the apsides of the
orbit of a particle in a plane, so we can consider the apsides of the
horizontal projection of the path of the spherical pendulum.
These points correspond to stationary values of B, i.e., to 12 = 0.
Hence i = 0 at these points, since E® -|- z* = o®. As the actual
path oscillates between the circles at heights z = zi, z = Zi on
the sphere, so the horizontal projection of the path oscillates

between circles of radii Va* — z? and Va® — z|.

The apsidal angle a is the increment in ^ corresponding to the
passage from z = zi to z = zj. Thus, by (13.321),

(13.322) a = h r dz

ha

(a* - Z®)vm
rJzi

dz

(o® - z®) \/(z - Zi)(z - Zs)(z - Zi)

Find si, «2, for a conical pendulum with the bob at a depth 6
below the center of the sphere.

Small oscillations (second approximation).

The e:^ression (13.322) is too complicated as it stands to be
of much interest. But it 3delds a definite simple result when we
suppose the oscillations to be small. The reasoning is delicate,
because, as zi and za tend to —a (the lowest point on the sphere),
the extent of the range of integration tends to zero, and the
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integrand tends to infinity. The method of approximation is

important; the same method may be used in finchng the rotation

of the perihelion of Mercury in the general theory of relativity.

Before making any approximation, however, we shall first put

(13.322) into a form in which a, z\, 22 are the only constants

occuirring explicitly. To do this, we irefer to (13.319). We have

0? Z\Z%

^
= 2i222s + a*(2l + 22 + 2*), 2* = - ^ i

if we diminate 2$ from these two equations and subtract z from

the second equation, we obtain

h _ 8D
*\/2^ + 2(2)

2* - 2 = — -4-7 l*(2l + **) + «* +
2i -t- 22

where

(13.324) 8 - V(o + *i)(® + *»)» ^ = V(a - 21) (a - 22).

Substitution in (13.322) gives for the apsidal angle the required

expression

(13.325) a = aSD F{z)dz,

(13.323)

where

~
(o® — 2*) V(22 — 2) (2 — 2i)[2(2i + 22) + a* + 21S2]

We cannot use the binomial theorem to expand negative

powers of terms which vanish when 2
,
21, 22 tend to — o. How-

ever the term in the square bracket remains finite, and we may

expand a negative power of it. Putting

(13.326) 2 = -a •+ r,

where f is small, we get approximately, i.e., neglecting f®.

I (21 +

1 1
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Hence, we can write

(13.327) a = aSI — ^^ (zi + z^^J,

where

(13.328)
-i

dz

*1 (a^ — Z^) V(252 — «)(« — Zi)^

J == r—
(a —

•

(Z2;

“ «) V(22 — z)(z — Zi)

These integrals are evaluated without difficulty by means of the
substitution

z = Z2 sin^ 6 + zi cos^ 6,

and we find

(13.329) 7 = Z./'i + lV /_«•
' ^ 2a \S^dJ’ '’-D'

Substitution in (13.327) gives

(13.330) a = ir [l + SD
J.

It is evident from (13.324) that >S is small; thus the last term
IS sm^ and we introduce only a negligible error (of the second
order) if we substitute in the fraction

This gives

(13.331)

D — 2a, 2i 4- gj _ _2a.

a = 1 +iSD

Now if Ri Rt are the distances from the central vertical to theapsides, we have accurately
vertical to the

Rl = a^-zl SD = R,R,,
and so the approidmate formula (13.331) becomes

(13.332) « = 1 I 35i^\

/
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For that curve the apsidal angle is Now we see, from

(13.332), that the apsidal angle is a little greater than |ir. This

means that the apse advances ;
the path is approximately a central

ellipse, but this eUipse turns slowly forward (i.e., in the same sense

as that in which the particle describes the path). In one rotation

of the particle, the apse advances through an angle

(13.333) 4a — 27r =
ixRiRt

4a*

3A~
4a*’

where A is the area of the ellipse. The advance disappears when

A = 0, i.e., when the orbit is flattened into the track of a simple

pendulum.

This advance of the apse can be shown by fitting a light writing

device to the bob of the pendulum. This traces the rotating

elliptical path on a sheet of paper, placed underneath.

13,4. THE MOTION OF A CHARGED PARTICLE

IN AN ELECTROmONETIC FIELD

Much of our knowledge of the structure of matter is derived

from the study of the motion of charged particles (electrons or

ionized atoms) in electromagnetic fields. Further interest has

been added to the problem by the invention of the electron

microscope and other devices, in which streams of electrons

produce images in much the same way as images are formed by

rays of light in an optical instrument.

Electrostatic and magnetostatic fields.

We consider only statical fields, i.c., fields which do not

change with time. Such fields are produced by electric charges

at rest in condensers or by steady currents; permanent magnets

may also bo used.

In an electrostatic field, there exists at each point of space an

electric vector E. It is the negative of the gradient of an electric

potential V, so that

(13.401) E = - grad V.

The potential V cannot take arbitrary vdues throughout space;

it must satisfy Laplace’s partial differential equation

a*y ,
3*7

. _ A
+ dy* az*(13.402)
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Simitoly, in a magnetostatic field there is at each point of spacea magnetic vector H, such that
^

(13.403) H = — grad fl;

Q is the magnetic potenMdl, and it also satisfies Laplace’s equation

(13.404)
3a:* 3y* dg*

~

The force

vS^ty 1
^ ®

*’

(13.405) P = «E + eq X H,

if the units are suitabl3»«x5hosen.

formulas of electromagnetic theory asthe foundation for our dynamical deductions.

eona+^n Obtain anequation of ener^ from (13.405). If m is the mass of the
particle, its equation of motion is*

(13.406)
«*<i = «E + «q X H.

Taking the scalar product of each side 'with q, we get

d
=m4.q = «E.q= -^(grad F) • q =

dt

Hence, we have the equation of energy

(13.407) + eF = constant,

magnetic, so that F disappears, the speed ofthe particle remains constant.
^

r»iTiV ‘f origin is 7 - where

^
the accurate relata^atie equation, we replace the left-hand side of(13.^6)

Chap. XVI.
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Motion in a uniform field.

A simple solution of (13.402) is

V = ax + by + cz + d,

where a, 6, c, d are constants. This gives a uniform electric field,

in which E is a constant vector. Similarly, we may have a

uniform magnetic field, in which H is a constant vector.

Let us now suppose that a' particle, of mass m and carrying a

charge €, moves in a uniform electric and magnetic field. If r

is the position vector of the particle, we have as equation of

motion

(13.408) = €E + ef X H.

Let us now choose our axes so that Oz is parallel to H. The

vector equation (13.408) gives the three scalar equations (with

the usual notation for components)

(13.409)

To complete the solution most conveniently, we introduce the

complex quantities

{ = a: + ij/, F — El -{ iE^.

Then the first two equations of (13.4=09) may be written together

in the complex form

(13.410) f + 5ff-J
This is a differential equation with constant coefi&cients, and the

characteristic equation for solutions of the form e”* is

0.

Thus the general solution of (13.409) is

(13.411)

iFi
= f = A + Be"*”* —

2 =s (7 "H Dt “h
eEzt^

2m
’
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where p = eH/m and A, B, C, D are constants of integration;

A and B are complex, whereas C and D are real. These eqtiaHons
give the moUon of a charged particle in a uniform electric and mag-
netic field.

Let us examine this motion in the case where the electric and
magnetic fields are perpendicular to one another. Then .£'3 = 0
and the 2-velocity is constant. Let us, for simplicity, assume
that this component of velocity vanishes and that 2 = 0 through-
out the motion. Then the trajectory is described by the complex
position vector f, as given by the first of (13.411). Let us write
this equation in the form

(13.412) f

We recall that any complex number Z may be written in the form

Z =

If Z is a complex position vector, [Z] is the radius vector, and
argZ the azimuthal angle. Equating moduli and arguments in

(13.412)

,
we have

(13.413)

I

arg [f ~ ~ ^)]
~ ~

If F were zero, the first equation would indicate motion in a
circle with center A and radius |B|, and the second equation
would tell us that the circle is described with constant angular
velocity —p. (The sign shows the sense.) The effect of the
B-term is simply to impose an additional motion in which the
center of the circle moves with constant complex velocity

(13.414) -f = ;i(B3-i£0.

This velocity is of magnitude E/H and is perpendicular to the
electric vector.

We sum up our description of the motion of a charged particle
in perpendicular uniform electric and magnetic fields as follows:
If started loiih a velocity perpendicular to H, the particle moves as if
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if were attached to the edge of a circular disk which mooes in a plam

perpendicular to H; the disk spins with constant angvtar velocitj/

-eHIm, and its center has a constant velocity E/H perpendicular

to E (Fig. 138). The surprising part of this result is that, on the

whole, the particle does not move in the direction of the electric

field, but perpendicular to it.

y

Suppose the charged particle starts from rest at the origin at

Starting from (13.412) prove the following facts concerning the

. 2t/p, it will be at rest sgain at a distance %rE/(.pH) from

Exercise.

time t - 0.

motion:

(i) At time t

fii) n H is very small, and if the particle is allowed to travel for a defimte

finite time U, then at t - ti its complex position is approximately Wh/m,

and its complex velocity is approximately €Fh/m.

Motion in a purely electric field and in a purely magnetic field.

We have worked out (13.411) for the general case in which

both electric and magnetic fields are present. In the case of a

purely electric field (H = 0) we return to (13.408), which
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becomes

(13.415) nix = «E.

If the field is uniform, the acceleration is constant, and so the
particle describes a parabolic trajectory like a projectile under
gravity (cf. Sec. 6.1), The plane of the trajectory is determined
by the vector E and the initial velocity.

In the case of a uniform purely magnetic field {E = 0). the
equations (13.411) read

f = .4 + z = C + Dt,

By moving the origin, we can mnlfft A = C
(13.416) f = Be-**", z = Dt.

= 0; then we have

Hence

Ifl = \B\,
dz _ D
dr

“

since these values are constant, it is clear that trajectory
is a circular hdix, with axis parallel to the magnetic field. The
azimuthal angular velocity is —p = —eH/m.
The simplest motion in a uniform magnetic field is one in

which ^e initial velocity is perpendicular to the field. Then
Z) — 0 in (13.416), and the trajectory is a circle described with
constant speed.

The determination of the charge e and the mass m of an
electron is a problem of great physical interest. Let us see how
Je results we have estabhshed help in that determination.
The tot thing we notice is that e and m appear in our equations
only in the form e/m, and therefore it is only this ratio that we
can hope to find. It would seem a simple matter to find e/m
from the circular motion described in the preceding paragraph,m angular velocity is -eH/m, and so we have, on equating two
different expressions for the an^ar velocity.

5* _ e*H*

i2* m®
’

^ere g is the constant speed and R the radius of the circle.
(W^e have squared the two expressions to avoid the question of
sign, which is of no importance here.) If we could measure
q, R, and H, we should at once have e/m. Now R can be meas-
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ured from a photograph of the track of the electron, and H can

also be measured; but q presents a difiBicultsr—electrons move too

fast for us to find their speeds directly. We have therefore to

find q indirectly. Before entering the magnetic field, the

electron is accelerated from rest by an electric field. If it starts

from rest at potential V = Vo and enters the magnetic field

with speed q at potential V = Vi, then

ims* = 6(Fo - Fi)

by the principle of energy (13.407). Elimination of q between

the two equations gives

€ _ 2(Fo - Vi)

m
~

This is a suitable expression for the determination of e/m,

since all the quantities on the right are measurable. This

is the method of ICaufmann. The electromagnetic units are

such that (13.405) holds.

Axially symmetric fields.

Let R, 4>, 2 be cylindrical coordinates. A field is said to be

axially symmetric with respect to the 2-axis if the potential is a

function of R and 2 only (i.e., independent of <#>). An electric

field of this type is produced by a system of charged plates

perpendicular to the 2-axis, a circular hole with center on the

2-axis being cut from each plate. An axially symmetric mag-

netic field is produced by currents flowing in circular coils

arranged in planes perpendicular to the 2-axis, the centers of

the coils being on the 2-axis.

Let V bo an axially symmetric electric potential. We assume

that V can be expanded in a power series in x and y, the coefi&-

cients being functions of 2. On account of the axial symmetry,

X and y can be involved only in the form »* + y® (= 12®), and so

the expansion is of the form

(13.417) V = Fo(2) + ^ Fi(2) + ^ Fa(2) + • • .

Then, by an easy calculation,

(13.418) g 0 +§ = [n'(<) + 2F.W1
^ +WW + IWI+-"-
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,(;3-«2) may be satisfied, the

(13.419) n'(E) + 2Vt{z) = 0, r{{z) + 4F,(e) = 0,
• •

• .

It IS evident that Vo(z) (the potential on the axis of symmetrvlmay be ch^osen arbitrarily, the burden of satisfying Laplacesequations being placed on 7i(2), Vi(z), • • • .

® ^

ih7LT^ r symmetric magnetic field in exactly

(13.420) a . a,(«) + «’ + «‘
o.(s) + • .

.
,

we deduce the relations

(13.421) Oj'(z) + 20i(z) =3 0, 0"(z) + |S2j(2) = q,
• •

•
.

Motion oi a charged particle near the axis of symmetry of an
electromagnetic field.*

^ y an

If we introduce the potentials from (13.401) and (13.403) thegeneral equations of motion (13.406) read, when written out in

(13.422) if k(^ 4.i^^ •

\dz By ^ dx)
where h «/m. In the most interesting applications the

'konse; ta this

^t us assume that the electromagnetic field has the z-axis for

7 ?“•” ““ (13.4l7aS
(13 ^0) for F and 0,. respectively. We shaU consider onlymotaon near the axis of symmetry, so that ®, y, and their deriva^

re small. Then, neglecting terms of order higher than the

Note^rrinT K ° Supplementary

Onivereity, 1944).

’ Mathematical Theory of Optics (Brown
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first, "we rewrite (13.422) in the form

X = Ic^xV I + y% — ej/Qi),

(13.423) •Q = lc{yVi + exQi — liOi),

1 2 = ^n,

where the prime denotes d/dz. The last of these equations is

equivalent, in our approximation, to the equation of energy

(13.407), which may be written

(13.424) i* = 2k(yo - C),

where C is a constant. This constant may be determined when
the initial values of z and z are ^ven.

We note that (13.424) determines a as a function of z, to

within a sign. Let us assume that z is positive throughout the

motion. Then we may write

(13.425) z = w(z) >0, to® = 2kiVo -C).

The function w is the axial component of velocity. Since we are

neglecting i* and j/®, it is clear that, to our order of approxima-

tion, to also represents the magnitude of the velocity vector.

By (13.419) and (13.421) we have

(13.426)
I

^ ^
I 0i = - ioj'.

It is convenient to introduce complex notation, writing

f = a: + iy. We multiply the second equation of (13.423) by i

and add it to the first; this gives, on ma^ng use of (13.426),

(13.427) f = — i(toto" + to'*)f — ikO^ot — hkwQ^a^.

We shall change the independent variable from .t to z by the

equations

(13.428) ? = f'i = tof', f = to*r" + ww't-

Substitution in (13.427) gives

f" + Pf' + Qr = 0,

(13.429) • to' o_ +

This is the differential equation from which the path of the

particle is to be determined by finding f as a function of z.
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The complex variable f represents the vector displacement of the
particle perpendicular to the axis of symmetry («-axis). The
coefficients P and Q are functions of the independent variable 2

,

and are determined by the axial potentials Vo(z) and Qq(z)

and by the initial conffitions, which are needed to obtain the
value of C in (13.426); we note that w depends on C,

In the case of an electrostatic field, we put Qo = 0; we note
that then P and Q are real. In the case of a magnetostatic field,

we put Fo = 0; then, by (13.426), u? is a constant and the terms
in P and Q involving derivatives of w disappear, leaving purely
imaginary expressions.

There is no simple general method of solving (13.429). How-
ever, the equation may be simplified by using a standard device
to eliminate the first-order derivative by a change in the depend-
ent variable. To carry this out, we substitute

(13.430) ^(z) = u(z)v(z)

in (13.429) and obtain

(13.431) u"v 4- u'(2v' + Pi;) -f u(v" + Pv' + Qv) = 0.

We now choose v so as to make the coefficient of u' vanish. We
do this by writing

(13.432) t) = exp
[
- i JT* P(f)

J,

where Zo is the initial value of z. When we substitute (13.432)
in (13.431) we get, after some easy calculation,

(13.433) I

1 S(z) = Q -

Also, by (13.430),

(13.434) f = « exp
[
—

J Jf’ P({)
J.

When we substitute forP and Q the expressions given in (13.429)

(13.436) u" + S{z)u == 0, S(z) = ~ 4-

The relation between the actual displacement vector r and tho
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artificial displacement vector u is

(13.436) f =

where wq is the value of w when z = Zq.

It may be convenient for reference to write the results sepa-

rately for the cases of electrostatic and magnetostatic fields;

Electrostatic field:

w/2

(13.437)

37?

i6(7.-y.. + g)’’

I

w(z) = \^2'k{Vo{z) - C], * “ ~

f = «

7oo = 7o(2o), Wo “ w(«o).

Magnetostatic field:

Wo

4w?'

(13.438)

u" + jS(«)m = 0, /S(«)

I Wo = constant velocity,

f = « exp (S2oo - Oo)
j>

£loo ” ^0(2^0) • ^

k ^ m

There are some remarkable features in the preceding -work. In

(13.429) the coefficients P and Q were coonplex; but when we

transform to (13.436), we get a real coefficient S. Not only is S
real, it is also positive; this has an important bearing on the for-

mation of “images” by an axially synometric electromagnetic

field, as we shall see later.

The mathematical difference between the electrostatic case

and the magnetostatic case is less than we might expect. In

each case the coefficient S is positive. The chief difference lies

in the relation between f and u. In the electrostatic case, the

connection is real, and the complex vector f has the same direc-

tion as the complex vector w. In the magnetostatic case the
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connection is complex; the magnitudes of the two vectors are
equal, and f is obtained from u by rotation through an gngiA

k

Wo ~

To sum up, in the general electromagnetic case, the determina-
tion of the path of the particle involves the solution of (13.435).
As initial conditions, we may assume that the particle starts
from the point (ao, ?o) with velocity wo in a direction giving to f'
the value fj. Thus, (13.435) is to be solved, with the initial
conditions for a = zo,

(13.439) M = fo, = fj -1- ft® +\W5 woj
where

^00 ™ ^o(®o), Qqo “ f^o(^o)-

In the electrostatic case, (13.437) replaces (13.435), and we put
ilGo = 0 in (13.439); in the magnetostatic case, (13.438) replaces
(13.435), and we put FJo = 0 in (13.439).

Exercise. Show that the small aogle between the initial velocity vector
and the axis of symmetry is |f^|.

The electromagnetic lens.

In an optical mstrument, such as a microscope, camera, or
telescope, rays of light are bent by a system of glass lenses,
the system usually having an axis of symmetry. The function
of the instrument is to produce an image, the Toys from each
point of the object being brought to a focus at an imngA point.
In recent times, there has been a remarkable development of
electromagnetic devices analogous to the image-forming optical
instrument. Instead of rays of light bent by glass lenses, there
are streams of electrons whose trajectories are curved by maann
of electromagnetic fields.* When an axially symmetric electro-
magnetic field is used, the equation (13.435) is the fundamental
equation from which the trajectories of the electrons are
determined.

Let Oz (Fig. 139) be the axis of symmetry of an electromagnetic
field; let Ho be a plane perpendicular to this axis, with the equa-

• Cf. L. M. Myers, Electron Optics (CSrapman & Hall, Ltd., London
1989), p. 100.

'
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tion z = Zo. Let Po be any point on IIo with, a complex position
vector X + iy = fo. We suppose that from the point Po there
are projected a number of identical charged particles (electrons).

Their velocities have a common magnitude wo, but their direc-

tions are different; the directions are, however, nearly parallel

to the axis of symmetry, so that our methods apply.
The trajectory of each electron satisfies (13.435). The func-

tion w{z) is given by (13.425). ^mce aU the electrons have the
same charge e, the same mass m, and the same initial velocity wo,

the constant C has the same value for all the trajectories. Hence
w [and consequently S in (13.435)] is the same for all the trajec-

tories. This is, of course, a mathematical idealization. As far

ns we know, all electrons have the same charge and the same mass,

but we cannot secure accurately a common initial velocity.

Hence, in practice, the constant C and the functions w and S
will not bo quite the same for all the trajectories. This leads

to what is called, from the optical analogue, “chromatic aberra-

tion,” the velocity of the electron corresponding to the color of

the light. But for our purposes we shall neglect this effect and
regard w and S as the same for all the trajectories.

We note that, from (13.439), for z = Zo we have « = fo for all

the electrons; but the initial value of u' depends on the particular

electron since fo f^be same for them all.

It is known from the theory of linear differential equations

that the general solution of (13.435) is of the form"'

(13.440) u = afiz) + fig(z),

• Cf. Ifi. L. Inco, Ordinary Diilerontial Equations (Longmans, Green &
Co., Ltd., Ix>ndon, 1927), p. 119.
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where a, are arbitrary constants of integration (which naay be
complex) and /(«), g{z) are independent particular solutions.

Since the coefficient S in (13.435) is real, we can obtain two real

independent particular solutions by taking the initial conditions(13.441)

/(2o) = 0, y'(zo) = 1; ^(zo) = 1, g'izn) = 0.

With this choice of/ and g, it follows from (13.440) that

Ct — Uqj ^ “ WOy

where tto, are the values of w, u' when z = zo; then (13.440)
may be written

(13.442) u = uif(z) + Uiig(z).

Let Ui be the value of u at the point where the trajectory cuts the
plane z = zi; then

(13.443) ui = tto/(zi) + Uofl'(zi).

In the family of trajectories which we are considering, i.e., a
family starting from a point (zo, fo), Uo has a common value but

changes from trajectory to trajectory. Thus, in general,
(13.443) will give an area on the plane z = Zi when we substitute
the various values of ttj corresponding to the various initial

directions. The equation (13.443) will define a single povnl on
the plane z = zi if, and only if,

(13.444) /(zi) = 0.

Let us recall that the function /(z) is defined by the following
differential equation and initial conditions:

(13.446)
/"(z) + 5(z)/(z) = 0,

/(2o) = 0, /(z„) = 1.

Can we find a plane z = Zi (other than z == Zo) such that the whole
family of trajectories cut it in a single point? This is equivalent
to asking whether the equation (13.444) has a solution other than
Zl = Zo.

Although we cannot give a definite answer to this question in
general, we can discuss it qualitatively. Consider the graph of
/(z). This graph starts from the z-axis at Zo, sloping up at 45“.

'aus /(z) is positive at first; hence by (13.445), since 8 is positive,
/"(z) is negative, and it remains negative as long as/(z) is positive.
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This means that the graph is convex when viewed from above.
Either of two things happens. The curve may turn down and
cut the «-axis at some point Zi (Fig. 140a); or it may turn so
slowly that it teaches a = oo before coming down to the a-axis

(Fig. 1405). In the former case, the equation (13.444) has a
solution; in the latter case, it has no solution (at least not for

values of Zi greater than Zo, and we are interested only in such
values). In general terms, we may say that the larger S is, the
more chance there is that there will be a solution; because the
larger S is, the more rapidly does the graph of/(«) turn downward.

0 2# 0 2,
^

<«) (6)
Fio. 140.—Graph of fiz) :

(a) in tho caso whoro an image is formed, (6) in the case
whore an image is not formed.

If (13.444) has a solution, then the family of trajectories start-

ing out from a point Po meet again in a point Pi, as shown in

Fig. 139. Borrowing the language of optics, we may call Po the

object point and Pi the image point. In this sense, an axidUy

symmetric electromagnetic field may form images. We might go

further and say that it vnU form images if it is strong enough,

because 8 is increased by an increase in the strength of the field.

It will be noted that the equation (13.444), which determines

the plane Hi on which the image is formed, does not involve fo-

Consequently wo may state the following important result: If

an object point Po on (he plane Ho has an image Pi on the plane

Hi, then every object point on the plane Ho {near the axis of symmetry,

to make the approximate method valid) has an image on the plane Hi.

In fact, we have an object plane and an image plane, just as in the
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optics of a lens. Hence, by analogy, we may speak of an axially

symmetric electromagnetic field as an electromagnetic lens.

Suppose that on the object plane Ho there is some minute struc-

ture which we wish to photograph. We set up a photographic
plate at the plane Hi and bombard the plane Ho from the left

with a stream of electrons. Each point of Ho becomes a source
of electrons travelling on towards Hi and converging to an image
point on Hi. Thus the structure on Ho is reproduced point for

point on Hi. A point on Ho transparent to electrons gives a
bright^' point on Hi, and a point on Ho opaque to electrons gives

a “dark’’ point on Hi. Essentially, this is how an electron
microscope works. Since magnification is the most important
function of a microscope, let us now look into the question of the
magnification m produced by an electromagnetic lens.

The image of a point (zq, fo) is (zi, fi), where Zi is given by
(13.444) and fx by (13.436) and (13.443); we have

(13.446) ui = uog(zi) = ^og(zi),

and

(18.447) n - ^ [-»£^ Jl],

where Wi = w(zi). Magnification is defined by

(13.448) m = Jl,
fo

and so, by (13.447), the magnification of an electromagnetic
lens is

(13.449) m = |^(si)|

We recall that ff(z) is defined by the following differential equa-
tion and initial conditions:

(13.460)
( g"{z) + S{z)g{z) = 0,

[
^(So) = 1, ^'(2?o) = 0.

It is a real function, since S is real; and the modulus sign in

(13.449)

is needed only to take care of the possibility that
g{z-i) is negative.

In the case of an electrostatic field, the exponential disappears
from (13.447); the vector has the same direction as fo or the
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opposite direction, according as y(zi) is positive or negative. In
the case of a magnetostatic field, (13.447) reads

(13.451) fi = togM exp (iloo - Qoi)
j,

where Qoi is the value of flo at z = zi. The magnification is

™ = lff(2i)j. The image vector fi is obtained by first applying
this magnification to the object vector to and then rotating it

about the z^xis through an angle

(13.452) a = (Qoo — Qoi).

Figures 141o and 6 show the projections of object point Po, image
point Pi, and trajectories on the plane z = 0. They are drawn
for m = 2 and a = v/4. In. actual electron microscopes the

magnification may be as high as 200,000.

Approximations for electromagnetic lenses.

The determination of the focal properties of an electromagnetic

lens depends, as we have seen, on the solution of the differential

equation

(13.453) /"(z) + S(z)/(z) = 0,

with the initial conditions, as in (13.441),

(13.454) /(iSo)=0, f(zo) = l.

There is no simple way of solving this equation, and we have to

fall back on approximate methods. We shall consider the case

where the electromagnetic field is concentrated on a short length

of the z-axis, so that there is practically no field outside this short

range. Making a mathematical idealization, we shall assume

that there is a field for —h<z<h and no field outside that

range.

In the absence of electric field, the axial potential Fo is con-

stant, and so, by (13.425), w is constant and w' = 0. In the

absence of magnetic field, the axial potential So is constant and

flo = 0. Thus, by (13.435), iS = 0 for that range of values of z

for which the electromagnetic field vanishes. By hypothesis,

this is the case outside the range —h<z<h, and then the

differential equation (13.453) becomes very simple: /"(z) = 0.
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The function f{z) is therefore a linear function of z. This

corresponds to the fact that, in the absence of electromagnetic

field, an electron travels in a straight line with constant velocity.

The projections of trajectories in Figs. 141a and h are drawn
for such a case; each projection consists of two straight lines,

connected by a curve. The curve is produced by the action

of a concentrated electromagnetic field. If the field extended

Fio. 142.—Graphs of S(^z) and/(je) for a concontrated electromagnetic field.

from Zo to Zi, the projections of the trajectories would be curved

all the way.

Figure 142 shows graphs of (S(z) and /(z) for the case of a con-

centrated electromagnetic field, drawn on the assumption that

/(z) vanishes for some value Zi of z, so that an image is formed.

Combining the initial conditions (13.454) with the fact that

/(z) is linear for z < —h, we obtain

(13.456) /(-fe) = -A - Zo, f{-h) = 1.

Thus we know the value of / and its first derivative on entering
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the concentrated field. We now try to find out what happens as

we go through the field.

Transferring the second term of (13.463) to the right-hand

side and integrating from —hioz, we get, remembering (13.455),

(13.456) f'(z) = 1 - Smi) dl

Another integration gives

(13.457) M =z-Zo- dv S(|)/(f) df.

Putting 2 = A in these two equations, we obtain

(13.458)

7(A) =h-z,- dfi Sm^) di,

TO = i-/^,-S(Mf)df

At first sight it may appear that we have found the values of /
and its derivative on leaving the field, but of course this is

illusory, because we do not know the function / occurring in the

integrals. However, we can use the above equations as a basis

for approximation.

If S{z) is finite and h is small, it is evident from (13.458) that

the changes in / and/' in passing from z — —htoz = h are small.

But to get an image, the graph of / must be bent through an
angle of more than 45° on passing through the field. In fact,

there must be a finite change in /', and consequently we must use

a strong field. It is clear that S(z) must be large of the order

Then the integral in the second of (13.458) is finite; the

double integral in the first of (13.458) is small of order A, showing
that although the change in /' is finite, the change in / is small.

Before introducing the approximation, let us get an expression

for Zij the coordinate of the image point. From the linearity of

the graph of / outside the field, we have

(13.469)

or

(13.460) _i fw.
zi — h f{h)

This will ^ve us 2i if we can evaluate /(A) and /'(A) from (13.458).

We now take up the method of approximate solution by the
method of iteration. The key equation is (13.457). For f under
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the gign of integration, we substitute / as given by the equation

itself. This does not get rid of / on the right-hand side, but it

pushes it under more signs of integration and thus reduces its

importance. This procedure gives

(13.461) /(«) —z — za — dll >S(f) — 8o

- f'^dq dj>l

The multiple integrals are to be evaluated starting from the right-

hand side. We can rewrite this in the form

(13.462) /(z) — z — Zo + Za dri S(0

~S-h S-h

This expression is accurate. For z in the range —h < z < h, the

first integral is small of order h, and the remaining integrals are

am all of Order A®. Differentiation of (13.462) gives

(13.463) f(z) = 1-1-20A is -T. «««*«

+ f-h f-h f-h

Here the first integral is finite, and the remaining integrals small,

of order h. We observe that in (13.462) and (13.463), only the

last integrals are unknown.

If we required a higher approximation, we could substitute

again for /under the sign of integration; then the integrals con-

taining/would be small of order /i® in the expression for /(z), and

small of order h? in the expression for /'(z). This process could

be continued indefinitely.

Let us, however, content ourselves with approximations for

f{h) and f{h) which retain terms of order h but reject terms of

order h?. We shall commit an error only of order fe® if we sub-

stitute /(p) = — Zo in the last integi-al in (13.463). Accordingly,

putting z = h, we get the following approximate expressions:

f(h) = A — Zo -I- Zo dij S{^) di,

j'Qi) = 1 + Zo /S({) d£ - dS

- Zo S{k) d? dq Sip) dp.

(13.464)
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To write these results more neatly, we introduce the finite

constants

(13.465)
i-K ^ S-H

D = h-^
Jl\ 'SCf) df /_\ ({ - v)S(.v) dv.

We note that, by inversion of order of integration,

(
JIh = I-K

(13.466)
I

-S(I) d£ dq S(p) dp

{
= tn f-H

Consequently, (13.464) read

ri3 4671 {
= -2o + A[1 + (A- B)zol

(.10.40/;

j
= 1 + 2(,a _ a(5 + Dzo).

The constants A, B, D may be evaluated numerically if the fiield

is given; it should be noted however that they involve also the
initial velocity Wo, since S involves wo (cf. equation (13.435)).

Exereae 1. Show that H S => K/h, a constant, for -k <z <h, then

4 - 2.S:, 5=0, D = iK».

Exercise 2. Evaluate A, B, and D, tf, for —h<z<k,

5(s)

where a is a constant.

Using (13.467) in (13.460), the image Zi corresponding to an
object Zq is given by

ahr^ cos*

(13.468)
Zl

1 + gpA - h(B + Dgp)
h So - h[l + (A -B)zoy

or more symmetrically, to the same order of approximation (i.c.

neglecting /i®),

(13.469) i - 1 - 4 = -A 5 \
2l *0 \Zl Zo J

If we let Zo ~
, we get

(13.470) I-.4_
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The value of zi so obtained gives the image of an object at

infinity.

If we are satisfied with the rougher approximation in which h

is neglected, (13.469) becomes

(18.471)

If we let 8o —* — <*
, the corresponding value of 2i is called the

/ocoi length. F of the electromagnetic lens; by (13.471), we have

(13.472) i = A = Jl\s(2)i2.

Exercise. Show that in the roughest approximation, the focal length

of a concentrated electric lens is given by

(13.473) n “ A I . 7 ir. *

and the focal length of a concentrated magnetic lens by

where H is the magnitude of the magnetic vector on the axis of symmetry

(ff = ifl;i).

13.6. EFFECTS OF THE EARTH’S ROTATION

The effect of the earth's rotation on a plumb line was found

in Sec. 5.3. This is a statical phenomenon relative to the rotating

earth, and only the centrifugal force is involved. In dynamical

problems on the rotating earth the Coriolis force also enters, and

the effects are hard to predict without a careful mathematical

analysis.

Equations of motion of a particle relative to the earth’s surface.

We accept the model of the earth used in Sec. 6.3—an oblate

spheroid turning about its axis of symmetry with constant

angular velocity Q. The axis is supposed fixed in a Newtonian

frame of reference. The vertical at any point on the earth's

surface is defined by the plumb line, and the horizontal plane is

perpendicular to the vertical. The latitude X is the angle of

elevation of the earth's axis above the horizontal plane.
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In Fig. 143, SN is the earth's axis, drawn from south to north;

0 is a point on or near the earth's surface, and B the foot of the

perpendicular dropped from 0 on SN
;
I is a unit vector along BO

and K a unit vector parallel to SN. The triad of unit vectors

i, j, k is fixed relative to the earth and directed as follows;

i is horizontal and points south;

j is horizontal and points east;

k is vertical and points upward.

Fig. 143.—Vectors used in discussing the effects of the oartlx's rotation.

Let US put BO = a and denote by r the position vec.tor of a
nio\dng particle relative to 0. Then the position vector of the
particle relative to B is

(13.501) = a + r.

Since £ is a fixed point in a Newtonian frame of rofonuK^e, the
absolute acceleration of the particle is

(13.502) = a + r.

Here £ is the acceleration of ,0; since 0 moves in a circle with
constant angular velocity Q, we have

(13.503) £ = —o0®I = —aO*(sin X i + cos X k).

Let m be the mass of the particle. The force of gravity is
proportional to m and may be written mF. We denote by P
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the resultant of all other forces. The equation of motion is

(13.504) mffl = mF + P,

or, by (13.602) and (13.603),
(13.506)

mi = mF + P + maQ*(sin X i + cos X k).

Let us apply this equation to a plumb line, hanging in equilib-

rium with the bob at 0. Then P is the tension in the plumb line

and points in the direction k. As in Sec. 6.3, we define g to be

this tension, divided by the mass of the bob, so that

P = mgk.

Since r = 0, (13.605) gives

(13.506) Fo + aQ*(sin X i -h cos X k) = —gk,

where Fo is the force of gravity per unit mass at 0.

Now F in the general equation (13.605) and Fo in (13.606)

are not equal vectors unless the particle is at 0, for the earth’s

gravitational field changes from point to point. But we shall

assume that the particle always stays so close to 0 that variations

in the earth’s field are negligible. So we introduce our first

approximation, putting

(13.507) F = Fo

in the equation of motion (13.505). When, further, we substitute

for Fo from (13.506), we get for any moving particle

(13.508) mr = P - mgk.

Our next task is to resolve this equation into components

along i, j, k. This triad turns with a constant angular velocity

(13.509) Q = OK = - Q cos X i -I- ft sin X k,

and so, by (12.310),

(13.510) f = 0 4- 2£1 X I + Q X (Q X r).

We now introduce a second approximation, dropping the last

term on account of the smallness of 12. Substitution from

(13.510) in (13.608) gives the vector form of the equations of motion

relative to the earth’s surface

^
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(13.611) m0 = P - - 2mt2 X

Here and bx/bt are, respectively, the relative acceleration
and velocity; the last term is the Coriolis force. The centrifugal
force has been eliminated in two steps, first by (13.606) and
secondly by neglect of the last term in (13.510). It will be
noticed that (13.511) is essentially the same differential equation
as (p.406) or (13.408) ^the equation of motion of a charged
particle in an electromagnetic field.

Let us now introduce axes Oxyz coincident in direction with
(i> h ^), so that Ox points south and Oy east. Let X, Y, Z be
the components ^ong these axes of the force P, which. It will
be remembered, is the force other than gravity. Since £2 is
given by (13.509), we get from (13.611) the scalar form of the
eguaiions of motion,,

(13.612)

mx = X + 2mQ sin X •

mg = Y — 2mQ(sin X • i + cos X • 2),
mS = Z — mg + 2mQ cos X • g.

Motion of a free particle.

By a “free particle” we mean here a particle on which there
acts no force but gravity. As remarked in Sec. 6.1, this is an
idealization difficult to approach in practice. The resistance
of the air is always present and produces discrepancies between
mathematical predictions and observed motions. It is therefore
not surprising that the minute effects due to the earth’s rotation
are hard to detect.

For a free particle, we put Z = F = Z = 0 in (13.612). The
resulting equations are easy to integrate, especially as further
approximations, based on the smallness of are permissible.
The equations now read

(13.513)

5 — 20 sin X •
2/',

g = -20(sin X • i + cos X ’ 2),
.
^ ~g + 20 cos X • y.

Each of these equations can be integrated once. Without loss
of generality, we may suppose that the particle starts from the
origin at i = 0 with velocity (wo, Do, lOo), and so we get
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(13.614)

i = 2Q sia X • ^ + iio,

• ^
= —2Q(sui X • ic + cos X • s) + Vo,

0 = —gt + 20 cos X 2/ -h wo.

If -we substitute from the first and third of these equations in

the second of (13.513) and neglect £2®, we obtain

(13.515) = —20(mo sin X + lOo cos X — cos X),

and hence, by integration,

(13.516) y = v4— £M®(uo sin X + Wo cos X) + cos X.

Then the first and third equations of (13.614) give, on neglecting

0®,

(13.517)
{

a = + Qnoi® sin X,

2 = Wfit
—

-Jji® +• cos X.

Two cases are of particular interest, a particle dropped from

rest, and a particle representing a projectile fired with high

velocity in a flat trajectory.

In the case of a particle dropped from rest, we put

tto = Wo = Wo = 0,

y = iOflri® cos X, z = —
and get

(13.618)

a: = 0,

The path is a semicubioal parabola in the east-west vertical

plane,

(13.619) y’ = - 5
•

8 £2® cos® X

9

It is evident from (13.518) that ^cvicUion fTov% &i6 vcrticcU ts

toward ihe east. Fiona (13.619), the deviation for fall from a

height h is

|'f2 cos X • 2h
Q

This is zero at the poles (X = ±W, as we should expect.

For a projectile with large Uo and vo, we neglect the term in

too and also the last term in (13.516) . Thus the ^ejection of the

trajectory on the horizontal plane has the equations

(13.620)

® = Mo< + Slwoi® sin X, y = vdt - £2uot® sin X.
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These may be expressed in complex form in the single equation

(13.521) x + iy = (uo + ivo)(t - iQi* sin X).

Let us put

x + iy = Be**, uo + ioo = goe’‘“

and write, as we may since Q is smAll^

1 - iQt sin X = exp (— sin X).

Then (13.521) takes the form

Be** = got exp (ia — iOi sin X),

and so

(13.522) B = g^, ^ = a — Oi sin X.

The magnitude of the position vector grows at a constant rate go,
and at the same time the vector turns at a constant rate — Q sin
In the Northern Hemisphere, X is positive and this rotation is
clockwise when viewed from above; in the Southern Hemisphere,
it IS counterclockwise. This means that the projectile experi-
ences, on account of the earth’s rotation, a slight deviation

—

to the right in the Northern Hemisphere, and to the left in the
Southern Hemisphere. This is known as Ferel’s law.

Foucatilt’s pendultun.

Let us suppose a pendulum set up at the North Pole. If
started properly, it may vibrate as a simple pendulum in a
vertical plane which is fixed in the Newtonian frame of reference
As the earth tvmB under the pendulum with angular velocity 0,
the plane of vibration of the pendulum appears to an obsei’ver
on the earth to turn with an angular velocity — S. Foucault
was the first to point out that a pendulum could be used to
demonstrate the earth’s rotation. It is not necessary that the
pendulum shoidd be situated at one of the earth’s poles- an
aparent rotation, due to the rotation of the earth, may bo
observed at any latitude except on the equator.
We sh^ now apply (13.512) to the motion of a pendulum.

The pendulum consists of a particle of mass m attached by a
light strmg of length o to a point vidth coordinates (0, 0, a)
Thus, in equilibrium the particle rests at the origin. We kali
discuss smaU oscillations about this position, a problem already
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solved [cf. (13.304)] for the case Q = 0. The question of interest

now is to find how the simple motion there described is modified

by the rotation of the earth.

We recall that X, Y, Z are the components of force other

t.Vign gravity. For the pendulum, this consists of the tension S

in the string; as in (13.302) the components are

(13.523) X=-^S,
Cb

Z = 8.

We have to take care of two separate approximations. The

first, based on the smallnoss of Q, has already been used in

obtaining (13.512); it consists in neglecting 0®. The second

approximation is that arising from the smallness of the oscilla-

tions. This means that x, y, and their derivatives are small;

z and its derivatives are therefore small of the second order and

consequently will be neglected.

The last equation of (13.512) gives, since Z = S approxi-

mately,

(13.624) 8 = mg - 2mn cos X •

and so the first two equations become

(13.525)
I — 2i2 sin X • ^ + p*® = 0,

y 2Q sin X • i = 0,

where p® = g/a. Multiplying the second equation by i and

adding it to the first, we get the single complex equation

(13.526) f + 2iQ sin X f + p®f = 0, (f = * + w)-

The general solution is

(13.527) f =

where A and B are complex constants depending on the initial

conditions and ni, nt are the roots of the equation

(13.528) n* -1- 2iJl sin X • n + P® = 0.

These roots are

ni, na = sin X ± f k + p*.

Neglecting Q®, we may write (13.527) in the form

(13.529) i"
= exp sin X),
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where

(13.530) as

To interpret this result, we suppose for the moment that fl = 0,
so that f = fi. On separation of the real and imaginary parts,
it is easily seen that the path is an ellipse with center at the
origin ^the motion being a composition of perpendicular simple
harmonic motions [cf. (6.405) and (13.304)]. The effect of tho
second factor in (13.529) is to rotate the complex vector
through an angle — Of sin X, proportional to the time. We may
sum up our result as follows: The effect of the earth’s rotaiion
on the eUiptical path of a spherical pendvlum is to cause the ellipse

to rotate with an angular velocity —0 sin X. This rotation is

clockwise in the Northem Hemisphere and counterclockwise in
the Southern Hemisphere. If we put X = ir, so that the pen-
dulum is at the North Pole, the angular velocity becomes — 0
and may be regarded as due directly to the earth’s rotation
beneath the pendulum.

When we discussed the spherical pendulum in Sec. 13.3, with-
out taking the earth’s rotation into consideration, we started
with a first approximation and obtained an elliptical orbit from
equations (13.304). We then proceeded to a second approxi-
mation and found, in (13.333), an expression for the rate at which
the elliptic^ orbit advances. In the case of Foucault’s pendu-
lum, the situation is more involved. In the first place, tho
angular velocity Q of the earth is small (cf. page 143), and tliat
f^t was used in obtaining (13.512). Secondly, we have con-
sidered only small oscillations (first approximation). If we W'ore
to proceed to a second approximation, we would find two super-
imposed rotations of the elliptical orbit—one depending, as in
(13.333), on the area of the orbit (area effect), and the other an
angular velocity — il sin X due to the earth’s rotation (Foucault
effect). Unless special precautions are taken, the area effect is
likely to be much lar^r than the Foucault effect and to conceal
It. To prevent this, it is usual to draw the pendulum aside with
a thread and start the motion by burning the thread. This

bS^^lS
^)’ ^ f = 0 and f = fo (say). Then,

(13.531) d + S = fo, p{A - B) - (d -f- J5)J2 sin X « 0.
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Now (13.530) may be written

(13.632) fi = (ri + B) cos pt + i(A - B) sin pt,

or, by (13.531),

(13.633) = fo (cos pt + i sin pt • 0 sin X/p).

It is easy to see that this represents motion in an ellipse with

gaminYfiR |fo| and Ifol^l sin X/p. For an ellipse with these semi-

axes, described in a Newtonian frame of reference, the advance

of the apse in one period (2if/p) is, by (13.333),

(13.634) ^lfo|*OsinX,

and so the angular velocity of the ellipse due to the area effect is

(13.536) Q sin X.

ffincA l^-ol/a is small, this angular velocity is much smaller than

the Foucault angular velocity - Q sin X and may be regarded as

negligible. Hence, if the pendulum is started by burning a

thread, the rotation of the orbit may be regarded as due to the

Foucault effect alone.

It should be noted that, for any small elliptical orbit, there

is a distinction between the area effect and the Foucault effect.

The area effect is always a rotation in the sense in which the

ellipse is described and reverses when that sense is reversed, but

the Foucault rotation takes place in a definite sense (clockwise in

the Northern Hemisphere and counterclockwise in the Southern).

13.6. SUMMARY OF APPLICATIONS IN DYNAMICS
IN SPACE—MOTION OF A PARTICLE

I. Jacobian elliptic functions.

() Differential equation:

(13.601) (gy
= (1 - (0 < i < 1).

() General solution:

(13.602) p = sn (a: -1- c).
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(c) Other elliptic functions:

(13.603) ,cn* a: = 1 - sn* a:, dn* x = 1 - A-® sn* x\
d rj

^

(13.604) ^ sn X = cn X dn X, ^ cn x = — sn x dn x,

d ,

^ dn X = — /(* sn x cn x.

(d) Periodicity:

(13.606) sn (x + 4.^) = sn x, ‘on (x + 4^') = cn x,

dn (x + 2IC) = dn x;

(13.606) 2e:= r P" d<j>

V(1 - i^=‘)(l - kY) vT^ Fsin* <!>’

n. Simple pendultim.

(a) Motion:

(13.607)

sin id = sin ia sn [p(i — io)],

^ = sin ia.
Cb

\

(b) Periodic time:

(13.608) r = -
pJo Vl-A-*sin*«

~ 2jr (1 + tV«*), approximately.

in. spherical pendulum.

(a) Greneral motion: the pendulum oscillates between two
levels, found by solving a cubic equation; the analytical solution
IS

(13.609)

zi == {Z2 — zi) sn2 [p{t

n
A-s = ^2 — Zi

28 - ZlN — w - 4.

(6) Small oscillations: in the first approximation the pj
an ellipse; in the second approximation the ellipse turns
rate proportional to its area.

is

a

IV. Motion of a charged particle in an electromagnetic field.

() Uniform electric field: the trajectory is a parabola.
() Uniform magnetic field: the trajectory is a helix.
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(c) Axially syiixmetric electromagnetic field: the trajectory

satisfies

(13.610)

lu" + S(,z)u = 0,

c /,'1 _ 3 _ 37i*

8(7.-7oo + |)

t = x + iy = u^exp(^-iik£^di),

w = speed of particle = ^2k^Vo — 7oo +

k = - ->
mM)0 = W>(2o),

7o = axial electric potential, 7oo = 7o(2o),

Qo = axial magnetic potential,

k Prime indicates d/dz.

(d) Electromagnetic lens:

(i) Image plane s = ai of object plane z = Zo determined by

(13.611)

M) = 0,

f'(z) + <S(z)f(z) = 0,

l/(2o)=0, /'(2o) = l;

(ii) Magnification given by

(

(13.612) ) ff"(z) + S(z)g(z) = 0,

/ ffM = 1; ff'M = 0,

\ to* = to® + 2ii:[7o(zi) ~ 7o(2o)]-

(e) Magnetostatic lens: rotation of image given by

(13.613) ®
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V. Effects of the earth’s rotation.

(a) Equations of motion:

f

m:g = X + 2ml2 sin X •

my ^ Y — 2mQ(sin X • i + cos X • i),

mz ^ Z — mg + 2ml2 cos X • y,

Xj Yj Z = force other than gravity,

X = latitude.

(6) A falling body deviates to the east.

(c) A projectile deviates to the right in the Northern Hemis-
phere.

(d) Foucault’s pendulum turns with angular velocity — Q sin X,

clockwise in the Northern Henoisphere.

EXERCISES Xm

1.

A simple pendulum of mass m and length a performs finite oscillations,

the greatest inclination of the string to the vertical being 30®. Find the
tension in the string when the bob is in its highest position.

2.

The strmg of a spherical pendulum is held out horizontally and the
bob started with a horizontal velocity perpendicular to the string. Find to
the nearest foot per second the magnitude of this velocity if the minimum
inclination of the string to the vertical in the subsequent motion is 45®.
The length of the string is 54 inches,

3.^
A particle carrying a charge € is projected from the origin with a

velocity uo in the direction of the aj-axis. There is a uniform magnetic field
of strength H parallel to the z-axis. If the particle crosses the plane » « 0
at a distance a from the origin, fiind its mass. (Isotopes are separated in a
mass spectroscope by a method such as this.)

4.

A heavy bead is free to move on a smooth circular wire of radius a,
which rotates with constant angular velocity Q about a fixed vertical diam-
eter. Find the possible positions of relative equilibrium. If £2* > g/a,
find the period of small oscillations about a position of stable equilibrium.

"

6. A stone is thrown straight up, rises to a height of ICX) ft., and falls to
earth. Estimate the deviation due to the rotation of earth, the latitude of
the place being 45° North. (Neglect air resistance.)

_

6. A particle moves under gravity on a smooth surface of revolution
with axis vertical. The equation of the surface in cylindrical coordinates is
given in the form R = F{z). Ji the vebcity is horizontal and of magnitude
qi at a height zi, and again horizontal and of magnitude at a height Za,
detei^e qi and gj in terms of Zi and zj. (Use the principles of energy and
angular momentum.)

7. In a^ple pendulum the bob is connected by a Ugbt string of length a
to the fixed point of support. The bob starts in the lowest position with
speed go. Show that if

2go < < 5ga,
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the string will slacken during the motion, so that the bob falls inward from

the circular path.

8. Show that, on account of the rotation of the earth, a train traveling

south exerts a slight sideways force on the western rajl of the track. Give

an approximate expression for this force in terms of the mass of the train, its

speed, the latitude, and the angular velocity of the earth.

9. A particle moves on a smooth surface of revolution with axis vertical.

The equation of the surface in cylindrical coordinates is i2 — Use the

principles of angular momentum and energy to show that

« h,

5(1® -f- i® + R^4>*) + fl®
= JS?,

where h and E are constants. Deduce that z satisfies a dilterential equation

of the form

10. A particle slides on a smooth cycloid in a vertical plane, the cusps of

the cycloid being upward. Show that the periodic time of oscillations under

gravity is independent of the amplitude.

11. A spherical pendulum of length a and mass m oscillates between two

levels which are at heights h and c above the lowest point of the sphere.

Express its constant total energy in terms of m, a, b, c, and flf, taking the zero

of potential energy at the lowest point of the sphere. C5heck your answer by

putting b = c.

12. A charged particle moves in a uniform electric and magnetic field,

the electric and magnetic vectors being perpendicular to one another.

Show that, if properly projected, the path of the particle is a cycloid.

18. The bob of a spherical pendulum, 10 feet long, just clears the ground.

A peg is set up 1 foot due south from the equilibrium position of the bob, and

the bob is drawn out to the oast through a distance of 2 feet. Find (approxi-

mately) the direction and magnitude of the velocity with which the bob

should be started from this position, in order to hit the peg and make it fall

over toward the west.

14, For a simple pendulum of length a making complete revolutions, show

that the periodic time is

_ _ 4a f1 dy
“ go Jo V(1 - y“)(i - y'M

where go is the speed at the lowest position and A;® =* ql/^ga,

16. A smooth cup is formed by revolution of the parabola z® « 4a® about

the axis of z, which is vertical. A particle is projected horizontally on the

inner surface at a height zo with a speed ^/2kgzQ» Prove that, if fc i, the

particle will describe a horizontal circle; also that, if A; « its path will lie

between two planes z =« Zo and z » izo.

16. A spherical pendulum of length a is held out horizontally, and the bob

is started with a great horizontal vebcity go. Show that it falls to a depth

below its initial position given approximately by 2go®/go.
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. 17. A particle moves on smooth surface of revolution, the axis of symmetry
being vertical. Show that motion in a horizontal circle of radius It is stable
if

dR^ ^ RdR^ 0
,

where z — z(R) is the equation of the surface in cylindrical coordinates.
Deduce that the motion of a conical pendulum is stable.

18. A particle moves \mder gravity on a rough vertical circle. It starts
from rest at one end of the horizontal diameter and comos to rest at the
lowest point of the circle. Find an equation to determine the coefficient of
friction.

19. A heavy bead starts from rest at a point A and slides down a smooth
wire in the form of a helix having the parametric equations

a; - a cos ^ = a sin 0, z = ad tan a,

the axis of z being vertical. When it is vertically under A, a second bead
sta^ from rest at A. Show that the tangential acceleration of each bead is

g sin <j£, and deduce a formula determining all the subsequent instants at
which one bead is vertically underneath the other.

20. A heavy particle, is constrained to move on the inner surface of a
smooth right circular cone of semivertical angle a, the axis of the cone being
vertical and the vertex down. The particle is in steady motion in a circle
at height h above the vertex. Find the periodic time for small oscillations
about this steady motion.

21. A particle slides in a smooth straight tube which rotates with con-
stant angular velocity « about a vertical axis which does not intersect the
tube. The tube is inclined at an angle a to the vertical. Initially the par-
ticle is projected upward along the tube with speed go, relative to the tube,
from the point where the shortest distance between the axis and the tube
meets the tube. Show that, no matter what the length of the tube may b<^,
the particle will escape at the upper end provided

*

ffo « tan a

^

22. Consider an axially symmetric electric field in which the axial poten-
tial is of the form Fo = oz -f 6. Show that the field is uniform through-
out space and parallel to the z-axis. Verify directly from (13.429) that the
trajectory of a charged particle is parabolic.

Consider also the case of an axially symmetric magnetic field with the
axial potential of the form Qo = cw + h. Verify from (13.438) that the
trajectory is a helix.

23. A particle moves under gravity on a smooth surface, the principal
radii of curvature at its lowest point being o, 6 (a > 6) . The surface rotates
^th constant angular velocity w about the normal at the lowest point.
Show that, if Oxy are horizontal axes attached to the surface at the lowest
'point and directed along the lines of curvature at that point, then the equa-
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tion of motion for small vibrations near tbe lowest point are

417

Considering solutions of the form x = y = deduce that there will

be instability if w® lies between g/a and g/h.

24. If in a magnetostatic lens the axial component H of the magnetic

vector is constant, show that an object point on the axis at z — 0 will give

an image at

where Wo is the initial velocity.

25. For a magnetostatic lens, with the field concentrated in —Ti < z < /i,

prove that, to the order h inclusive, the magnification of an object in the

plane z = zo is

\l + Azo - HB + Dzo)\-\

where A, D are constants defined by (13.465). Evaluate explicitly, if

the axial component of magnetic field E is constant in —h < z < h.



CHAPTER XIV

APPLICATIONS IN DYNAMICS IN SPACE—MOTION OF A
RIGID BODY

14.1. MOTION OF A BIGID BODY WITH A FIXED POINT UNDER
NO FORCES

If a ri^d body is constramed to turn about a smooth fixed

axis, under no forces other than the reaction of the axis, the
motion is extremdy simple: the body spins with constant angular
velocity. But if, instead of fixing a line in the body, we fix

one point only, the motion under no forces is much more com-
plicated. The problem of finding this motion is of wider interest

than might appear at first sight, for

the motion of a rigid body relative

to its mass center is the same as if

the mass center were fixed (cf. Sec.

12.4).

The mounting of a body so as to

fix only one point is much more
complicated than that required to

give it a fixed line. It may bo dune
by an arrangement of light rings,

known as “Cardan’s suspension”
(Fig. 144). The body is represented
by the inner circle. The points A, B

.

are fixed. Rotation of the ring Hi
about AB gives one degree of freedom. Rotation of tho
rmg Rj about CD gives a second degree of freedom. Rotation
of the body itself about EF gives the third. The body can take
up all positions in which the point 0 of the body is fixed in space,V being the common mtersection of AB, CD, and EF All the
appwatus, except the body itself, is to be regarded as masslessm the mathematical theory; this cannot, of course, be achievedm pr^tice, but the masses of Ri and R* are made as small as
possible compared with the mass of the body.

418
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There are two ways of treating the problem of the motion of

a body with a fixed point under no forces—^the descriptive and

the analytic. The descriptive method, or method of Poinsot,

gives a good qualitative idea of the motion. In the case where

the body has an axis of dynamical symmetry, the description is

particularly simple; we shall condder that case in detail later.

The method of Poinsot.

Let 0 be the fixed point in the body, and A, B, C the principal

moments of inertia at 0. Let i, j, k be unit vectors fixed in the

body and directed along the principal axes at 0. For the angular

velocity and angular momentum we have, by (11.509),

(14.101) (o *= «ii + <02j + «jk, h = A<ad + Bu^ + C«sk.

When we say that the body is under no forces, we mean more

precisely that the forces acting on

the body have no moment about 0.

(Thus our argument applies to a

heavy body imder the action of

gravity, provided that 0 is the

center of gravity.) Since the ex-

ternal forces do no work and have

no moment about 0, we have the

following facts to assist us in dis-

cussing the motion

:

(i) the kinetic energy T is

constant;

(ii) the angular momentum h is a constant vector.

IVom the first of these we have, by (11.404),

(14.102)

Actff + + C<4 = 2r = constant;

Pig. 146,—The invariable line

and the invariable plane.

from the second, we know that h has a direction fixed in space

and also a constant magnitude, so that

(14.103) = ft* = constant.

Let us draw through 0 a line OP in the fixed direction of h

(Fig. 145); this is called the iiwariable line. Let OQ represent

the angular velocity <o at any instant. Drop the perpendicular

QN on OP] then ON = nf h./h. But, by (14.101) and (14.102),

(14.104) w • h = 27,
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and so

(14.106) ON = “ constant.

Thus N is a fixed point during the motion, and so the planer

through N, perpendicular to the invariable lino OP, i.s a fixtnl

plane; it is called the invariable plane. The oxtromil.y Q of (lii»

angular velocity vector a moves on the invariable plane.

Let us now take the point of view of an observer who moves
with the body. (This is what we do in our daily lives, for we live

on a rotating earth but regard a point on the eartii’s surface' as

“fiixed.”) To such an observer, the vectors i, j, k ari^ fixenl, but.

both the vectors h and to are changing. If i, j, k are tak<Mi as

coordinate axes and the extremity of the vector a is givem

coordinates x, y, 2
,
then

X = Ml, y — at, 2 = « 3 .

By virtue of (14.102) and (14.103), we have

(14.106) Ax^ + By^ + C2* = 2T, A’‘x^ + U®?/* + = IP.

In fact, to an observer moving with the body, the extremity Q of
the angular velocity vector a describes a curve which w the inter-

section of the two ellipsoids (14.106), fixed in the body.

The first of these two ellipsoids is similar to the inomcmt al

ellipsoid and has the same axes; it is called the Poinsot ellipsoid.

The invariable plane is fixed in space, but to tlu^ ob-servor

moving with the body it is a moving plane. It toiuduw a sphcri*

of radius ON, but it has another remarkable prop<'rty: the

invariable plane touches the Poinsot ellipsoid at the. extremity of
the angular velocity vector.

To see this, we note that the tangent plane to the Boinsot
ellipsoid at the point (mi, wj, ws) is

(14.107) A(i)\X + Buay + = 27'.

So the direction ratios of the normal to the ellipsoid at this
point are

Awi, Bus, Cws.

But these are precisely the components of angular moiucnf inn;
hence the normal to the Poinsot ellipsoid at the extnunitv of the
angular velocity vector is parallel to the angular momentum
vector, i.e., parallel to OP. This provc.s the result.



Seo. 14.1] MOTION OF A RIGIO BODY 421

As we have indicated, there are two different points of view:

(i) the point of view of an observer S fixed in space;

(ii) the point of view of an observer S' fixed in the body.

It is confusing to try to look at things simultaneously from the

two points of view. We shall clarify the situation by taking

them up separately.

The observer S, fixed in space, cuts away (in his imagination)

all the body except an ellipsoid—^the Poinsot ellipsoid. He
fixes his attention on this moving ellipsoid and on a fixed plane

(the invariable plane). As the body moves, the ellipsoid always

touches the plane. It actually rolU on the plane, since it has

an angular velocity vector which passes through the point of

contact of the ellipsoid and the plane. This is a fairly com-

plicated type of motion; it becomes quite simple, however,

when the Poinsot ellipsoid is a surface of revolution, as we shall

see later. But it may in any case be visualized by thinking of

the invariable plane as a sheet of paper and the Poinsot ellipsoid

as an inked surface. In the course of the motion a curve is thus

drawn in ink on the invariable plane. On joining the fixed point

0 to the points on this curve, we get the space cone (of. Sec. 11.2).

On the other hand, the observer S', feed in the body, turns

his attention to the two ellipsoids (14.106), fixed as far as he is

concerned, and in particular to their curve of intersection. The

angular velocity vector traces out a cone (the body cone), formed

by joining the fixed point 0 to this curve.

The two points of view are brought into contact by the general

result: the body cone rolls on tJie space cone. The difference

between the two is this: S regards the space cone as fixed, but

S' regards the body cone as fixed.

The above method gives a qualitative, rather than a quantita-

tive, description of the motion. For a quantitative description,

we must use an analytic method.

The case of a general body; analytic method.

Since the external forces have no moment about 0, Euler’s

equations (12.404) give

Aui — (B — C)W2«8 = 0,

Bc02 — (^ A)ciiztt)l — 0,

Cm — (A — B)«iM2 = 0.

(14.108)
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We have also, as in (14.102) and (14.103),

(14.109)
Aa\ + B«| + (7«| = 2T,

+ C2«i =

where T and h are constants, which may be found by inserting

the values of on, m» at < = 0. [The equations (14.109) may
be deduced from (14.108) directly.]

We shall assume that J., fi, C are all distinct. We may suppose
the triad i, j, k chosen so that A > B > C. Then it follows
from (14.109) that

2AT - A* > 0, 2CT - A* < 0.

There are three very simple particular solutions of (14.108).
These are

ui = constant, = 0, «* = 0,

(it = constant, «8 = 0, wi = 0,

(it = constant, «i = 0, at = 0.

These three solutions correspond to steady rotations about the
three principal axes of inertia. It is a remarkable fact that these
are the only axes about which the body will spin steadily
under no forces; the equations (14.108) are satisfied by constant
values of «i, «2, at only if two of these constant values are zero.
Tummg now to the problem of finding the most general solu-

tion of (14.108), we must first eliminate two of the unknowns,
so as to get a differential equation involving just one unknown.
It proves best to concentrate our attention on at. We solve
(14.109) for a*, w|, obtaining

(14.110) «i = P - Qal al = R- S«|,

where P, Q, B, 8 axe positive expressions involving A, B,C, T, k.
Substitution in the second equation of (14.108) gives

(14.111) «| = (JP
- Qco|)(P - Sal).

This equation is of the same form as (13.312) and may be treated
in the same way. Thus, from (14.111), we get

(14.112) (|)‘ . (1 _ p)(, _

where

(14.113) r = pf,
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the constants p, p, k being positive functions of A, B, C, T, h, -with

fc < 1 . Hence,

(14.114) W2 = j3 sn [pit — fo)],

where to is a constant of integration. Substitution in (14.110)

gives either

(14.115o) «i = a dn [p(i — fo)], «j = 7 cn \p(t — fo)],

or

(14.1156) «i = a cn {p{t — to)], <1)8 = 7 dn [p(i — fo)],

whore a and 7 are functions of A, B, C, T, h, determined except

for sign. When we substitute in (14.108), we find that aPy is

negative. For definiteness, we may make a positive by suitable

choice of the sense of the vector i; then 7 is negative.

That is the outline of the method of finding wi, ms, «8 as func-

tions of t. The completion of the argument consists in filling

in the algebraic details. Care must be taken in selecting the

constants p, p, k, so that k is less than unity; it becomes necessary

to distinguish between the two cases (0) A® > 2BT, and (6)

^2 < 2BT. In the former case, we arrive at (14.115a), in the

latter at (14.1156). We leave it to the reader to verify the

following results.

Case (o): > 2BT.

(14.116a)

a = /ft® - 2CT
ylA(A -cy ^ _
I2AT - ft®

iw~-- 2CT)iA - B)

p =

7 =

ABC
ylB(A-By

f2AT -
ft®

ylc(A - C)’

C 2AT-h^
B h?- 2CT

Case (6): 6* < 2BT.

a

[2AT -
' - -

yjciA -

- 2CT
A{A- C)’

- 2CT
B(B -~Cj’

-
ft®

(2AT - h^XB - C)

AM ’

A - B ft® - 2Cr
B -o' 2AT - ft®'

(14.1166)
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In establishing these results, the following identity is useful:

(14.117) (5 - C)Qi^ - 2AT) + (C - A)(}i^ - 2BT)

+ (A - B){h^ - 2CT) = 0.

But the determination of coi, wa, cos as functions of t does not

complete the solution of the problem. We should be able to

tell, from given initial conditions, the position of the body at any
time. To do this, we specify the directions of the triad i, j, k,

relative to a triad I, J, K, fixed in space, by means of the Euleriau

angles 6, Then, by (11.202),

{

coi = sin ^ ^ — sin 6 cos ^ <^,

C02 = cos ^ d + sin 0 sin ^
cos = cos 6 ij/^

If we substitute for coi, coa, cos from (14.114) and (14.115), wc
obtain three differential equations for 0, <^, The solution of

these equations in this general form presents a formidable
problem. It is greatly simplified if we choose the vector K in the
direction of the invariable line, defined by the constant vector h.

Then the components of h along i, j, k are found by multiplying
h by the direction cosines of K relative to i, j, k. These direction

cosines are easily found (cf. Fig. 118, page 289) by projecting K
on i, j, k; they are

— sir 0 cos sin 0 sin cos 0.

Hence,

{

A(ci = --h sin 0 cos \p,

Bci?2 = h sin 0 sin

Co3z = h cos 0.

From these equations, we get 6 and ^ as functions of t withotit
any integration, thus:

(14.120) cos e = tan ^^ Acii

To find 4>, we deduce, from the first two of (14.118),

(14.121) sin 0 ^ = 0)2 sin \l/ (a I cos

and so </> is obtained by a quadrature, since 6, «i, <02 are already
known as functions of t.
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From the periodic property of the elliptic functions, we see

that d, sin cos ^j> are periodic functions of in general, 0
does not increase by a multiple of in a period, and the motion as

a whole is not periodic.

The case of a body with an axis of symmetry.

When the momental ellipsoid at the fixed point 0 has an axis

of symmetry, two of the three moments of inertia A, B, C become

equal to one another. This will be the case if the body is a solid

of revolution of uniform density, but all that is actually required

is the symmetry of the momental ellipsoid. The motion of the

body under no forces is then greatly simplified. In fact, the

simplification is so great that it is easier to discuss the problem

afresh, rather than to apply the formulas of the general case.

The motion can be determined, both qualitatively and quantita-

tively, by the method of Poinsot.

Let us denote the principal moments of inertia at 0 by A and

C, C being the axial moment of inertia and A the transverse

moment of inertia. (This means that C is the moment of inertia

about the axis of symmetry and A the moment of inertia about

any perpendicular line through 0.) The cases A > C and

A < C differ in some respects, but for the present we may treat

them together.

The Poinsot ellipsoid is of revolution. Since its center is

fixed and it rolls on the invariable plane, the following facts are

obvious:

(i) The body cone and the space cone are both right circular

cones.

(ii) The angular velocity vector is of constant magnitude

(« = OQ) and makes a constant angle with the invariable line OP

(cf. Fig. 145).

(iii) The invariable line, the angular velocity vector, and the

axis of symmetry are coplanar at every instant.

(iv) The axis of symmetry makes a constant angle (a) with the

angular velocity vector and a constant angle (0) with the invari-

able line.

To get a clear idea of the behavior of the body, let us start

at the instant i = 0 with the body in some defimte position and

with some definite angular velocity <«>, say OQo- Let ORo be the

initial position of the axis of symmetry. Then a = BqOQq.
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Let OSo be perpendicular to OBo in the plane BoOQt. We
resolve a along ORo and OSa, obtaining components a cos a
and a sin «. Since these are principal axes, the angular momen-
tum vector h has components Cu cos a along OBo and Aa sin a
along OSo’, it has, of course, no component peirpendicular to the
plane BeOQo- We are now in a position to construct h, and hcncc
the invariable line OP. The angle /3 (= BoQP) is given by

(14.122) tan i® = ^ tan a.

We have now to distinguish two cases, as shown in Figs. 14Ga
and h.

Cash (a): .4 > C (as in the case of a rod). Hero /3 > a; the
angu^r velocity vector lies between the axis of symmetry and the
invariable line.

Case (6) : A < (7 (as in the case of a flat disk). Hero /S < «;
the invariable line lies between the axis of symmetry and the
angular velocity vector.

We have spoken of the instant t = 0. But a similar construc-
tion may be made at any instant, and, as we have seen, the
angles a and and the magnitude of the angular velocity u are
coi^ants. So the flgures we have constructed rcpresi'nt the
state of affairs at any instant, the plane containing the figun*
rotalmg about the invariable line OP. This rotation is due to an
angidar velocity o of constant magnitude, inclined to OP at aco^tot angle; hence the plane containing the axis of symmetry
and the anplar velocity vector rotates about OP with a constantan^ar velocity. We shall denote this angular velocity by U.

is one more constant of importance. It is the angular
velocity of the instantaneous axis about the axis of symmetry, as
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judged by an observer moving with the body. We shall denote

this angular velocity by n.

We have, in all, the following constants:

a, j8, u, Q, n.

Of these, a and u are determined by initial conditions; is given

by (14.122). We shall now set up equations to find Q and n, and

at the same time get a clear picture of the motion by considering

the space and body cones (Mgs. 147o and 5). OP is the invari-

able line, OQ the instantaneous aids, OB the axis of symmetry,

and QN, QM are drawn perpendicular to OP, OB, respectively.

In each case the space cone is fixed, and the body cone rolls on

Fio. 147.— (a) The oaae where A. > C, (6) The ease where A < C.

it. This motion is easy to follow in Fig. 147a. The motion in

Fig. 1476 may be understood by thinking of what the motion looks

like from above, or by making a simple model out of thick paper

and working the cones through the fingers in order to reproduce

the condition of rolling.

Cask (a): A > C. The line OR turns about OP with angular

velocity Q. Thus, in time dt, the pointM receives a displacement

OM sin id G di = cos a sin jS 00 Q dt,

perpendicular to the plane FOB. But ilf* is a point fixed in the

body cone, which is turning about OQ with angular velocity w.

Hence the displacement of M is also

QM cos acadt ^ cos a sin a OQ w dt.
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since QM cos a is the perpendicular distance of M from OQ.
Equating the two expressions, we obtain

(14.123) Q = ^2^ «,sm /S
’

or, by (14.122),

(14.124) Q = u .^sin® « +^ cos® a.

To find n, we note that, in time dt, Q travels a distance QN £1 (it

on the space cone. But, from the definition of n, in the sann^

time Q travels a distance QMn dt on the body con(\ From th<^

condition of rolling, these distances are equal to one another, and
so

QMn = QNQ,
or

(14.126) n = a
- “) = „

(/3
-

sm a sin /S

In terms of the basic constants, we have

(14.126o) n = — .

^
CD cos a.

The sense of this rotation n is obviously retrograde, when com-
pared with w.

Case Q))'. A < C. The reasoning in this ease follows the
same lines, and we get the same formula (14.124) for il, whil(^

(14.1266) n = C-A
A w COS a.

The sense of this rotation n is direct, when compared with «.
In the case of the earth, which is slightly flatteiuid from the

spherical form, we have A <C, and the ratio (C - A)/A is
smaU. Thus, case (6) applies, but in an extreme form, simui th<^
instantaneous axis is close to the axis of symmetry and a is
small. The angular velocity n represents the rate aii which tins
celestial pole, or axis of rotation of the earth, moves round the
earth s axis of symmetry. For the period, we have approximately

% _ A 2x
n

—
CO
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If the sidereal day is taken as unit of time, then 2ir/a = 1, and

calculation gives the value 305 for the period. This prediction is

in i)oor agreement with observation; for though a rotation of this

sort is observed, its period is about 440 days.* The model used

(a rigid body) proves at fault here, on account of the elasticity

of the earth.

liwrdne.. A circular disk is mounted so that it can turn freely about its

center. Its angular velocity vector makes an angle of 46° with its plane

and luw a magnitude of 20 revolutions per second. Make a rough sketch

of the space and body cones, and find Q and n.

14.2. THE SPINNING TOP

The spinning top is the most familiar example of a gyroscopic

isy.stcm. The word “gyroscope” was invented to denote an

instrument in which the earth’s rotation produced an effect which

could be observed. But the word “gyroscope” (or “gyrostat”)

is now used for any system in which a rapidly rotating body

is so mounted that it may change the direction of its angular

velocity vector.

Why docs a spinning top not fall down? How does its rapid

rotation render it apparently immune to the force of gravity,

which makes non-spinning bodi^ fall? It is difficult to give a

simple answer to this (luostion. The only way to explain the

ph<‘nomcnon is to construct the mathematical theory of the top.

Kor our purposes, we shall understand a “top” to mean a rigid

body with an axis of symmetry, acted on by the force of gravity.

A point on the axis of symmetry is fixed. Thus we idealize the

ordinary top by supposing it to terminate in a sharp point (or

vertex) and to spin on a floor rough enough to prevent slipping.

Steady precession of a top.

The motion of any rigid body with a fixed point 0 satisfies the

eciuation

(14.201) G,

where h is the angular momentum about 0 and G the moment

of the external forces about 0. In most dynamical problems, we

* Of II N. Russell, R. S. Dugan, and J. Q. Stewart, Astronomy (Ginn and

Oompany; Bosten, 1046), Vol. I, pp. 118, 131-132. Thosection of tlmbody

eone by the earth’s surface is a circle with a diameter of about 26 feet.
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tViink of the forces as given and the motion jwi unknown
; in t hat

case, G is given and h is to be found. But wo cun look al ( M .201

)

the other way round. We may regard the mot ion as i>rc.s(‘riltc(i,

so that h is known as a voi-

tor function of tin* lim(‘. 'rhon(14.201)

shows (lircftly (ho nio-

mcnt G which must Ixf api»lioil

to the body in order to givt* thi.s

motion.

Let us now dc.scril>«t a simple

motion of a t.op, <*aUed s/oud//

precemmt, andiminirc what f<«’(’o.s

must act on tlu‘ top in order that

this motion may take |)la<'e.

In steady procession, (la* axis
of symmetry of the top describes with constant, angular vt'looity a
right circular cone with the vcrtwtal for axis. At. the same time
the top spins about its axis of symmetry with constant angular
velocity.

We shall use the following notation (Fig. 148);
a = distance of mass center D from fixes 1 v(*rt,c.x 0,
m — mass of top,

A = transverse moment of inertia at O,
C — axial moment of inertia at 0,
K = unit vector directed vertjcally upwanl,

(i, j, k) = unit orthogonal triad, with k along 01) nml i in (lie

plane of k and K,
6 = inclination of OD to the vertiiuil.

We note that

(14.202) K = sin 9 i + cos 9 k.

The angular velocity vector «> of the top lies in (he plamr
(k, K). It can be resolved along i and k; wo shall writi^

(14.203) <0 = cuii + sk

and call s the spin of the top. The velocity of the point 1) is

w X ok = (wii + sk) X ok == —

We understand by the precession p the angular velocity with

K

Fia. 148.— Vector diagram for top
in steady procession.
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which OD rotates about K. The velocity of D is then

pK X ok = —pa sin 6 j.

Equating the two expressions for the velocity of D, we have

(14.204) Ml = p sin d.

In the steady precession 6, s, and p are constants.

The angular momentum is

(14.205) h = Auii + Csk
— Ap sin ^ i + Csk.

This vector lies in the plane (k, K), and rotates rigidly with it.

Thus h is the velocity of a point with position vector h in a rigid

body which turns with angular velocity pK. Therefore,

(14.206) h = pKXh
= p (sin i + cos 9 k) X {Ap sin i + Csk)

= p sin d{Ap cos 6 — Cs)j.

The steady precession takes place, with assigned values of

6, p, and s, provided that the moment about 0 of all forces

(including gravity) is

(14.207) G = p sin 9{Ap cos 6 — Cs)j.

Now the weight of the top is a force —mgK at D and so has a

moment

ok X {—mgK) = —mga sin j

about 0. If this is equal to G, as ^ven by (14.207), no force

other than the weight of the top is required to maintain the

motion. Thus the steady precession takes place under gravity

alone if

(14.208) p(Cs — Ap cos 6) — mga.

This is a single equation connecting the three constants

6, p, s. There is, therefore, a doubly infinite set of steady

precessions corresponding to arbitrary values of two out of the

three constants. It is not, however, possible to assign com-

pletely arbitrary values of two of the constants; these values

must be such that (14.208) yields a real value for the third

constant.
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If we see a top spinning, d and p are easy to observe. In

terms of them, s is given by

(14.209) « =^ +

We note that, if the precession is small, the spin is great and

is given approximately by

(14.210)

This is a very simple and useful formula.

Exercise, A disk, 6 inches in diameter, is mounted on the end of ii light

rod 1 inch long and spins rapidly. It precesses once in 16 seconds. Find

approximately the spin, in revolutions per second, and the velocity of a

point on the edge of the disk.

General motion of a top.

To discuss the general motion of a top, we shall use the same
notation for the constants of the top as that used above.

I
Fig. 149.— Vector diagram for top in general motion.

Let I, J, K (Fig. 149) be a fixed orthogonal triad, K being
directed vertically upward. Let i, j, k be an orthogonal triad,

with k pointing along OD, the axis of symmetry of the top, an<l

i coplanar with k and K; thus j is horizontal. The triad i, j, k
is fixed neither in space nor in the top, but k is fixed in the top.
Let 6j <t> be the usual polar angles of k relative to the fixed

triad. Variations in $ are referred to as nutation^ and variations
in ^ as precession.

Let

(14.211) <0 = COii + + cosk
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be the angular velocity of the top, and

(14.212) Q = £lii "I" flaj H" Osk

the ft.ngiTlfl.r velocity of the triad i, j, k. It is easy to see that

(14.213) Qi = sin 6 Qt = —d, Qj = cos 6 4-

Now the relative motion of the top and the triad i, j, k consists

only of a rotation about k. Hence,

(14.214) coi = fill = sin $ 4i at = Qi = —6.

The angular momentum is

(14.215) h = Aad + Ao>d + Ctojk,

and its rate of change is, by (12.306),

(14.216) h = A<j)ii + Awjj Cwsk + Q X h.

The moment about 0 of the weight of the top is

(14.217) G = ok X (—mgK) = —mga sin 9 j.

The motion of the top satisfies the fundamental equation

(14.218) t = G.

When we substitute the expressions given above, this vector

equation gives three scalar equations for 6, 0, and wz. However,

an indirect method of attack proves simpler, and we shall make

direct use only of the third component of (14.218).

The component of (14.218) in the direction of k gives

C«s = 0,

since, by (14.214) and (14.215), Q X h has no component in the

direction k. Hence

(14.219) W3 = s,

a constant; the spin of the top is a constant. Further, since the

weight of the top has no moment about K, the component of

angular momentum in this fixed direction is constant, and so

(14.220) h.E: = a,

a constant. By (14.214) and (14.215), this gives immediately

(14.221) A4> sin® 6 + Cs gob 9 = a,
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since K = sin ^ i + cos ^ k. Finally, we have the equation of

energy

(14.222) T + Y

or

(14.223) + cal) + TiCcal + mga cos 6 — E,

E being a constant. Substitution from (14.214) and (14.219)

gives

(14.224) A{6^ + (^2 sin2 6) + Cs^ = 2(E - mga cos 9).

We have in (14.221) and (14.224) two equations to determine
6 and (#> as functions of the time.

It is convenient to write Cs = Then our two equations
read

!

A(}> sin^ 6 ^ a ^ cos B

A{6^ + <j>^ sin^ e) + ^ ^ 2(E — mga cos B),

The plan is now obvious. We are to substitute for ^ in the
second equation from the first; this will give a differential equa-
tion for 6, When this is solved, the first equation will give 4>

by a quadrature.

Let us put X = cos B, On multiplying the second equation
in (14.225) by sin^ B and substituting for we obtain for x the
differential equation

(14.226)

A [i* + f (1 - **)

= 2(E — mgax)(l — a:*).

This equation may be written

(14.227) ^2 = f(x),

where

(14.228)

f(x) 2mgas^ (1 - a:®) -

This IS a cubic in x, and, by the same form of argument as that
used m Sec. 13.3 for the spherical pendulum, we see that it has a
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graph of the general form shown in Fig. 160; the function f(x)

has three real zeros Zi, za, xt, such that

—

1

< *1 < a* < 1 < *»•

(In special cases, we may have one or more signs of equality

instead of inequality.) Thus /(*) may be written

(14.229) fix) = (x - xi)ix - xa)(x - Xa).

Again by the same argument as in Sec. 13.3, the solution of

(14.227) is

(14.230) cos « = a = «! 4- (as - aO sn* b(< - <o)],

f(x)

where p and the modulus h of the elliptic function are given by

(14.231)
... mga(xt - aO _ Xa - ai

P U ’ * a, -ai

The constants xi, X2 j xz are functions of the constants occurring

in (14.228), i.e., the constants of the top and a, JS/; the latter

are known when the initial position and angular velocity of the

top are given.

The complete solution for the motion of the axis of the top is

given by (14.230) and

(14.232) = 4(1

Since a is known as a function of t, this last equation gives <t>

by a quadrature.

This analytic solution does not immediately give a clear

idea of the way in which the top behaves. However, we can
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construct the essential features of the motion, by fixing our
attention on the intersection of the axis of the top with a unit
sphere having its center at 0. It is interesting to compare the
motion of this point with the motion of a spherical pendulum.

In the first place, it is clear from (14.230) that the representa-
tive point on the unit sphere oscillates between two levels
S = $i and d = 62 ,

given by

cos di ^ xij cos 62 = X2 .

This behavior is like that of the spherical pendulum; but while
the mean level for the spherical pendulum must lie below the
center of sphere, that is no longer necessarily true for the top.
There is, however, a more striking difference; in the case of the

Fig. 161.— Motion of the axis of a top: (a) without loops, (6) with loops.

top, we may have loops on the curve. The absence of loops,
as in Fig. 151a, or the presence of loops, as in Fig. 1516, depends
on the way in which the motion is started, i.e., on the values of
the constants a, jS, E, The criterion for the existence of a loop
is that

<l> should sometimes increase and sometimes decrease,
and the condition for this is that should vanish during the
motion. By (14.232), <^ = 0 when x = a/P; since x oscillates
between Xi and X2 )

it is just a question as to whether a/p lies
in this range of oscillation. If it lies in the range, there are
loops; if not, there are no loops.

Cuspidal motion of a top.

A particularly interesting case arises when the top is spinning
with its axis fixed in position and then released. It starts to
fall but recovers and rises to its former height, repeating this
process over and over again.

This case can be discussed in terms of the theory just developed.
The behavior of a top depends essentially on the cubic f(x) of
(14.228), and to it we must direct our attention.
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First, let us note that initially x = xo (say), i = 0, and = 0.

Hence, by (14.232), a = fixo; also, by (14.226),

Qi

E = i^ + ’nffOKCo.

Substitution in (14.228) gives

(14.233) f{x) = (*0 -*)(!- a:*) - ^ (^o - a:)*.

Obviously, one zero of f{x) is x = aJoj but is this zero X\ or

Differentiation gives, for x = aio,

Since value is negative, it is clear from Fig. 150 that xo = Xt,

not xi.

The oscillation of x is from Xi to xo (or x*), where Xi is the

smallest zero of /(x). Putting

fl* C*s®
(14.234) X — ~ ^mga

we see that the three zeros of /(x) are

{

Xi = X — "v/X® — 2Xxo + 1,

a:2 = *0,

Xj = X + v^X* — 2Xxo “h 1.

Thus the axis of the top falls down from an inclination So

(where cos do = xo) to an inclination Si, where

(14.236) cos Si = Xi = X — VX* — 2Xxo + 1.

Then it starts to rise again and swings up to S = So, where the

axis is again instantaneously at rest.

If X is large, i.e., if the spin is great, binomial expansion of the

radical in (14.236) gives approximately

sin* So
cos Si = cos So

2\

—

The difference Si - So is small, and so we noay use the approxima-

tion

cos Si — cos So = “(Si — So) sin So.
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The'axis falls only through the small angle

(14.237) <?i
- flo = sin $0.

The differential equation of the path of the representative

point on the unit sphere is

d<l> _ ^ — z)

±A(1 - x^) V7(S)’

Since/(a;) vanishes like x -- xoSBX—^xoyit is clear that d4^/dx == 0

at the highest positions of the axis. Hence the path of the
representative point meets the circle 6 = do sA right angles; the
path has cusps at these points, directed upward.

Stability of a sleeping top.

Anyone who has seen a top spinning is familiar with the

general nature of the motions discussed above. Sometimes
the top executes a motion of steady precession, and sometimes th(^

more general motion in which the axis of the top nods up and
down as it processes. A third type of motion is often seen,

in which the top spins with its axis vertical. The axis remains
stationary and there is no apparent motion of the top as a whole

—

it is then said to be a sleeping top, A small disturbance of a
sleeping top produces only a small oscillation when the spin
is great; when the spin has been considerably reduced by fric-

tional resistance, the top begins to wobble and ultimately falls

down. We naturally ask: What is the critical value of the spin
below which the motion of a sleeping top is unstable?
The answer is found by examining the cubic f{x) given in

(14.228). Since 6 6 = 0 for a sleeping top, we have, by
(14.221) and (14.224),

a = p = Cs, E — ^Cs^ + mga;

hence, (14.228) gives

(14.238) =

We observe that * = 1 is a double zero of f(x). Two cases
arise: either the third zero of /(*) is greater than unity, or it
is less than unity. The forms of the graph of f(x) for these two
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cases are shown in Figs. 152a and b; in terms of the notation

used for the zeros of f(x), Fig. 152a shows the case where the

third zero is xt, and Fig. 1525 the case where it is Xi.

When the top suffers a small disturbance, the graph of f(x)

for the disturbed motion will not be the same as that for the

turbed motion.

deeping top. The difference will be small, however, since only

small changes in the constants o, jS, E can result from a small

disturbance. The broken curves in Figs. 152a and b indicate the

way in which the graphs of f{x) are modified by a small dis-

turbance. In general, the three zeros of f(x) will become dis-

tinct—^two of them must, of course, lie in the range (—1, 1),

and the third must exceed unity.
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Since, in the disturbed motion, the value of x lies between
the two smaller zeros of f(x), it is clear that one or other of the

following descriptions applies:

(i) The axis of the top, when disturbed, does not depart far

from its original vertical position—^the motion is stable. This
corresponds to Fig. 152a.

(ii) The axis of the top falls to an inclination di, where

cos 6i = Xi

—^the motion is unstable. This corresponds to Fig. 1525.

To find the critical value of the spin s, it remains to distinguish

the two cases analytically.

The two types of curve are distinguished by the sign of f"(x)
at a: = 1; it is negative in Fig. 152a and positive in Fig. 1526.
Differentiating (14.238), we find

this is negative and Ihe motion of a sleeping top is stable, if

(14.239)

In the limiting case s* = AAmga/C\ it is easy to see that all
three zeros of f(x) coincide at a; = 1, and the motion is stable.

Exerciae. Show that, for a motion of steady procession, the cubic /(*)hM a double zero lying in the range ( -1, 1). Hence show that this typo of
steady motion is always stable.

Stability of a spinning projectile.

It is a well-known fact that an elongated projectile acquin^s
sMikty from the spin imparted to it by the rifling in the gimBy this we mean that it does not turn broadside on to its direc-
tion of motion when in fiight, nor does it tumble as a nonspinning
projectile often does. We shall now use our theory of the
motion of a top in an attempt to explain this spin stabilization,

mod-
discussed the motion of a projectile in a resisting

medium, the projectile being treated as a particle. The problembecomes much more compUcated when the projectile is treateda^ n^d solid of revolution, subject to gravity and to the aero-dynamic force system due to the pressure of the air. Wo cannot
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enter here into this general problem; instead, following the older

writers on ballistics, we shall make some drastic simplifications.

Thus, we shall assume that the aerodynamic force system is

equipollent to a single force (the drag) with fixed, direction and
constant magnitude (R), intersecting the axis of the projectile

at a fixed point (the center of pressure). We can now use Fig.

149, with suitable changes, for the discussion of the motion of the

projectile relative to its mass center. Let 0 be the mass center,

K a fixed unit vector opposed to the direction of the drag, and k
a unit vector along the axis of the projectile. The point D is

taken to bo the center of pressure; and the force at D, i.e., —mgK
in the case of the top, is now to bo replaced by — ZiK. The
weight of the projectile acts through 0, and so the total moment
about 0 is due to the aerodynamic forces alone; it is

(14.240) G = —Ra sin 6j,

where a is the distance of the center of pi-essuro in front of the

mass center and d the angle between the axis of the projectile

and the direction of the drag reversed.

Since the fundamental equation (12.209) for motion relative

to the mass center is of the same form as (14.218) and the expres-

sion (14.240) for G is of the same form as (14.217) with the con-

stant mga changed to Ra, we can apply to the motion of the

projectile the same mathematical analysis as we applied to the

motion of the top. In particular, if the projectile is moving
along its axis, the fixed direction of the drag will also lie on this

line, and we have what is essentially a sleeping top. Then
(14.239) yields the condition for stability of the spinning pro-

jectile, i.e., the condition that the projectile, if slightly disturbed,

will not develop large oscillations. This condition is

(14.241) s® > 4ARa

where « is the spin of the projectile, A the transverse moment of

inertia at O' (i.e., at the mass center), and C the axial moment of

inertia.

14.8. GYROSCOPES

The stability of a gyroscope.

Let us suppose that a gyroscope (i.e., a rigid body with an
axis of symmetry) is mounted in a Cardan’s suspension (Fig. 144),
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so that its mass center is fixed. It is set spinning about its axis

of ssrmmetry with a great angular velocity s. Now let an

impulsive couple 6- be applied to the gyroscope. The instan-

taneous change in angular momentum is [cf. (12.502)]

(14.301) Ah = 6.

We have then a vector diagram as in Fig. 163. The vector OA is

h, the angular momentum before the impulsive couple was

B

Fig. 153.—Change in angular momentum due to an impulsive couple.

applied. It is made long, because s (and consequently h) is

assumed to be large. The vector AB is Ah, and OB represents

the final angular momentum. It is clear that the angle AOB
is small; in fact, it tends to zero as s tends to infinity. Thus,

the application of an impulsive couple to a rapidly spinning

gsrroscope makes only a small change in the direction of the

angular momentum vector. It is easily seen that the correspond-

ing change in the direction of the angular velocity vector is also

small.

This simple result illustrates the stability which a rapid

rotation imparts to a body. The gyroscope shows, as it wore,

an unwillingness to alter the direction of its axis. When it does
yield, it does so in a manner which continues to cause surprise

even to those familiar with the theory.

The gyroscopic couple.

In Fig. 154a, 0 is a fixed point on the axis of a gyroscope,
and j a unit vector fixed in space. As pointed out earlier, any
motion can be produced, provided suitable forces are appliecL
Let us demand that the gyroscope shall spin with constant
angular speed s about its axis, and at the same time that the axis
shall turn (or process) with constant angular speed p in the plane
perpendicular to j. If k is a unit vector along the axis of the

g3'Toscope and i completes the triad, then the angular velocity
of the gyroscope is

(14.302) w = pj -f sk.
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and the triad (i, j, k) has an angular velocity

(14.303) Q = pi.

If A and C are, respectively, the transverse and axial moments

of inertia, the angular momentum is

(14.304) h = Apj + Cfik,

and its rate of change is

(14.305) h = Q X h - Cspi.

Thus the gyroscopic couple G required to maintain this motion is

(14.306) G = Cspi,

that is, a couple of magnitude Csp, produced by a pair of forces

in the rotating plane of j and k.

Fig. 164.—(a) Angular momentum diagram for a processing gyroscope.

(6) Relations between couple, precession, and spin.

The relations between the couple, the precession, and the spin-

are shown in Fig. 1646. It is more interesting here not to show

the vectors in the usual way, but to represent them by arcs in

the planes perpendicular to them. The curious fact, hard to

understand intuitively, is that -the plane of the couple does not

coincide -with the plane of the precession, but is perpendicular

to it. Instead of yielding to the couple, the axis of the gyroscope

turns at right angles to the plane of the couple.

It is evident from (14.306) that when the gyroscope spins

rapidly, a very great couple is required to produce even a mod-

erate rate of precession.

Although the diagram of Fig. 1546 shows only a simple gyro-
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scopic phenomenon, it is very useful from a practical standpoint.
We note that the three quadrants form a single closed curve.
As we traverse it in the sense indicated by the arrows, we cover
the following quadrants in order:

Couple,

Precession,

Spin.

Thk is easy to remember, since the letters C, P, are in alpha-
betical order.

Example. An airplane has a rotary engine, which rotates in a clockwise
direction when viewed from behind. The airplane makes a left turn. Does

the gyroscopic effect of the rotating engine tend
to make the noee rise or fall?

First we suppose that the pilot sets the
rudder and elevator in such a way that the
nose goes neither up nor down. The mass
center of the engine describes a circular arc
C as the airplane turns (Fig. 155). The
angular velocity of the engine is made up of
a large component along the tangent to C
and a small vertical component, due to the
turning of the airplane as a whole. The
quadrants of precession and spin are therefore
as shown. Hence, bythe rule of alphabetical
order, the couple quadrant comes down in
front. To maintain the motion described,
the pilot must set the rudder and elevator in
such a way that aerodynamic forces, acting
on them, produce the required couple.

. . ,
- ^ pilot flies the airplane with a rotary

stationa^TOe, couple req^ed to maintain the steady flight in a horizontal circlewiU not be prMent. Smee the couple is one which tends to depress the nose,m Its absence the nose will rise. What will happen after the initial lift take*!
place IS a compheated question, not covered by the present simple theory.

The gyrocompass.

If the spmimg of the earth on its axis were much faster tbn/n
it actually IS, it would be a simple matter to devise a mechanism
by which the true north could be found on a ship at sea. How-
ever, the earth’s rotation is so slow that an apparatus of great
dehcacy is requifed, in order that a minute effect may not be
wiped out by frictional resistances. The modem gyrocompass
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is such a piece of apparatus. The simple system which we shall

discuss is much less elaborate than the gyrocompass as it is

actually constructed.* However, the basic fact that a spinning

gyroscope enables us to find the north is demonstrated by a

discussion of an ideally simple gyrocompass.

In Fig. 156, PQ is part of the earth’s axis, drawn from south

to north. The point 0 is on the earth’s surface at latitude X.

Thus the horizontal line, drawn due north from 0, is inclined

to the earth’s axis at an angle X; this line is OQ in the diagram.

The unit vector K is parallel to PQ.

A gyroscope is mounted in a Cardan’s

suspension (Fig. 144) so that itsmass center

lies at 0. But it is not left free to turn

about 0; one pair of the bearings in the

suspension is locked, so that the axis of the

gyroscope can move only in the horizontal

plane at 0. The unit vector k lies along

the axis of the gyroscope, making with OQ
a variable angle i is perpendicular to k

in the horizontal plane, and j is vertical

(i.e., coplanar withPQ, OQ and perpendi-

cular to OQ). The gyroscope itself is not

shown in the diagram; the curve is a unit circle in the horizontal

plane.

The angular velocity of the triad (i, j, k) is made up of the

angular velocity of the earth, which wc may write 12K, and an

angular velocity due to change in 6, in fact, dj. Since

P
Fig. 166.—Vector dia-

gram for gyrocompass.

K = — sin 9 cos X i + sin \ j + cos 6 cos X k,

the angular velocity of the triad is

(14.307) a' — — J2 sin 0 cos X i + (d + a sin X) j

+ Q cos cos X k.

The fltigiilar velocity « of the gyroscope differs from, this only in

* Cf. H. Lamb, Higher Mechanics (Cambridge University Press, 1929),

p. 144; R. F. Deimcl, Mechanics of the Gyroscope (The Macmillan Com-

pany, New York, 1929); A. L. Rawlings, The Theory of tho Gyroscopic

Compass (The Macmillan Company, Now York, 1929); E. S. Ferry, Applied

Gyrodynamics (John Wiley & Sons, New York, 1932).
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the third component; thus,

(14.308) « = — 0 sin cos X i + ( Q sin X)j + sk,

where s is the axial spin, including a component of the earth's
rotation. The angular momentum is

(14.309) h = —AQ sin 9 cos X i + A(^ + Q sin X)j + Csk,

where A and C are, respectively, the transverse and axial moments
of inertia.

To keep the axis of the gyroscope in the horizontal plane,
the bearings of the suspension must exert a couple G on it.

Since the hearings are assumed to be smooth, no work is done
by this couple in rotations about either j or k. Hence, G is

perpendicular to these vectors, and we may write

(14.310) G = Gi,

where 6 may be either positive or negative.

The fundamental equation t = G gives

(14.311) —A£2 cos 9 cos X di + + GSk + o' X h = Gi.

We now pick out the j and k components of this equation and so
obtain two scalar equations for s and

HA ai o^ / •‘^^ + C'sQ cos X sin e — AQ** sin cos 9 cos* X = 0,
(14.312)

j
^ 0

The second equation shows that the spin s is constant. With
Q* neglected, the first equation may be written

(14.313)

where

(14.314)

^ + ji* sin ^ = 0,

ICsU cos X

Now (14.313) is the equation of motion of a simple pendulum.
It is possible for the axis of the gyroscope to go right round
the horizontal circle, but if the initial values of 6 and 6 are
the motion will be oscillatory. The important fact is this:

The axis of the gyroscope osdUates symmetriccdly about tAe direction

9 = 0. Hence, by bisecting the an^e of swing, we may find
the north. The gyroscope therefore acts as a gyrocompass,
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indicating the true north; the magnetic compass, of course,

indicates the magnetic north.

For small oscillations, the periodic time of swing for the gyro-

compass is

(14.315) r = — = 2ir .

n \CsQ cos X

Since Q is so small (1 revolution per sidereal day = 27r/86,164

radians per second), the spin of the gyroscope (s) must be given

a large value in order to make t reasonably small. If X — ± ir,

the periodic time becomes infinite, and the gyrocompass fails to

function; but that is only to be expected, for the points in ques-

tion are the North and South Poles.

Exercise. Assuming the mass of the gyroscope concentrated in a thin

ring, find the number of revolutions per second required for a periodic time
of 10 seconds at latitude 45°.

14.4. GENERAL MOTION OF A RIGID BODY
The general motion of a rigid body consists of (i) motion

of the mass center and (ii) motion relative to the mass center.

The equations governing these have been given in Sec. 12.4.

But it would be wrong to suppose that the determination of the

general motion always splits into two parts—a problem in

particle dynamics and a problem in the dynamics of a body with

a fixed point. Constraints make the two problems interlock,

and complications arise. We cannot give a general plan for

the solution of all such problems but shall determine the motions

of two systems as examples.

The motion of a billiard ball.

A billiard ball is struck by a cue. At time i = 0, we suppose

that the ball is in contact with the table; its center has a horizon-

tal velocity qo, and the ball has an angular velocity oo. We wish

to find the subsequent motion of the ball.

If the table were perfectly smooth, the center of the ball would

retain the velocity qo, and the angular velocity g>o would also be

retained. But wo shall assume the table to be rough, with a

coeflicient of kinetic friction p..

At a general time the center 0 has a horizontal velocity q,

and the ball has an angular velocity («>. Let K be a unit vector
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drawn vertically upward (Fig; 167). The reaction of the table
on the ball at the point of contact P nxay be written

F + EK,

where R is the magnitude of the normal reaction and F the force
of friction; F, of course, acts horizontally. The weight is —
where m is the mass of the ball. Thus the equation of motion

of the center is, by (12.410),

(14.401) mq = F + (iJ - mp)K.

But, since the ball remains in contact
with the table, the acceleration of the
center has no vertical component.
Thus 22 = mg, and we have

(14.402) mq = F.

Since every axis at 0 is a principal axis
Fig. dipping on of inertia, the angular momentum about

0 is h == mk^a, where k is the radius of
gyration about a diameter. Thus the equation for motion relative
to 0 is, by (12.411),

(14.403) = -oK X (F + 22K) = -oK X F,

where a is the radius of the ball.

In the vector equations (14.402) and (14.403), there are
actually five scalar equations. There are seven unknowns, viz.,

two components of q, three components of w, and two components
of F. Thus, two more equations are required; they are furnished
by the law of kinetic friction, as long as there is slipping between
the ball and the table. This law tells us that F acts in a direction
opposite to the velocity of the particle of the ball at P, and that

(14.404) F = nR = nmg.

Thus,

(14.405)

where q^ is the velocity of the particle at P, given by

(14.406) q' = q + « X (-oK).
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Hence, using (14.402) and (14.403), we get

(14.407) ‘ffiA' = F + ^(KXF) XK

= ('+p)'^-

since K • F = 0. Thus, by (14.405) and (14.407), the derivative

of q' has a direction opposed to q'. This implies that, as long

as slipping is taking place, the vector q^ has a fixed direction.

Let I be a unit vector in this fixed direction. Then

(14.408) q' = q'l, F = —nmgl,

and, by (14.407), the magnitude of q' changes according to the

equation

(14.409) i'
= -F9 ^1 +

Hence,

(14.410) s' “ So - FQt + fj)-

where gj is the magnitude of qj, the initial velocity of slipping,

viz.,

(14.411) qj = qo - o«o X K.

By (14.410), we shall have g' = 0 when

(14.412)
^sL

ng a* + k^’

at this instant slipping ceases. It is easy to see that, once slip-

ping ceases, the motion becomes a simple I’olling in a straight line

at constant speed, for (14.402) and (14.403) are satisfied by

constant values of q and w, with F = 0.

There is a point of interest in connection with tho motion of

the center before slipping ceases. By (14.402) and (14.408),

we have

(14.413) 4 = -Mfirl.

This means that the acceleration of the center of the ball is

constant in direction and magnitude, and so the center describes

a parabolic path as long as slipping persists.
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The above results hold for any ball in which there is a spheri-

cally symmetric distribution of matter. If the ball is solid nnH

homogeneous, we put = fo®.

The motion of a rolling disk.

Everyone knows that a child’s hoop,, or a rolling coin, acquires

stability from its motion. If the hoop or coin rolls slowly, it will

start to wobble violently, but if it rolls fast, it can pass over small
obstacles without being upset. We shall now discuss such
motions, idealizing for simplicity to the case where the body has
a sharp rolling edge. We can treat the hoop and the coin (or

indeed any body with a sharp circular

edge, possessing an axis and a plane of

symmetry) in a single argument by using

general symbols for moments of inertia.

For purposes of reference, however, we
shall use the word “disk.”

Figure 158 shows the disk in a general

position; P is the point of contact with
the ground, whichwe shall suppose rough
enough to prevent slipping. Let 6 bo
the inclination of the plane of the fliak

to the vertical, and <l> the angle between a fixed horizontal
direction and the tangent to the disk at P. Let (i, j, k) be a unit
orthogonal triad, k being perpendicular to the disk at its center
0 and i lying along the radius toward P; j is therefore horizontal
and lies in the plane of the disk.

For the velocity of the center and the angular velocity of the
disk, we may write

q = m + »j -t- u)k, <s> = aii + «-!] + wsk.

These two vectors are not independent, because the particle at
P is instantaneously at rest. This gives the condition

q + <0 X oi = 0,

where a is the radius of the disk; or, in scalar form,

w = 0, a "I" ocog = 0, w — CK02 = 0.

These equations determine q when a is known.
Now the angular velocity Q of the triad arises solely from

Fig. 158.—Disk rolling on
a plane.
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changes in 9 and <#». The former gives an angular velocity

— and the latter an angular velocity <{> about OQ, the vertical

through 0. Thus,

(14.415) Q = — cos 0 — dj + sin 0 <^k.

But the angular velocities of the disk and the triad differ only

in the k component. Therefore

(14.416) coi = -*- cos 6 a>2 = — d.

For the reaction of the ground, we write

(14.417) R = -Rii + -Baj + Bsk.

By (12.410) and (12.411), the two vector equations of motion

are

(14.418)
??iq = R +• mg(coB 0 i — sin ^ k),

fi = oi X R,

where m is the mass of the disk and h is the angular momentum
about 0; we have

h == Aciiii + Awflj + (7w3k,

A and 0 being transverse and axial moments of inertia at 0.

Since, by (12.306),

(14.419) 4 = ui -t- t)j + tyk + X q,

the first of (14.418) gives the three scalar equations

'

7n{u — du? — sin 6 ^v) = Ri + mg cos 9,

(14.420) - 7n{v + sin 6 4^u + cos 6 <tw) = Rzf

^
?7^(^b — cos 0 + 6u) = j!?3 — mg sin 9,

By (14.414) and, (14.416), wc eliminate w, v, w and obtain

+ sin ^ = Ri + mg cos

—ma{63z *4" cos 6 i<l>) = Ri,

— ?na(fi — cos 9 <^3)
^ Rz — mg sin 6.

Turning now to the second of (14.418), we have

(14.422) t = Awii + Awd + Cw3k -f- ft X h,

and so we get the three scalar equations

{

A6)i - C60JZ — A sin 0 <^<02 = 0
,

Aw2 + a sin 6 4^1 + C cos 9 <^033 = ^oRz,

(7a)3 — A cos 9 4^2 “b A6(jji =
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By (14.416), these become

(14.424)

r j

A ^ (cos 6 4') + C6ua — A Bin 6 64 = 0,

+ A sin cos 0 — (7 cos 6 4(^3 = ciRt,

^(76)3 = (iRi,

Associating these equations with (14.421), we have six equations

for the six unknowns dj <l>, cos, 22i, 122
,
128. They arc the equations

(12.412) applied to our special problem.

Before proceeding to discuss the stability of the disk rolling

straight ahead, let us consider simple steady motions satisfying

the equations (14.421) and(14.424).

The most obvious solution is

(14 425) I

^ ^ ^ ^ constant, o>z — constant,

[ Rl “ ““TtiQj R2 “ 0
, 128 ~ 0 .

This is the straight-ahead motion, in which the plane of the disk
is vertical. Another simple motion is given by

(14.426) 6 = constant, ^ = constant, cjz = constant.

The corresponding reactions are, by (14.421),

(

12 i = m(a sin $ (^3 — g cos d),

122 - 0
,

128 — w(a cos 6 + g sin 0).

When we substitute in (14.424), the satisfaction of these equa-
tions requires

(14.428) (C -f mo*) cos 6 4o>a + mga sin 0 = A sin 6 ooa 6 4^;

this condition must be satisfied by the constant values of d, 4,
W8,

in order that the steady motion may exist. It is, of course,
a rolling in a circular path.

’

If, inthemotiongiveiiby (14.426), «and 4 arc small, show that
tn© time taken to complete the circular path is approximately

%r<az{C + ma^)/(mgad).

Let us now discuss the stability of the rolling disk. We
suppose the disk to be slightly disturbed from the steady motion
given y (14.425). In the disturbed state the following quanti-
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ties are assumed to be small, since they vanish in the steady

motion:

(14.429) B, 6, 9, 4>> "f" wigp, Ra, Rt.

With only first-order terms retained, (14.421) and (14.424)

become

(14.430)

0 = Ri mg, -1- Cdcoz = 0,

mOMa = —Ra, A9 — C^z = aRz,

_
ma9 — ma^z = —Rz mgB, Cuz = aRt-

From the second and last equations we see that ws = constant.

Elimination of
<l>
and Rz from the other equations gives

(14.431) A{A.-]r ma^)9 -f [C{C + too*)w| — Amgd\B = a,

where a is a constant of integration. Obviously the condition

for stability is

(14.432) w| >
Amga

C{C -1- ma?)'

14.6. SUMMARY OF APPLICATIONS IN DYNAMICS IN SPACE-
MOTION OF A RIGID BODY

L Rigid body with fixed point tinder no forces.

(d) For a general body, the motion is given by rolling the

Poinsot ellipsoid on the invariable plane; there is an analsdiic

solution in terms of elliptic functions.

(6) For a body with an axis of symmetry, the Poinsot ellipsoid

is of revolution, and the motion is given by rolling the right

circular body cone on the right circular space cone at a constant

rate.

n. The spinning top.

(o) Steady precession (p) with fast spin (s)

:

(14.501) 8 = (approximately).

(6) General motion expressible in terms of elliptic functions,

(c) Sleeping top stable if

(14.602)
AAmga

S > Qa
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m. Gyroscopes.

() A finite impulsive couple, applied to a fast-spinning

gyroscope, alters the direction of the axis of rotation only slightly.

() Gyroscopic couple G required to maintain procession p;

(14.603) G = Cap.

Couple —> Precession —* Spin.

(c) Gyrocompass:

(14.504)

IV. General motion of a rigid body.

(o) Center of a slipping billiard ball describes a parabola.

(6) Rolling disk is stable if its angular velocity <o satisfies

(14.505)
Amga

C(C ma^)

EXERCISES XIV

L A circular di^, pivoted at its center, is set spinning with angular
velocity a about a line making an angle a with, its axis. Find, in torins of
a and a, the time taken by the axis of the disk to describe a cono in space.

2. A gyroscope can turn freely about its maas center 0 which is fixed.
Initially, it is set spinning about its axis, which is then struck pcrponilicu-
larly. Find the angular velocity immediately after impaot in terms of the
iniM spin, the moments of inertia, the magnitude of the impulsive force, and
Its distmoe from 0. Draw a diagram showing the direction of the iinpulsivo
force, the angular velocity, and the angular momentum just after impact.

8. The center of a square plate is fixed. If at a certain instant the
velocity vector makes an angle of 30° with the normal to the plato,

find the inclination of the angular momentum vector to the nonnal.

t
^ about a fixed point 0 under tho action of a single

force F (m addition to the reaction at the fixed point). If the extremity
of the angular momentum vector, drawn from 0, lies in a fix(!d plane /'
t^ughout the motion, show that F intersects or is parallel to the perpen-
dicular dropped from 0 on P.

^

6. A h^Y homogeneous right circular cone spins with its vortex fixed.The axis of the cone is 4 m. long, and the radius of tho base is 2 in. The
“diction to the vortical and coinplotos a rotationabout the v^oalm 6 sec. Fmd approximately the number of revolutionsper second of the cone about its axis.

6. A lamina turns freely under no forces in throe-dimensional motion
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A rigid body turns about a fixed point under no forces. The momen-
ta! ellipsoid at the fixed point is of revolution, and the axial moment of

inertia C is greater than the transverse moment of inertia A. Show that

if a is the angle of inclination of the instantaneous axis to the axis of sym-

metry, then the semiangle of the space cone is

tan“i
(C — A) tan a

C + A tan* oe

’

Noting the inequality C < A -h B, satisfied in general by moments of

inertia, show that the semianglo of the space cone cannot exceed

tan“* J V^.

8. Make a rough estimate of the speed at which a twenty-five-cent piece

must roll in order that its motion may be stable.

9, A solid homogeneous cuboid of edges 2a, 2a, 4a can turn freely under

no forces about its center, which is fixed. It is set spinning with angular

velocity ta about a diagonal. Find the semivertical angle of the cone

described in space by the line through the center parallel to the longer

edges, and show that the time taken by this line to move once roimd the

cone is 107r/(« \/ll)*

10. A circular disk of mass m and radi\is a is made to roll without slipping

in steady motion on a rough horizontal plane, its plane being vertical and

its track a circle of radius b. It completes a circuit in time t. Reduce to a

force at the center of the disk and a couple, the force system (including weight

and the reaction of the plane) which must act on the disk in order that

this motion may take place. The components of the force and the couple

are to bo expressed in terms of a, 6, r, m.

11. A rigid body with an axis of symmetry can turn about its mass center.

There acts on it a frictional couple —Xw, where u is the angular velocity

vector and X a positive constant. Show that the axial component of angular

velocity is reduced to half its original value in a time (C log , 2) /X, where C

is the axial moment of inertia. If C exceeds the transverse moment of inertia

A, show also that the semianglo of the body cone decreases steadily.

12. An egg-shaped solid of revolution rolls in steady motion on a ro\igh

horizontal plane, the axis of figure being horizontal. Establish the relation

(a* ’^k^)ns = dbn^ + hg,

where a is the radius of the greatest circular section, h the distance of the

mass center from this section, k the radius of gyration about the axis of

figure, and n, s the vortical and horizontal components of angular velocity.

13. Prove that a top cannot move in steady procession with spin « and

inclination 0 to the vertical, unless

C®s* > 4A?n^a cos 6,

14. A solid cone of height b and scmivcrtical angle a rolls in steady motion

on a rough horizontal table, the lino of contact rotating with angular velocity
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0. Show that the reaction of the table on the cone is equipollent to a single

force which cuts the generator of contact at a distance

fO cos a H cot a
9

from the vertex, where k is the radius of gyration of the cone about a genera-
tor. Deduce that the greatest possible value for Q is

1

2k cos a
[gb sin a (1 -f- 3 sin* a)]*,

as the cone would overturn if Cl exceeded this value.

16.

A circular disk of radius a spins on a smooth table about a vortical
diameter. Prove the motion is stable if the angular velocity exceeds 2 -y^gja .

16. A circular disk of radius a rolls on a rough horizontal plane in steady
motion. The speed of its center is jo, and its plane is inclined to the vertical
at a constant angle 6. Show that the radius r of the circle described by the
center of the disk satisfies the equation

4^* - 6ff§r cot 0 — gSa cos ^ 0;

deduce that, when 6 is small.

f M,
2ge

approximately.

17. A rigid body can turn freely about a smooth axis, for which its moment
of inertia is J. It is acted on by a couple of constant magnitude (?, applied in
such a way that, when the body has turned through an angle the vector
representing the couple makes an angle 9 with the axis. If the body is ini-
tially at rest, find its angular velocity when it has turned through a right
angle.

If the axis is an axis of symmetry of the body, find the reaction cxertcul
by the body on the axis when it has turned through an angle 9,

18. A light axle L carries two gyroscopes; L is their common axis of syin-
met^, and they can turn freely about it. L is so mounted that it can turn
freely about a fixed point on it, halfway between the mjiss cenh^rs of th(^
^scopes. Find a quadratic equation to determine the angular volociti<^s
of steady precession under the action of gravity, in terms of the following
constants:

m, m', the masses of the gyroscopes,
C, C', their axial moments of inertia,

A, A', their transverse moments of inertia at their mass centers
a, their spins,

*

2a, the distance between their centers.
By the inclination of Z/ to the vertical,

reliL^^!Sl that,
relative to the body, the extremity of the angular momentum vector h moves
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on the curve of intersection of the sphere

457

and the cone

4* ^* + 2®

/2T
,

./2T 1\ ^ .I2T 1\ .

\1? ~ a)

^

(t? “ 2)
+ * (-w ~ cj

"

the axes being principal axes of inertia.

Sketch the curves, taking A > B > C and considering all possible values

of 2T/hK
20. A top is spinning about its axis which is vertical. It is at the same

time sliding over a smooth horizontal plane with velocity qo. The vertex

strikes a small smooth ridge on the plane, the direction of the motion being

inclined at an angle a to the direction of the ridge. If the coefficient of

restitution for the impact is e, find the angle at which the vertex rebounds

from the ridge in terms of qo, a, e, and the constants of the top. Find also

the direction of motion of the mass center immediately after impact.

21. A thin elliptical plate of semiaxes a, 6 (o > h) can turn freely about its

center, which is fixed; it is set in motion with an angular velocity n about an

axis in its plane equally inclined to the axes of the ellipse. Show that the

instantaneous axis will again bo in the plane of the plate after a time

where

2^ (\< - (to,

^ “2 o» + 6»'

22.

A thin hemispherical bowl of mass m and radius a stands on a smooth

horizontal table. A horizontal impulsive force of magnitude P is applied

along a tangent to the rim. Find the magnitude and direction of the veloc-

ity instantaneously imparted to the point of the bowl in contact with the

table.

Show that, no matter how largoP may be, the rim of the bowl will never

come into contact with the table.

28. A rigid body with an axis of symmetry k is mounted so that it can

turn freely about its mass center, which is fixed. To a given point on the

axis of symmetry there is applied a force FK, where K is a fixed unit vector

and F a given function of the angle 9 between k and K. Show that the

system is conservative, and obtain equations analogous to (14.227) and

(14.228). Show that k oscillates between two right circular cones having

£ for their common axis.



CHAPTER XV
LAGRANGE’S EQUATIONS

16.1. miRODTJCnON TO LAGRANGE'S EQUATIONS

The question must have occurred to many people: If science

keeps on growing at its present rate, how are succeeding genera-

tions of students to keep up with it? We may find a partial

answer by looking back at what has happened during the past
two hundred years or so.

First, there has been the development of specialization—

a

broad specialization into subjects (pure mathematics, applied
mathematics, astronomy, physics, chemistry), followed by a
narrower specialization into branches (differential geometry,
hydrodynamics, spectroscopy, to mention a few). Each branch
is now big enough to provide work for a lifetime. A still nar-
rower specialization is not a pleasant prospect, for intensive
work in a restricted range becomes in time uninteresting and
sterile.

But, side by side with the growth of specialization, we find an
incr^sii^ tendency to use mathematical methods. Mathe-
matics gives to science the power of abstractionand generalization,
and a symbolism that says what it has to say with the greatest
possible clarity and economy. The mathematician, penetrating
deeply into the stmeture of theories, is often able to detect
common features, not obvious on the surface. In this way,
he breaks down the barriers between restricted fields and brings
the speciahsts into contact with one another. h\irther, the
mathematician can compress a mass of descriptive theory into
a few differential equations and so greatly reduce the bulk of
science.

Long brfore science reached its modem state of complexity,
Lagrange invented a uniform method of approach for all dynami-
cal problems. This method has formed the basis for nearly all
work on the general theory of dynamics and is the foundation
on which quantum mechanics is built. In the more elementary
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parts of mechanics, it has not yet supplanted the more direct

and physical approach, because its rather abstract and genera*

character has made it appear difficult. However, it seemp
probable that as time passes the method of Lagrange will work
its way from the end to the beginning of textbooks on mechanics.

The easier, but more cumbrous, methods are becoming a luxury

for which we cannot afford the time.

Instead of proceeding at once to Lagrange's equations in

their full generality, we shall start with the case of a particle

in a plane. Much of the difficulty of understanding the method
may be overcome by a study of this comparatively simple case.

Lagrange’s equations for a particle in a plane.

Consider a particle of mass m, moving in a plane. Let Oxy
be rectangular Cartesian axes, and let X, Y be the components
of the force acting on the particle. The usual equations of

motion are

(15.101) m£ — X, mg = y.

Now let qi, qt be any curvilinear coordinates (e.g., polar

coordinates). It will be possible to express x and y m terms

of qi and ^2,
and so we may write

(15.102) X = xiqi, <?2), y = yiqi, qt).

These relations hold for all values of the time t, and so

(15.103) = + - -- 3i + vr 2*-
dqi dqt

The partial derivatives occurring here are functions of gi, g2 ; we
can calculate them when the functions (15.102) are given.

Looking at (15.103) in a formal way and forgetting that

is actually the derivative of gi, we may regard them as equations

expressing the two quantities A, y as functions of the four quanti-

ties gi, g2, gi, it; we may express this by writing

(15.104) X = /(gi, g2, gi, it), g = g(gi, qt, ii, it).

If we speak of the partial derivatives
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or the corresponding derivatives of y, we understand that they

are calculated from. (15.104), all the quantities qi, qt, g®

being treated as constants, except the one with respect to which

we differentiate.

But the functions in (15.104) are the same as those in (15.103),

and so

. . = = M. = ^.
' '

dqi dqi 3^2 dqi’ dqi dqi dqt

Furthermore, dx/dqi is a function of qi, S'2 > so> following the

motion of the particle.

(15.106) ^ •
I si

dt dqi dql dqs dqi

But, on the other hand, if we differentiate the first of (15.103)

partially with respect to qi, we get

(15.107)
di _ d^X . .

3*®

^ “
3if

This is equal to the expression in (15.106). Hence, assembling

this result with the other results obtained by using qt and y,

we have

(15.108)

d dx _ ^
dt dqi dqi

d dx _ ^
dt dqi

~
dqi

d dy _ dj!

dt dqi dqi

d_^ _ d^

dt dqi dqi

The equations (15.105) and (15.108) are fundamental in the

development of Lagrange’s equations.

The kinetic energy of the particle is

(15.109) T = im(i* + j/0-

If we substitute for x and y from (15.103), we obtain a function
of gi, g2, gi, g2.

(15.110) T = T{qi, qi, ii, g,).

Actually this function is of the form

(15.111) T = i(o^i + 2hM» + HD,
v^here a, h, h are functions of gi,
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Now, in (16.109), T is expressed as a function of i, by
(15.103), ±, i are functions of qi, qs, ^i, qt; hence we obtain,

using (15.105),

(15.112)
dT
dqi

,

ox oy

dx dqi dy dqi

. dx . , dy

Therefore, by (15.108) and (16.109), we have

(15.113)

I ^ _ dx dy
,

I ^
dt dqx agi + dqi + agi + dqi

,
— = mx T h my -

—

\
dqi dqi dqi

Subtracting and using the equations of motion (15.101), we get

(16.114) ^^ _ dT _ ^ I jr

dt dqi dqi dqi dqi

There is, of course, a similar equation with q^ instead of qi.

Any small virtual displacement* of the particle corresponds to

increments dqi, Sq2 in the coordinates qi, g2 - The corresponding

increments in a;, y are

(15.115) +

The work done in this displacement is

(15.116) SW = X5x + r dy,

or

(15.117) hW — Qi dqi + Q 2 dq2,

where

(15.118) e, = z|_ + r|;,

Hence, we have the following result: The motion of a particle

in a plane satisfies the differential equations

* It should bo emphasized that this virtual displacement is arbitrary; it

is not to be confused with the displacement actually occurring in the motion.

If we want to refer to the latter, we write dx, dy, dqi, dq%.
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(16.119)
dt dqi dqi

= Q
dt dq2 dq2

where qi, q^ dre any curvilinear coordinates^ T is the kinetic energy

(expressed as a function of gi, q^, gi, ^2) and Qi, Q2 are obtained

from the expression dW, as in (15.117), for the work done in aii

arbitrary small displacement.

These are Lagrange^s equations of motion.

The curviliiiear coordinates gi, q^ are, of course, generalized

coordinates^ as discussed in Sec. 10.6; the quantities Qi, Qa are

the generalized forces [cf. (10.708)].

It must be clearly understood that the Lagrangian mcithod

only provides the dijSferential equations of motion; it does not

solve them. It is true that the method does give some hints

helpful for solution, but that is a matter into which we cannot

go here.

Example. Consider a particle of mass m moving in a plane, under an
attractive force fxmlr\ directed to the origin of polar coordinates r, 0. If

we take as generalued coordinates

gi«r, g* -

and denote the generalized forces by J2, 0, the equations of motion (15.119)

read

(15.120) P ddT^OT
dt df ar “

dt dd 6$
**

Now

and so

T = iwi(r» + r*d*),

(16.121)

f „ 0.

To find R and 0, we have (for an arbitrary displacement Sr, SB)

RSr + QSe =
r*

'

and so

(15.122) B - - ii2, e = 0.
T*

Substituting from (15.121) and (16.122) in (15.120), wo got

(16.123) mf - mrfi = - | (mr»<») - 0.

These eq^tions are the same as (5.104); the present method of obtaining
them is simpler than the method used earlier.
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16.2. LAGRANGE’S EQUATIONS FOR A GENERAL SYSTEM
Lagrange’s equations for a system with two degrees of freedom.
We pass now from a particle moving in a plane to any system

with two degrees of freedom, with generalized coordinates

ffi, Hi (cf . Sec. 10.6). LetN be the number of particles forming the
system, and let the Cartesian coordinates of a particle (of Twnjaa

mi) be Xi, yi, Zi (i = 1, 2,
• • • 2V). Then Xt, yi, Zi are functions

of qi, Qi, and we may write

(15.201) Xi = Xiiqi, qt), yt = y^^q^^ jj), z- =

Here we have 3iV equations like the two equations (16.102), and
we obtain on differentiation BN equations like (15.103),

(15.202)

As a matter of fact, the whole argument for a system with two
degrees of freedom follows very closely the argument for a
particle in a plane; the complication introduced by having 3iV
Cartesian coordinates, instead of only two, is not serious. Thus,
if we use a symbol | to stand for any one of the coordinates

»i> Vi, *<, we obtain, exactly as in (16.105) and (16.108), the follow-

ing equations:

(16.203)

(16.204)

M = ii
dqi aqx

^£1 = ii
dt dqi aqi

ii = ii,
d^i dqz

iii = ii.
dt dqt dqt

The kinetic energy of the system is

(15.205) r = i mj(i| -f yf + if),

and this is expressible in the form

(16.206) T = T(qi, qs, 4i, gj).



[Sbc. 15.2464 MECHAlfICS IN SPACE

As in the case of the single particle, this is a quadratic expression

(16.207) T = + bql),

where a, h, 6 are functions of qi, qs.

Then, by (16.203) and (15.206),

(15.208)

^ n, f* O. «•, _i_

and so, by (15.204),

(16.209)
didii

+ fi.
^ j. g. !!£\

dqi dq^^ dqr)

The last term on the right is dT/dqi. Let Xi, Yi, Zi be the com-
ponents of force (external and internal) acting on the ith particle,

so that

(16.210) mjii = Xi, mgi = Yi, mzi = Zi.

Then (16.209) may be written

(15 211) —— — — = '^ (X-— 4- Y — 4- Z-^^\

Now, if Qi, Q2 are the generalized forces, so that the work done
in a general displacement is

(16.212) 5'^ = Qj^ 8qi -j- Qa Sq^,

it is clear from (10.707) that the expression on the right-hand
side of (16.211) is precisely the generalized force Qi.

Thus, associating with (15.211) the companion equation
in ga, we have Lagraime’s equations of motion for a system with
two degrees offreedom,

ddT ST _ ^
dtdii dgi dtdii

(dW = Qi 8qi -h Qi 8qi).

(15.213)
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The form of these equations is precisely the same as for a particle

in a plane; no additional complexity has been added by consider-

ing the general system with two degrees of freedom, of which a

particle in a plane is, of course, a special case.

When the system is conservative, with potential energy

Vi/ll, ^2), the generalized forces are connected with V by (10.712).

Thus, (16.213) may be written

Example 1. We shall now find the equations of motion of a spherical

pendulum. Liet m bo the mass of the particle and a the radius of the sphere

on which the particle is constrained to move. We take as generalized

coordinates

ffi = 52 =“

whore $ is the angular distance from tho highest point of the sphere and <l>

the azimuthal angle. Then,

T *= + sin* B <^*), V = mga cos 6,

and so

ST dT dV^ » ma*&, — *= wwi* sin B cos B <l>% “sr " —mga sin B,

dB cO otf

! ma* sin* 0 <f,
^ - 0,

^ - 0.
d<f) d<^

Thus (16.214) give, as equations of motions of a spherical pendulum,

wia*d — ma* sin d cos B 4^ => mga sin B,

~ (ma* sin* 0 = 0.

Example 2. Consider a uniform bar hanging by one end from a smooth

horizontal rail. It can mov(i only in tho vertical plane through tho rail and

is under the influence of gravity and a horizontal force A" applied to its

lowest point. Let us lind tho equations of motion.

For generalized coordinates, wc take

(ji » distance of point of suspension from some fixed point on rail,

q% *= inclination of bar to vertical.

Then,

r = im
I

({1 + 0 sin j*)]* + (o cos

where m =* mass of bar,

2a =» length of bar,

k “ radius of gyration about mass center.



466 MECHANICS IN SPACE [Sbc. 15.2

The above expression reduces to

T » im[iJ + 2o cos 32 4i4a + (a* +

The generalized forces are given by

Qi Ml + Oa 5^2 = ^ 5 (<?i + 2a sin 32) + wgr 6(a cos 32)

•

Thus

Qi = Qa = 2Za cos 32 — mga sin 32,

and so the equations of motion are, by (15 .213),

(3i + o cos 32 $a) = X,

m^ [a cos 32 ji + (a* + A!*)42] + ma sin 32 -2 Za cos 32 — sin 32.

If the bar remains nearly vertical, so that 32 is small, those equations

simplify to the approximate form

3i + 0^2 =*
m
+ gi% -

Lagrange’s equations for a general system.

Consider a system with n degrees of freedom and generalized

coordinates qi, ?!,••• ?». The method of finding Lagrange’s

equations in this general case differs from the method given

above only in a slightly greater complexity, due to the n degrees

of freedom. We shall give here an argument complete in essen-

tials but omitting details which can be supplied by the typo of

argument used earlier.*

Let mi, ®i, yt, Zi (i = 1, 2,
• • • i\r) be the mass and coordi-

nates of the ith particle. Then, for r = 1, 2,
• • • n,

d^r d^i d^r SZi dqrj

• As in Sec. 10.6, non-hobnomio systems will not be considered.
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This last equation may be written in the form

dt d^r dqr
+ z

where Xi, Yi, Zi are the components of force acting on the tth

particle.

Thus, by (10.707), we have Lagrange’s equations of motion for

a system with n degrees offreedom,

= (r=l,2,-.-n),

where Qr are the gciwralizcd forces, defined by the condition that

the work done in a general displacement is

(16.216)

If the system is conservative,

(15.217) Qr= - (r = 1, 2,
• • • n).

Two features of Lagrange’s equations should be emphasized.

First, there is no unique set of generalized coordinates; however

we choose them, the equations of motion always have the form

(16.215). Secondly, since only working forces contribute to SW,

reactions of constraint are automatically eliminated.*

16.3. APPLICATIONS

Components of acceleration in spherical polar coordinates.

Although the normal use of Lagrange’s method is to obtain

oquation.s of motion, it may sometimes be used indirectly to give

information not easy to obtain otherwise. Consider a particle

moving in space. Ixjt us take the spherical polar coordinates

r, e, <l>
as generalized coordinates qi, ga, gj. Then, if the particle

is of unit mass,

T = -^(t* 4- r^6^ + r® sin* 8 ^*).

(To obtain this, we need only the components of velocity along

the parametric lines.) If li, Q, # are the generalized forces, the

equations of motion are, by (15.215),

* Except wlicrc forces of friction do work.
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f — r6^ — r sin* 6 <l>^
— B,

^ (r*^) — r* sin 5 cos 9 = 0,

^ (r* sin* 9 <i>)
=

Let fr, fe, U Le the components of acceleration alonp; the para-

metric lines. These are equal to the conipoiK'nhs of forct' in

these directions. Hence, equating two dilTenuit expresHions

for work done in an arbitrary displaccmout, we hiiv(i

STF = fr Sr + fer S9 -j- f^r sin 9 S<l> = It Sr 0 56 + <1> S<l>,

and so

(16.301)

fr = B = f — r9^ — r sin* 9 <j>^,

ft = - 6 = (rH) — r sin 9 <‘().s 9
T T at

u-
r sin 6

# = -l—Jii (r* sin* 9 <!>).

r sin 9 (It

These are the components of acceleration along thci parainotric^

lines of spherical polar coordinates.

Normal frequencies of vibration of a system with two degrees

of freedom.

Let C be a position of equilibrium of a conservative system
with two degrees of freedom. Let us choose generalized coordi-

nates such that gi = ga = 0 at C. The kin<d.ie energy is expri's-

sible in the form

(16.302) T = i(a^* + + m),
where o, h, i are functions of qi, q^. Let us, however, considin*

only smaU, oscillations about C, so that qi, q^, f/i, gs are small.

Then the principal part of T has the form (1 5.302), wIuto «, h, b

are constants, viz., the values of the coefficients for q\ = gs ~ 0.

Consider now the potential energy V. We may choose* (',

as standard configuration, so that 7 = 0 for r/i = g* = 0. 'Fhe
expansion of 7 in a Taylor series reads

dqi dqi

i I ft 3*7 3*7+ ^ ^3^ + 3g|' +
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where the partial derivatives are evaluated for Qi = qt = 0.

But, by the principle of virtual work (10.714),

ay
dqi

= 0.

for gi = gj = 0. Hence the principal part of Y is

(15.304) V = i(4g! + 2Hgig* + Bgi),

where A, H, B are constants. Thus, to our approximation,

T and V are homogeneous quadratic forms with constant coeffi-

cients, T being quadratic in the velocities andV in the coordinates.

We have

agi
aqi 4- Mi,

11
= /i«i +

and so Lagrange’s equations read

(16.306) j
a§i + h^i — — {Aqi Hqt),

I h4i + 6?s = ~ (Hqi 4- Bqi),

+ Hqi,

4- Bqi,

We seek a solution of the form

qi — a cos {nt 4- e), qt — cos (nt 4- e).

When wc substitute in (15.306) and eliminate a and fi, we obtain

for n the doterminantal equation

(16.306)
an* — A hn^ — H
hn^-H hn^-B

If til, Ws are the roots of this equation, the normal periods (cf.

Sec. 7.4) are 2r/ni, 2ir/ns, and the normal frequencies are ni/2ir,

tiil’ifK.

It is, of course, assumed that the equilibrium is stable. If

it were not, wc should discover the fact through the appearance

of a zero or imaginary value for n.

The top.

Consider a top with fixed vertex 0. The system has three

degrees of freedom. For two generalized coordinates, we take

9, the polar angles of the axis of the top, ^ = 0 being directed
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vertically upward. For the third coordinate, we take the angle

^ between two planes, one fixed in the top and passing through

its axis, and the other containing the vertical through 0 and the

axis of the top. Then the angular velocity has components 6,

sin 6 <l>, at right angles to one another and to the axis of the top,

and a component + cos 6 (j> along the axis. Thus the kinetic

energy is

(15.307) T = iA (d* + sin* 6 + cos d <^)*,

where A and C are the transverse and axial moments of inertia

at the vertex. The potential energy is

(15.308) V = mga cos 6,

where a is the distance of the mass center from the vortex.

Lagrange’s equations then read

1

4.5 — A sin 5 cos fl <^* + C sin 5 + co,s 0 4)
— mga sin 0,

^ [4 sin* 0 i + C COB 0i}l/ + cos 0 ^)] = 0,

I [C(^ + cos e 4>)]
= 0.

The last two equations give at once the first integrals

riR / 4 sin* 9 <^ + C cos 0(i/ + cos 0 4) = a,
(15 .310

) ^c(,4 + cose4)=l3.

where a and 0 are constants. (These arc actually integrals of
angular momentum.) When we substitute in the first of (1 5.309)

,

we get a differential equation for 0

(15.311) S +
~ ^ cos d)(0 - a cos 0)

4* sin* 0

m^a
"A

sin 0.

If we multiply this equation by 0, integrate once, and put
cos 0 — X, we get (14,226). The detailed theory of the motion
then proceeds as in Sec. 14.2.

Lagrange’s equations for impulsive forces.

When impulsive forces act, there are instantaneous changes
in velocity, without instantaneous changes in position. Irx
terms of generalized coordinates jr, there are instantaneous
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changes in qr, but not in q,. As usual, we approach impulsive

forces by a limiting process, in which the forces tend to infinity

and the interval during which they act tends to zero. We
multiply (15.216) by dt and integrate over the interval (to, h).

When <1 — <0,
the second term on the left disappears, and we

have Lagrange’s equations for impulsive forces,

(15.312) (r = 1,2,
• • • n);

here A denotes a sudden increment and Qr are the generalized

impulsive forces [cf. (8.112)]

(15.313) Qr = lim P Qr di.

These may be calculated from a formula analogous to (15.216),

n

(15.314) =
r-l

where 61^ is the work which would be done in a general dis-

placement by the impulsive forces if they were ordinary forces.

The Tiagrangian method is particularly useful for systems of

linked rods, because the impulsive reactions are automatically

eliminated. Thus, to take an example, consider the problem

worked in Sec. 8.3 (Figs. 99o and 995). As generalized coordi-

nates wc take y, the coordinates of the joint, and d\, $t, the

inclinations of the rods to their initial line. Then, for the given

position (6i = 62 = 0),

T = + (S
-• o^i)* + + it® + (i' + + ^®^|]j

where k is the radius of gyration of a rod about its center. Now
if X y", ©1, ©j are the generalized impulsive forces, we have

8® + P S9i + 08 59a = P(6y + 2a S^j).

Thus

j? = 0,
f = ©1 = 0, ©a = 2aP.

Lagrange^s equations give

2Tnx — 0
,

m(y — a^i) + ^

>

-ma{y — a^i) + mkHi = 0,

ma{fj "I" 0^2) “f" mJc^^2 ” 2cl^

*
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Hence we obtain, with, = aV3,

i = 0,

16.4. SIJMSCARY OF LAGRANGE’S EQUATIONS

I. Finite forces.

For system with kinetic energy T, expressed as function of

ffi,
• •

• ?», i\,
•

3n:

(16.401)

(16.402)

(16.403)

dl d4r dqr
(r = 1, 2, w).

for conservative system.

n. Impulsive forces.

(15.404)

(15.405)

1, 2,
• • •

EXERCISES XV

(To be done by Lagrange's equations)

1. Find the equation of motion of a simple pendulum, taking in turn tho
following generalized coordinates:

(i) the angular displacement,

(ii) the horizontal displacement,

(iii) the vertical displacement.

2 . Find the equation of motion of a sphere rolling down a rough in(dino<i
plane.

8 . ]^d the equations of motion of a spherical pendulum, taking an
generalized coordmates the horizontal Cartesian coordinates of bob.
Reduce the equations to their principal parts for oscillations near the ecitii-
librium position.

4. Foim flywheels with moments of inertia h, U, J 3,
74 arc connected by

j^ht geanng so that their angular velocities are in fixed ratios niiaa: ^3 : 7^4 ,

Driving torques Nij N2,
iV®, AT* are applied to the flywheels. Find thcjir

angular accelerations.

•
^ coordinate (ji) does not appear explicitlym either T or V, then dT/dii is constant throughout the motion.
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A rod hangs by a universal joint from its upper end. For oscillations

under gravity, use the above result and the equation of energy to find a

differential equation of the first order for d, the inclination of the rod to the

vertical.

6.

A pendulum consists of two equal bars AB, BCj smoothly jointed at B
and suspended from A. The mass of each bar is m, and its length is 2a.

Find the normal periods for small oscillations in a vertical plane under

gravity, in the form

where X is a numerical constant.

7. The pendulum described in Exercise 6 hangs at rest. A horizontal

impulse is applied at its lowest point. Find the angular v^ocities

imparted to the bars.

8. The ends of a heavy uniform bar of mass 120 lb. are supported by

springs of equal strength, the bar being horizontal. The strength of the

springs is such that a weight W of 100 lb., placed gently at the middle point

of the bar, causes it to descend 1 in. Find, to two significant figures, the

normal frequencies of small vibrations of the bar (without the weight TV),

considering only vibrations in which the springs move vertically.

9. On a sphere, 6 and are polar angles. A particle describes a circle

e « constant with constant speed go. Find the generalized forces 6, $ con-

sistent with this motion.

10.

Consider a dynamical system with kinetic and potential energies

where / is a given function. By choosing suitable new coordinates q[^ gj,

reduce the problem of determining the motion to the evaluation of an

integral involving the function /. Determine gi, ga as functions of < if

f(z) « xK

11.

A carriage has four wheels, each of which is a uniform disk of mass w.

The mass of the carriage without the wheels is ikf. The carriage rolls

without slipping down a plane slope inclined to the horizontal at an angle

o£, the floor of the carriage remaining parallel to the slope. A perfectly

rough sphcri(‘.al ball of mass w' rolls on the floor of the carriage along a line

parallel to a line of greatest slope. Show that the acceleration of the carriage

down the plane is

7M + 28m +
7M 4* 427/1 + 2m' g sin oe.

and find the acceleration of the ball.

12.

A rhombus of equal rods, smoothly jointed, lies on a plane in the form

of a squaxe. An impulse is applied to one comer, along the diagonal through

that corner. Find tho angular velocities imparted to the rods, in terms of

the impulse (i*), tho mass (m) of a rod, and the length (2a) of a rod.
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13. A smooth circular wire carries a bead. The wire is suspended from a
point on it. Find the normal periods of small vibrations under gravity

when the wire swings in its own plane and the bead slides on the wire. Show
that, when the bead is fixed to the wire at its position of equilibrium when
free to slide, the period coincides with one of these two normal periods.

14. Using the fact that T is a homogeneous quadratic expression in the

generalized velocities ir, show that the integral of energy T + V = constant

may be proved as a mathematical deduction from Lagrange's equations.

Note that, if / is a homogeneous function of degree m in xijX2,
• • • a?n, then

16. A dsmamical system has kinetic energy

T « Hail + 2h4i^i + h^Df

and potential energy

y •= i(-^3i + 2Hqiqt + Sjl).

Additional generahzed forces

Ql “ kll^l Q 2 “ “^21^1 ““ ^22^2

are applied. All the coeflacients a, A, 6, A, B, and the ^'s are Constanta.
Show that the energy sum T + V decreases steadily during any motion,
provided

> 0
,

4Jciik22 > (Jci2 + ^21)*.

16. A gyroscope is moimted in a light Cardan's suspension (Fig. 144).
Take Eulerian angles simply related to the suspension, and find the equations
of motion of the system under the action of a couple G applied to thc^ outer
ring, G being in the line of the outer bearings.

17. A system is said to have “moving constraints" when the (‘.on figura-
tion of the system is determined by the values of gcmeralizcd coor(liiiat)<‘s

ffi,
• *

* ffn and the value of the time t. Show that, for such a systcun,
Lagrange's equations hold in the same form as when there arc no moving
constraints, but that the kinetic energy is no longer a homogen(K)us quadratic
expression in Ji, $2 ,

* *
• qn.

Apply this result to find the equation of motion of a heavy bead on a
smooth circular wire, the wire being made to rotate about the verticuil diam-
eter with constant angular velocity.



CHAPTER XVI

THE SPECIAL THEORY OF RELATIVITY

16.1. SOME FTJTOAMENTAL CONCEPTS

The hardest part of a subject is the beginTiing. Once a certain

stage is passed, we gain confidence and feel that, if need be, we

could carry on by ourselves. The process of learning is very

much the same whether in swimming or in mechanics—an initial

feeling of insecurity is followed by a feeling of power.

The simple things that we learn first are the hardest to change

later. Whether they are muscular actions or mental concepts,

they are used again and again until they become part of us. Our

bodies or minds have learned to follow a pattern, which can be

broken only by a conscious effort.

Breakixig up the Newtonian pattern.

We arc now faced with the task of breaking up the pattern of

Newtonian mechanics, to make way for the new pattern of

relativity, which we owe to Einstein. This would be com-

paratively easy if it were merely a question of making changes

in the later and more elaborate parts of the subject. But that

is not the case. The change is to be made right down in the

foundations—^in our concept of time.

To show how fundamental the change is, we shall describe an

imaginary experiment, putting into opposition the predictions

that would be made by a follower of Newton on the one hand and

a follower of Einstein on the other.

Two clocks stand side by side at a place P. They are of

the very finest construction and identical with one^ another.

Their readings are the same, and they continue to run in perfect

unison as long as they stand side by side at P. One clock is

left at P; the other is put in an airplane and flown with ^eat

speed on a long flight, being finally brought back to P and set

up beside the clock that has stood there unmoved.
^

Will there then be any difference between the readings of the

two clocks?

4:75
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The practical physicist will, before answering, make inquiries

as to the way in which the clock was treated on the flight

—

whether it was knocked about, whether it was subjected to

extremes of heat and cold, and so on. Let us suppose that the

greatest care has been taken, so that effects due to these acci-

dental causes may be ruled out of consideration. Then the

answers are as follows:

Newtonian theory: The clocks wiE show the same reading.

Relativity theory: The readings will not be the same. The
clock that has been on the flight will be dow in comparison with
the clock that has stayed at home.

The follower of Newton reasons along these lines: A perfect

clock registers the time. A flight in an airplane does not alter

this fact, provided that proper precautions are taken. Since

after the flight each clock registers the time, they must agree.

We cannot yet give the reasoning of the relativist; that
will come later in the chapter. For the present, we must be
satisfled with the words with which the relativist would begin
his attack on the argument of the Newtonian: There is no such
thing as the time, in any absolute sense.

It would be impossible to decide between the two predictions

by carrying out the experiment we have described. The rela-

tivist would predict a difference between the two readings far

too small to detect. The airplane would have to fly with a speed
comparable with that of light before the effect would be notice-

able. But it is the prindple that is important. Other experi-

ments can be carried out in which the predictions of the two
theories are different and the difference is large enough to
measure; in every case the relativistic prediction proves correct.

There can be no doubt that the theory of relativity gives us a
mathematical model closer to nature than the Newtonian model.
We must therefore pay attention to the words: There is no such
thing as the time, in any absolute sense. Once that point is

conceded, the basis of the Newtonian pattern is broken, and the
way is open for relativity.

The ingredients of relativity.

The theory of relativity is divided into two parts:

(i) the special theory;

(ii) the general theory.
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The special theory deals with phenomena in which gravitational

attraction plays no part, while the general theory might be called

“Einstein’s theory of gravitation.” In this book, we shall be

concerned solely with the special theory.

At this stage the reader should glance over Chap. I to concen-

trate his attention again on fimdamental matters. Pwt, but

not all, of the contents of that chapter will pass over into the

theory of relativity, and we must understand clearly what

passes over and what does not. Let us therefore start again with

a blank sheet and put in, one by one, the ingredients of the

theory of relativity.

First we introduce a “particle, understood in the same sense

as before. Next we introduce aframe of referewe and an observer

in it. The obsoiwer has a measuring rod with which he can

measure the distances between the particles which form his

frame of reference. If the distances between these particles

remain constant, the observer declares that his frame of reference

is a rigid body.
i nu

Now we provide the observer with a clock. As m Chap. I,

t.hig is an apparatus in which the same process is repeated over

and over again, the repetitions defining equal intervals of time.

The actual mechanism of the clock does pot matter. We may

thiTiV of it as an prdinaiy watch, driven by a spring and controlled

by an escapement.
i i

•

As we have indicated above, the transporting of a clock is an

operation which may lead to curious consequences. We shall

therefore not expect the observer to carry his clock about but

shall provide him with a groat number of clocks, all of identical

construction. These will be distributed throughout his frame

of reference and kept fixed in it.
r

We must not overlook the fact that the synchronization^ of

these clocks raises an important and difficult question. If there

is no synchronization, the observer will note some strange things

as he walks among his clocks. For example, he may start at

2:15 (by the local clock), walk a mile, and find that the time is

2:10 (by the local clock). Under such circumstances, in ordinary

life, one would put a clock in liis pocket and walk around, setting

each local clock as he passed to agree with the clock in his pocket.

But if our observer does this he finds the following strange

result. The clocks which he synchronizes in walking out from
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his base no longer agree with the clock in his pocket when he is
walking back.

This is the same phenomenon as that described earlier in the
case of the clock and the airplane, and the reason for it will be
made clear later. The effects are so small as to be
in ordinary life, but our observer is expected to be mathe-
matically accurate.

This description of the difficulties of synchronization may
explain why the theory of relativity has had for the popular
mind much the same appeal as Alice in Wonderland. Familiar
ideas are turned upside down. Why does the observer not simply
set all the clocks to show the correct timef The answer is : There
is no such thing as the correct time.

We recall that, in Chap. I, we introduced the idea of an ewcTit

—

something happening suddenly at a point. We carry this idea
over into relativity, where we shall make extensive use of it.

Even though his clocks are not yet synchronized, the observer
is prepared to describe any event by assigning four coordinates
to it. Of these coordinates, three are spatial (®, y, z), and the
fourth (0 is given by the local clock, i.e., the clock situated at
the point where the event occurs.

Galilean frames of reference.

We Imve already seen in Newtonian mechanics the importance
of making a proper choice of frame of reference. The laws of
Nev^nian mechanics take their simplest form only in ceirtain
special frames, which we called Newtonian. Similarly, in rela-
tivity there are frames of reference which are particularly
convenient to use.

^

These are called QalOeanframes of reference. *

They correspond in nature to rigid bodies situated in remote
space, far from attracting matter, and without rotation rela-
tive to the stars as a whole.

We shall now make the following hypothesis regarding a
Galilean frame of reference:

I. A Galilean frame of reference is a rigid body, isotropic vrith
Tespsct to TfiocliOMcoJ, cLTid optical oxpeTiTuorits^

•TOs IS ae usual name, and not a very good one, for Galileo lived beforeNewton and of course had no idea of the theory of relativity. “Einstein
frame of reference” would bo a better namn
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To explain this, we note that “isotropic” means “the M.Tnft

in all directions.” The neighborhood of the earth is not iso-

tropic. If we drop a stone, it falls in a definite direction and
the earth’s rotation defines a direction which we can detect by
means of a gyrocompass. However, in appl3dng the theory of

relativity, we may often regard the earth as a Galilean frame,

for its gravitational attraction may be small compared with other

forces involved and its rotation may be of no importance.

The assumption—that a rigid body in remote space is iso-

tropic—^is at least plausible. To assert that it was not isotropic

would at once raise the question: Why ^ould any one direction

be privileged above another?

The hypothesis refers to mechanical and optical experiments.

We must provide the observer with apparatus to perform these.

We shall therefore give him mechanisms by which he can exert

forces, and lamps and mirrors by which he can send out flashes

of light and reflect them.

In Newtonian mechanics, we had no occasion to refer to light.

Optics appeared to be a separate subject. In relativity, on the

other hand, we have to discuss optics and mechanics together.

The synchronization of clocks.

Space docs not permit us to attempt an axiomatic treatment of

the theory of relativity. To reach the most interesting deduc-

tions quickly, we shall outline some steps in the development

without proof.

Thus, wo shall only sketch the method of synchronization of

clocks in a Galilean frame of reference. The synchronization

is done by mcaius of light signals. Taking the clock at the origin

0 as master clock, the observer sends out flashes of light to the

other clocks, from which they are reflected by mirrors back to 0.

Let <1 and bo the times (as given by the clock at 0) at which a

flash leaves 0 and returns to it after reflection at a point A.

In ordinary life, we should reason in this way: If » is the velocity

of light and r the distance OA, the light would take a time r/v

to go and a time r/v to return. Thus tz — h = 2r/», and the

time of arrival at A is

< = fi + r/v = ti -|- — ti) = -|- tj).

But we cannot use this argument, because velocity is a derived

concept, depending on the measurement of both distance and
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tme. We should be arguing in a circle if we used velocity to

tioftl^Hhe f^ T- synchroniza-
tion that the clock at A k synchronized when it is set to read

11 +1^ ^1

iiistant when the flash strikes it. By this ruleall^e clocks may be synchronized with the clock at 0 ’

We ask the reader to accept the fact that, in consequence of% a^umption of isotropy, this synchronization is satisfacCS tin

T

process, with another clock as mastJ-clock, will tod all clocks reading just what they ought to read

^
that no change in the settings is necessary. WmelsXt^ere is no conhision such as we predicted earUer, in the easewhere the synchronization was attempted by carrying a clock

The observer now has a serviceable time system. He can
of By

Although we have met some new ideas in connection with

nave set up in it. It differsm no essential way from the concentwe have used in Newtonian mechanics. We do ?
the real pec^rities of relativity until we consider two Galilianrames of reference and the relations between them.

16.2. THE LORENTZ TRAHSFORMATIOBT
The piinciple of equivalence.

Let us suppose that we can shoot a rocket rkht out of tl.««>lar system. In this rocket we place an eta™ me
'

but stars, af/they Z

toekets. Ho;ishT.“'ten°Xl^trisWrhnc^^^^^



Sue. 16.2] THE SPECIAL THEORY OF RELATIVITY 481

before or the other one? To answer this question, he is allowed
to perform any mechanical or optical experiments he chooses.

The same question in a different form occurred to the physicist
Michelson in 1881. What he asked might be put thus: Is it

possible to tell the season of the year (i.e., the position of the
earth in its orbit round the sun) by means of optical experiments
performed on a clouded earth? The earth at the two seasons
corresponds to the two rockets (Galilean frames of reference).

It was fully expected that the season could be determined in this

way, for it was then believed that light was propagated in an
“ether,” and the difference between the velocities of the earth
through the ether at the two seasons should be a measurable
quantity.

The question was put to experimental test by Michelson
and later by Michelson and Morley in 1887.* The expected
result was not obtained. As far as this experiment was con-

cerned, the two seasons (Galilean frames of reference) were
indistinguishable.

Generalizing from the negative result of the Michelson-

Morley experiment, we make the following sweeping hypothesis:

II. Principle op Equivalencb. Two Galilean frames of

reference are completely equivalent for ALL physical experiments.

This gives the answer to the question raised earlier. The
observer is not able to tell which rocket he has found. No
experiment he can peiform will tell him which it is—they are

indistinguishable, like identical twins.

To the hypothesis already made wo add another:

III. Any two Galilean frames of reference have, relative to one

another, a uniform velocity of translation. The relative velocity

is less than the velocity of light.

We may recall that, in Newtonian mechanics, two Newtonian
frames of reference are similarly related, but in that case there is

no restriction on the relative velocity. The assumption that the

velocity of light is a limit which cannot be exceeded is something

essentially new.

To sum up, we have made three hypotheses in all. The first

deals with a single Galilean frame of reference; the last two con-

cern the relations tetwoen two Galilean frames of reference.

* For an account of the Michelson-Morley experiment, see L. Silboratein,

The Theory of IMativity (Macmillan Company, Ltd., London, 1924), p. 71.
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The Lorentz transfoimation.

Let S and S' be two Galilean frames of reference. (We
may without confusion also use these letters for observers in

the two frames.) Consider any event, observed by both obseiw-

ers. To this event, S attaches coordinates (», y, z, t), and S'

attaches coordinates (»', y', /, H). In doing this, each observer

uses his own measuring rod and clocks. The event determines

the coordinates, and conversely the coordinates determine the

event. Thus, considering all possible events, four numbers
(x, y, z, 0 determine an event, and that in turn determines the
four numbers (x', jf

,

2', t’’). The last four numbers are therefore

functions of the first four, and we express this by writing

(16.201) x' = /(x, y, z, <),
y' = ir(x, y, z, <),

z’ = h{x, y, z, t), if = Z(x, y, z, t).

Such relations, connecting the coordinates of two Galilean observ-
ers, constitute a Lorentz transformation.

We have now to investigate the forms of these functions. We
shall not, however, suppose that the axes Oxyz and O'x'y'z'
are given arbitrary directions in the respective frames. Wo shall
suppose them so chosen that Ox and O'x' lie on a common liiuj

when viewed by either observer, this line being parallel to the
relative vdocity of either frame with respect to the other. Wo
^all consider the Lorentz transformation only for events occur-
ring on this common line. Thus y = 2 = y' = z' = 0, and tho
transformation is of the form

(16.202) = Six, 0 , t' = 1{X, t).

We must carefully avoid the idea that there is any “absolute”We from which S and S' may be viewed. We must look atWungs either as they appear to jS or as they appear to S'. FirstS ^s the particles of his own frame. They are fixed as far
as he IS concern^, and through them there pass the particles of

^'a
^ parallel to Ox with a

the speed of relative to S. Similarly, to

niJs^^>^
of We appear fixed, and the particles of S

To doTi^L^®^ tiT Y negative sense of O'x'.

as i^
^ diagrams,as m Figs. 159a and 6. In Fig. 169a we take the view oi S am
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regard Oxyz as stationary
j
in Fig. 1596 we take the view of

and regard O'x'y'^' as stationary.

The two observers now fix their attention on a flash of light

traveling along the common line Ox, 0'x\ It will add to the
complexity of our work if we assume that the units of space and
time used by S and 8' are completely independent. We shall

therefore suppose that they have been supplied with measuring
rods and clocks from a common stock. Then, by virtue of the
principle of equivalence, the speed of light* has a common value
in the two frames. This common value we shall denote by c.

^ (a) (h)
Fig. 169.—(a) Tho frame S' moving rolativo to the frame S. (6) The frame S

moving relative to tho frame S'.

As S observes the flash, he records the time t at which (by
his local clock) the flash roaches the position x. Since tho speed
of light is c, a; is a function of t satisfying

But similarly, for the observations of /S',

Thus, for the sequence of events given by tho passage of th<%

flash, we have the two equations

dfi - dx^/c^ = 0
,

- dx'^/c^ = 0 .

Now a motion satisfying either of these equations rcprcRonts the
passage of a flash of light and therefore must satisfy tho other

*3.00 X 1010 cm. seo.-i or 186,000 mile soe.*“i
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equation. Thus, if one of the equations is satisfied, so is tins

other, and therefore we have the identity

(16.203) - dx'^/c^ = k (dP - dx^/c^),

where k is some unknown factor. But by the principle* of («juiv-

alence we must also have

(16.204) - dx^c^ = k (dt’^ - dxVc^).

Comparing these two identities, we see that A* = 1, and so
A = +1 or —1. To see which value to take, we follow tlu^

particle O', fixed in S'. Then dx' = 0, and so, by (16.203), (h<*

history of O' satisfies

©-(-r.en
But, by hypothesis III, (dx/dty < c*; hence, k = +1. Ae^corel-
ingly,

(16.205) dt'^ - dx'yc^ s dt^ - dx^/cK

The Lorentz transformation must be such that this identity holds.
We shall assume that the transformation is linear, ainl that tl»(

zeros of time are chosen so that t = t' = 0 when O' is passing
through 0. Thus we write, in place of (16.202),

(16.206) x' = ax + fit,

where a, a', p' are constants
(16.205) is satisfied. We have

t' = a'x + fi't,

so connected that the ithmtity

(16.207)

dx' = a dx + p dt, dt' = a' dr + H' <lt,

dt'^ - dx'Vc^ = (a' dx + fi' dt) ^-{adx+S dt)W^
= dt^ - dx^/c\

and so, equating the coefficients of dx\ dt^, and dr dt,

(16.208) a*-cVs = l, ^ - 0.
Let us define 0' by the equations

(16.209) sinh 0 = ca', sinh = ^/c.

Then, by the first two equations in (16.208)
, wo have

a = cosh <!>, /S' = cosh
<i>',
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and the last of (16.208) gives

sinh (<^>' — = 0.

Thus (j/ = and the transformation (16.206) is

(16 210) ) x' = X cosh
<l> + ct sinh 0,

\ ci' = ic sinh ct cosh </>.

It is easy to verify directly that this transformation satisfies

(16.206) for any constant <#>.

To identify <^, we take the viewpoint of S and follow the
particle O'. For O' we have x' = 0, dxidt = F, and so differen-

tiation of the first of (16.210) gives

(16.211) tanh <t>
= -F/c;

hence,

(16.212) cosh <l>
== -

' ^

Vl - r^/c^

So we have the Lorentz transformation

sinh <l>
= -Vic

(16.213) a:' - y(x - Vt), t' = y(t-

1

^ Vi - vvc»'

Solving for x, tj we got

(16.214) a; = y(x' + F«'), t==y(t' +

If we now take the viewpoint of S' and follow 0, wo have * = 0,

da^/dtf — —V, whore V iw the speed of S ixslativo to S'. But
when we put a: = 0 in the first of (16.214) and dilferontiate, we
obtain ix'Idi — —Y. Hence Y' = F, as indeed we might have
anticipated from the principle of equivalence.

Now we have the explanation why the theory of relativity did
not force itself on the attention of mankind long ago. Apart
from the high velocities of electrons, which were not observed
until comparatively recent times, physicists and aatronomera
have had to deal only with relative velocities very small indeed
compared with the velocity of light. If F/c is small, then y is very
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nearly unity; as V/c- 0, the Lorentz transformation (16,213)
tends to

(16.215) x' = x- Vt, t' = t,

as in Newtonian mechanics (cf. Sec. 5.3).

Immediate consequences of the lorentz transformation.

To a person accustomed to thinking in the Newtonian wav,
some of the predictions of the theory of relativity an* startliuK.
Outstanding among these are the contraction of a moving hot Iy
and the slowing down of a moving clock. Those ai)parently
curious facts are consequences of the Lorentz trausformatioii
(16.213).

First, let^ us consider a measuring rod which S' lay.s down
along his axis O'x'. To him it is a fixed measuring rcxi. If A Ji
are its ^ds, the history of 4 is a sequence of events for whicJi^ ~ \ *he history of B is a wxiuemx) of

rodl^
^ ® constant; the length of ih<’>

(16.216) i/ =

Viewed by S, the rod is not fixed. An instantaneous nictnro

ait iti
“ « ““‘urally ».vh

i . (.), _
Now, by the first equation of (16.213),

(16.218) / = yiix)B - V{\,

I = 7[(«).t - Vt],

and subtraction gives, in view of (16.216) and (16.217),

or

a6.2i9j L = L'H = L' < jj

the ratio"*.^^—^;!^® to ^ to be contracted in

We might expect that, if S' viewed a j • «see an expansion instead of a contrattion But irwe’ii- isut If we carry out
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the calculation, now using (16.214) instead of (16.213), we find
the same contraction again. Bach observer considers that the
measuring rod of the other is contracted.

Now let us consider a clock carried along in S'. Let (t')Ai
(i )b be two readings of the clock. These are two events, both
with the same x', and with tf = {t')^, f = respectively.
Viewed by S, the clock is moving; let the times of the two events
be (Oa, (<)a, respectively, as measured in his time system. From
the second equation of (16.214), we have

f (t)B = y

li

By subtraction,

(t)B - <(A) = y[(t')B - («0a],

or

(16.221) T = yT' = - I’l > f,
Vl - VVc®

whore T is the time interval recorded by S and T' the time
interval recorded by S'. Since T' < T, the clock carried by
S' appears to S to be running slow. Just as in the case of
contraction of length, tliis result works both ways. Bach
observer considers the clock of the other to be running slow.

Space-time.

It docs not scorn possible at first sight to do justice simul-
taneously to each of two Galilean obscrvci’s, for it appears neces-
sary to take the point of view of either the one or the other.
This difficulty is overcome by using a spaac-timo diagram.
There is nothing peculiarly relativistic about a spaco-timo

diagram. We have used the idea in Newtonian mecluuiics,
as in Fig. 78, when we plotted the position of a damped harmonic
oscillator against the time. But it is in relativity that wo got
full advantage from this idea.

Consider first one Galilean observer 5. Draw oblique Car-
tesian axes on a sheet of paper, and label them 0®, iU (Fig. 160).
(We use Q instead of 0 for origin, to avoid confusion with the
origin of the observer’s axes.) Any event which happens on the
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axis of Ox in the observer's frame will have attached to it

of X and t. It can then be represented by a point in I’ifr.

which is our space-time diagram. The historyof a particle moving?
along Ox will appear as a curve C in the spacc-tiine dingrarn .
If it moves with uniform velocity, dx/dt is a constant, and th<5
curve becomes a straight line Ci.

Consider now a second Galilean observer /S'* Irjst<*a,<l of*
making a new space-time diagram for him, wo suporiinposo liis^gram on that of jS. But we use new oblicpio nxes iix'//

related to Qxt that the geometrical law of <,ran*sf()r-
matron of coordinates in the plane is preci.soly the Lorent*
transformation (16.213). Now any event E haa,^,f counsc, tJo

L^inte ^iomatio^ T®
«Hnu‘ct(‘<l by f 1„,

time diagram.
’ PPeors as a singh pmit in the spnre-

sitniiHonasirelmTeiiseomBinr »aiim

« Pta. eqrtiS^T^Z oO PoIy«».,

'ff
“ absolute

“™-

aethods
to aejouclmiou ttot tho

Plaae of th. ap«e!LT,C5r
two pomts as something mdepend^ent^of

+?® distiurcc between
^ve two sets of rectangular ais Oxv nSQPare of tee di*u.oe bot^eeu

(16.222) = clx'o + dy'\
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In fact, the quadratic expression dx^ + dy* is an invariant.

But in the space-time diagram

df* 4- daj» dt'^ + dr'*.

The invariant quantity is, by (16.206),

(16.223) df* - da:*/c* = dt'* - dr'*/c*.

In geometry, we denote the invariant (16.222) by ds* and

call ds the distance between two adjacent points in the plane.

This suggests that we should give a name to the square root of
(16.223)

. However, the minus sign introduces a complication,

since the invariant may be negative, and hence its square root

imaginary. So we put

(16.224) eds* = d<» - dr*/cS

where e = +1 or — 1, according as the expression on tho right is

positive or negative. We call ds the separation botwoon tho

events (r, t) and (x + dx,t-\- df).

In the case of two events which ai’o not adjacent, we define

the sepai’ation as s = /ds, taken along the stiuight line joining

the points in the space-time diagram which corrosijond to tln^tn.

Since dx/dt is constant along a straight lino, wo easily find

(16.225) €S» = (ti - <a)* - («i -

where the two events in question are (xi, ti) and (xa, is). W(i

that, if tho two events have the same r, thcj separation is siinidy

the difference between tho t’s; if iluy have tho sanus i, the separa-

tion is the difference between thor’s, divided by c.

Tho linos in the spacjc-timo diagram satisfying oiu^ or otlu'f

of the equations

(16.226) di = d-x/c, dt = -dxfc,

are called null Urns, because tho wpanition between any two
points on such a lino is zero. Ohiurly a null line represcudw

the history of a flash of light travrding along tho axis Ox of a
Galilean frame, in one direction or the otlu'ir.

So far we have made no hypothe*<is regarding the motion of a
particle in a Galilean frame. Wo shall postpone tlm discussion of

motion under a force to Sec. 16.3, but now aee<!ipt the law that«
free particle travels in a straight lino vnth emmtant spml, just as in
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Newtonian mechanics. This means that a free particle traveling
along Ox moves in accordance with

dx

where u is a constant. Its history appears in the
diagram as a straight line, with equation

(16.227) f _ 5 = constant.

We shall now show how the contraction of a moving rod and
t , , , b slowing down of a. moving

' clock appear in the diagram.
In Fig. 102 the lin<*.s n, h

represent the hi.stori(‘.s of tin*

ends of a moaaiiring rod lying
on Ox' and fixed in ,S''. 'rh(‘.s(>

lines are drawn i)arall<d to Stf',

because the x' of eaeh end of
the rod is a constant. I’lu^

length L' Gudged by »S") ^
proportional to the s(>i>ara.tion

To got an insfantano-
ous picture from the \-i(‘\vpoin(
of S, we draw a limi parallel
to Six (i.e., with t <'<mN<anO.

r w
162.—Space-time diagram for the

contraolaon of a moving rod and thefllowmg down of a moving clock.

“ •r '
toe mbrval r bet.«a kde^brs'iTn’tion A'A, As iudffed hv

^ ^

.

^>7 o ; in ilu* s(‘pani-

erento is T, themoteaaebto

iJ‘T. "hi,.!,

Six't' not interlace with art? Why doM^^
Why d,, ( j„.

7" in Fig. 162, whereas ^e hav^U^proved the reverses in ((!.22l)?
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Is it true, for a triangle in the space-time diagram, that the sum
of the separations represented by two sides is greater than the
separation represented by the third side?

16.3. KINEMATICS AND DYNAMICS OF A PARTICLE
Composition of velocities.

Let P, Q be two particles traveling with uniform velocities

Ui, U2 along the axis Ox of a Galilean frame of reference S.
What is the relative velocity of the two particles? In Newtonian
mechanics, we should answer: uz — Ui, In relativity, we say
that this is only the difference between the velocities. The
velocity of Q relative to P is the velocity of Q as estimated by a
Galilean observer S' traveling along with P, i.e., using a Galilean
frame of reference in which P is fixed.

Between S and S' we have the Lorentz transformation
[cf. (16.213)]

(16.301) = y,(x - mt), f = y,(i-

1

•s/l — uf/c‘

Consider now the motion of Q; for it, dx/dt = ug, and its velocity

as estimated by 3' is

(16.302) u' = ^r
dx — U\ dt _ Ug — 111

dt — ui dx/c^
~

1 — UiUg/c^'

This is the law which replaces the Newtonian law,

(16.303) u' — Ut — Ui.

We note that, if Ui and wj are small compared with c, (16.302)

differs very little from (16.303).

If we solve (16.302) for tta and then make a change in notation,

we get the relativistic law of composition of velocities: If a particle

moves with velocity Ui in 8', and S' has a velocity ug relative to 8,
then the velocity of the particle relative to 8 is

(16.304)
Ui -b Uj

1 + UiUg/c’^'

Proper tune.

Let /S bo a Galilean frame of reference, and let P be a particle

traveling along the axis Ox with uniform velocity «. It may be
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regarded as a particle of a second Galilean frame S\ Consider
two adjacent events in the history of P; the time interval dt'

(16?13^
estimated by a clock carried with P) is, by

di' = ~ ^ dx/d^

Vl - u^lc^

But dxf^ — u, and so

dt' = dt \/l - liYc* = -y/dt^ - dicVc* = ds,

where ds is the separation between the two events. Thus the
sepOTation equals the time interval, as measured by a clock carried
With the particle.

Hitherto we have considered only particles with uniform veloc-
ities. We now think of a particle,
traveling with accelerated motion.
Its history appears in the space-time
diagram as a curve. How does a
clock behave if carried with the
accelerated particle? Our previous
hypotheses do not tell us; we must
make a new assumption. This
assumption is as follows: The time
interval between two adjacent events in
the history of an accelerated dock is
given by the separation between these
events:

This separation is called the interval of proper time between
a particlemovmg along Ox with speed « is
^

(16.305) *, = a/T.,

where

(16.306)

Pig. 163.—^pace-time dia-
gram of the histories of two
olooks.

7u =
VI -

Now we can give the explanation of the curious predictionmade early m the chapter regarding the behavior of a clock takenon a flight. ]^gure 163 is a space-time diagram; a is the historyof the clock that stayed at home. At the event A(i = «,) tS
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other clock left and described the space-time curve &, returning

at the event = ^2). Suppose both clocks read zero at A.

Then at B the clock that stayed at home reads (since dx = 0

throughout its history)

(16.307)

= Tdt
Jh

The clock that flew reads

(along a)

(16.308) fA ^ (along 6)

Thus T' < T, which proves the validity of the prediction.

Equations of motion in absolute form.

It has been remarked that gravitation lies outside the scope of

the special theory of relativity. But there are available other

forces by moans of which accelerated motion may be produced.

What we shall have to say is theoretically applicable to the

accelerated motions of ordinary life, but the differences between

the relativistic and the Newtonian predictions are then far too

small to measure. The differences become apptociable only

in the dynamics of atomic particles accelerated by forces of

electromagnetic origin. However, the same principle appUes

throughout, and wo may understand it by thinking of any

small body under the influence of any force.

Wo have accepted the hypothesis that all Galilean frames

are equivalent. Thus, whatever form of equations of motion

one Galilean observer adopts, a similar form must hold for any

other Galilean observer. In fact, the, equatwns of ‘motion of a

partide •m'ust be invariant ‘wider the Lorentz transformation.

If we take the Newtonian equation

(16.309) = P

and apply the Lorentz transformation (16.213) to get an equation
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in x' and f, we find an equation of quite different form. Thus
(16.309) is not invariant under the Lorentz transformation.

To see what form of equation is suitable, we have to consi<ler

spaco4ime vectors.

In Jig. 164, we have taken a point A in the space-time diagram

and drawn a directed segment Q4. This is a spaco-timc vc<d.or;

/t its components in the dirocitions ilx,

/ Of are ®, t, the space-time coordinat<\s

/ of il. If we use other ax<is itxH', t,h(^

/ same vector has different (fomponcuta.
/ But between the two sets of ciorn-

/ ponents the Lorentz tninsformation
/ holds.

We define a space-time vector as^ a pair of quantities (|, r) wlii(fh trans-
Fia. 164.— A space-time veo- fonn, when we change axes in spaco-

time, just like (x, t), i.e., acscording to

(16.310) r = 7({ - Vr), t' =
y (r -

y
VI - FVe*'

As we have stated, our problem is to build equations of motion
mvariant under a Lorentz tranrformation. The key to tlm
solution IS found in the idea of the space-time vector. We s/iall
form equations in which a space-time vector is equated to a smee-
time vector.

"

Consider a particle moving along Ox with a general motit>ii.ims corresponds to some curve in space time. The protxn- time
mealed from some imtial point, may be taken as a parameter,’and the equations of the curve written

Since ds is an invariant, the pair of quantities (dx/ds, dt/ds)

We cX2^: differentiating (i6.2l3).
call (dx/d«, di/ds) the dbsolvie velocity of a particle. Explic-itly we have, by (16.305),

J-ixpiic-

(16.311)
dx

5?
“ dt

5i
=

T^S = 1 _
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where u = dx/di, the velocity of the particle relative to the

Galilean frame of reference 8, corresponding to Qxt. If the

particle has a velocity small compared with that of light, so that

u/c is small, the components of the absolute velocity are approxi-

mately (li, 1).

Similarly, (d^x/ds^, dH/ds^) is a space-time vector. We call

it -the absolute acceleration.

We now accept, as satisfactory from the point of view of

invariance under the Lorentz transformation, the following

equations of motion:

(16.312) =

where wio is a constant (the proper mass of the particle) and

(X, T) is a space-time vector, called the absolute force.

In a different Galilean frame of reference S', with velocity V
relative to 8, these equations read

d^' „/ dH'

where

(16.313)

T^^{X-YT), r
1

VI - Wc*
This may be verified immediately by applying (16.213) to

(16.312).

Equations of motion in relative form.

Let us now put the o(iuations of motion (16.312) into another

form in order to show the relation of relativistic to Newtonian

mechanics. Since ds = dt/yu, these equations may bo written

(16.314) (mor»«) = XJyy,, ^ (moY«) = T/yu.

Let us define some terms, as follows:

(16.316)

Relative mass = m = mo7« =

Relative momentum = mu.

Relative force = P = X/yu =

Relative energy = E = mc^ =

mo

Vl -

Z VI - ttVe*.

mpc^
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Then the first of (16.314) may be written

(16.316) ^ (mu) = P;

in words,

rate of change of relative momentum = relative force.

This is the equation of motion of a particle moving on the r-asis

imder the influence of a force P. It is of the Nowtoniaii /orw, huf.

with a remarkable diflierence. The (relative) mass of a jMirin'ht

is nof a constant; it varies with the speed of the pai-ticlo a(;<,‘t>r<ling

to (16.316).

If u/c is small, the variation of m from the value m,n is iTiKignifi-

cant, but on the other hand m tends to infinity as the spetul of the
particle (u) tends to that of light (c). No particle has ev<‘r h(‘<‘n

observed traveling with a speed equal to, or greater than, that of
light. This physical fact agrees with the theory. If t in* speed
of a particle were to increase up to and beyond the si)e<ul of light

,

the relative mass would become meaningless, passing through an
infinite value to imaginary values.

To discuss the second equation of (16.314), let us first return to
(16.224). This may be written

since (dx/dty < c* for a particle. Differentiation gives

(16.318) = n
ds da^ c® ds ds*

Thus, by (16.312),

(16.319) = n
ds ds ^

or

(16.320) = Zu = Puy„.

In fact the second component of absolute force is closely related
to tne first component

(16.321)
dt

= Pu.
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This is the eqmtion of energy and justifies the definition of relalive

energy as in (16.315). For (16.321) reads, in words,

rate of change of relative energy

= rate of working of relative force.

This has the Newtonian form, but the expression for energy (F)

does not at first appear related to the Newtonian kinetic energy.

However, if we expand by the binomial theorem, we obtain

® “ ”^’0 + *?+?+••)’
and if u/c is small, we have approximately

(16.323) E — moc^ + -giWoM*.

This differs from the Newtonian expression for kinetic energy

only by the constant moc®, which is called the rest energy or

proyer energy.

The quantity moc® appears of little importance here, because

E is differentiated in (16.321), and so the constant disappears.

The equation (16.321) would still hold if we had adopted the

definition

(16.324) E = . .
- moc*

VI - mVc*

for relative energy. There arc, however, good reasons for

preferring (16.322) to (16.324) as a definition of energy. Some of

these are connected with the disintegration of atoms and their

structure. The known atomic weights of the elements are con-

sistent with the principle of energy only if (16.322) is regarded

as the energy of a particle. In relativity, mass and energy are

no longer distinct concepts. Even when a particle is at rest, it

has energy moc®, and wo camiot convert this energy into another

form without destroying or altering the mass mo.

Example, Conflidcr a particlo moving on the iP-axis under a constant

relative force P, starting from rest at the origin at i *=» 0. By (16.816) the

motion satisfies

A f ^ M P
dt VVl - «•/«*'

(16.325)
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Hence,

(16.326) — = Pt.
Vl - u*/c*

Solving for u, we get

(16.327) u -
y/PH^ + mjc*

We note that u is less than c for all values of t and tends to the limiting vnhn^
c as f tends to infinity. This behavior is, of course, quite dilTeront from the
behavior of a particle under constant force in Newtonian mechanics.

Since u « dx/dt^ (16.327) gives, on integration,

(16.328) a » [Vl+ (PV)/(mJc») - l]-

If TWoC is large compared with Pt, this reduces approximately to

(16.329)
Wlo

the familiar Newtonian formula.

16.4. SUMMARY OF THE SPECIAL THEORY OF RELATIVITY
l. There is no such thing as absolute time,

n. Lorentz transformation

:

(16.401) = =

Vl - 7Vc*

m. Space-time diagram.

(a) An event is represented by a point.

^(6) The history of a free particle is represented by a straight

Idstory of a flash of light is represented by a null line.W The separation of two adjacent events is ds, whore

(16.402) 6ds* = d<2-da:Vc* (c = ±1).
IV. Kinematics and dynamics of a particle.

(a) Element of proper time for moving particle:

(16.403) da = df V l — «Vc*
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(b) Equation of motion:

(16.404) i (w) - J>, 7. - I

(c) Energy:

(16.406) E = jno7uC* = moc* + approximately.

(16.406) f = P«.

EXERCISES XVI

1. An airplane sets out to fly at 600 miles per hour. Show that it would

have to fly for more than a thousand years in order to make a difference

of one onc-hundredth of a second between the times recorded by a dock in

the airplane and a clock on the ground.

2. Show that, if x/c and t are taken as coordinates in the space-time

diagram, the history of a flash of light is equally inclined to the axes. Draw
the history of a flash which passes to and fro between a mirror fixed at the

origin and a mirror which moves along the observer's axis Ox with constant

speed.

3. Provo directly from the formula (10.304) that, if the magnitudes of

ui and U2 are both loss than c, tlic magnitude of the velocity relative to ^ is

less than c.
, i «

4. Two electrons move toward one another, the speed of each being 0.9c

in a Galilean frame of roferenco. What is their speed relative to one

another?

6.

For suitably chosen axes in two Galilean frames S and S', the com-

plete Lorentz transformation is

sa 7 (a? — y' ^ y, - Zi “ t(< — Vx/c^),

T = (I - V'/e*)-K

where V is the relative velocity of S and S',

A particle, as observed by S', describes a circle a'* + 2/'* =* a*, z' = 0, with

constant speed. Show that to S the particle appears to move in a ellipse

whose center moves with velocity V,

6. All electromagnetic waves travel with the fundamental velocity c in

empty space. A radio station fixed in a Galilean frame of reference S sends

out waves. Show that, to an observer in another Galilean frame S', those

waves at «.ny instant form a family of noncoucentric spheres. Is it i)OHHible

that two of those sphercis should intcjrsect?

7. Show that the Ijorontz transformation may be regarded as a rotation

of axes through an imaginary angle.

8. The history of a moving particle is represented in the space-time

diagram by the hyperbola
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of a Gahlem frame with velocities w„ u,, respectively. They collide and
PoHicle. Assuming the laws of conservation ofrelati^tio momentum and ene^, prove that the proper mass m» andvelocity u, of the resulting single particle are given by

»»1 + »»j + SmiTOjTiYj ^1 —

^171^1 + WiTat^g

Wiyi 4" ^272
*

where yI" = 1 - uj/c>, yf = l- u|/c«.
10. A particle of proper mass mo moves on the axis 0* of a Galilean frame

»t*»cted to the origin 0 by a (relative) force moA»*. It
amphtude a. Show that the periodic time of thisrelatiYistic harmonic oscillator is

r =i fdx

/ = 1 + 4^ (o* — ®*).

« -* «, r -2^/A (the Newtonian result); and show that if

~ /"l -L _8+A-^| approximately.



APPENDIX

THE THEORY OF DIMENSIONS

Two physicists are shipwrecked on a desert island. After

making qualitative observations of their surroundings, they wish

to make measurements. But here a difficulty arises, for they

have none of the usual apparatus of the laboratory—^no meter

scale, no set of weights, no clock.* Everything they require

they must construct for themselves.

If they can agree on the length of a certain stick as unit of

length, the mass of a certain stone as unit of mass, and the dura-

tion of some simple repeatable experiment as unit of time, all will

be well; both experimenters will asagn the same number to the

same measurable quantity. But why choose one stick rather

than another, one stone rather than another, one experiment

rather than another? If the two physicists are obstinate, each

in his own preference of units, there is no valid argument by
which one can persuade the other to yield.

This disagreement concerns only physical measurements. In

the realm of pure mathematics, there is complete accord; both

agree, for example, that

(1) 2 -h 2 = 4, (* + l)(a: - 1) = a:* — 1,

" (?“** dx = -^ -s/ir.

But in the matter of the choice of units, we may well imagine

that neither physicist will yield to the other. So they decide

to work independently, each constructing his own apparatus,

measuring quantities in the units he prefers, and developing his

own results. If they wish to discuss their work, how is one to

interpret the results of tho other? How far do their individual

efforts contribute to tho construction of a common science,

independent of the choice of units? These are questions which

belong to the theory of dimensions.

* We may suppose the sky peTpetually overcast, so that the rotation of the

heavens cannot be used as a clock.

501
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It may appear stoange that we have been able to postpone to
an appendix the discussion of these important questions. The
explanation is that the theory of dimensions becomes necessary
only when we wish to compare results for two different systems
of units. In our work, we have used arbitrary units and letters
(algebra) instead of actual numbers (arithmetic). Our results
are valid quite generally and can immediately be applied in any
particular system of units.

Perhaps an analogy with analytical geometry will be helpful
We may develop results true for arbitrary Cartesian axes, e.g.,
properties of conics deduced from a general equation of the
second degree. We meet the theory of transformations (the
analogue of the theory of dimensions) only when we consider two
different sets of axes at the same time. The invariants of analyti-
cal geometry are analogous to general physical laws, true for all
systems of units.

Units and dimensions.

The theory of dimensions arises from the fact that units may
be chosen arbitrarily. Instead of arguing over the respective
mente of different systems of units (e.g., centimeter-gram-second

systems as equally
v^d. Each physicist may select his own units. This means
that he selects a piece of matter and says that its mass is unity
he selects a rigid bar and says that its length is unity, and he
selects a repeatable experiment and says that its duration is
umty. He can now measure masses, lengths, and times, and
record them as so many units. To find a velocity, he measures
istoce traveled and time taken, and divides the one number
by the other. He deals similarly with acceleration, moment of
inertia, kinetic energy, and so on.

xrtl
force there are two possible plans: (i) he may useNewton s law of motion in the form P = mf to define force inte^ of ma^ and acceleration, or (ii) he may use a separate

arbitraiy unit of force. The second plan is good in statics, but
the first IS far simpler in dynamics and may be used in statics

present discussion.
With tins understanding, all the quantities occurring in mechanics
are bmlt up out of mass, length, and time; the physicist can assign
numerical values to them all, once he has selected his funda-
mental umts of mass, length, and time.
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Two physical quantities may have different numerical values
and yet be of the same type. For example, the linear momenta
of two particles may have different numerical values, but they
are both built up out of mass, length, and time in the Hn-Tna

definite way; in fact,

(2) hnear momentum = X length,

time

To express this more compactly, we introduce the symbols
M, L, T for mass, length, and time, and write symbolically

(3) [linear momentum] = [MLT~^.

The square brackets arc to remind us that this is no ordinary
equation connecting numbers but a symbolic shorthand to show
how linear momentum involves the fundamental quantities.

This is called the dimensional notation; we say that linanr

momentum “has the dimensions All the quantities
occurring in mechanics may be expressed dimensionally in the
form

where a, y arc positive or negative powers, not necessarily

integers. The following list of dimensions is easily verified:

[velocity] = [LT-^l
[acceleration] = [LT~^],

[force] = [MLT-*],
[moment of a force] = [AfL®T“®],

[linear momentum] = [^LT~%
[angular momentum] = [ML^T~^\,

[energy] =
[angular velocity] = [T“‘],

[moment of inertia] = [JlfL*].

In writing down the dimensions of a phj^ical quantity, we pay
no attention to numerical factors. Thus the dimensions of

iTOff® and mg® are the same, viz., [ML^T~^],
We do not add or subtract quantities having different dimen-

sions, but we frequently multiply such quantities by one another
or divide them by one another. The rule by which we obtain the



504 PRINCIPLES OF MECHANICS

HiTmanmnnH of thfi product Or quotient is obvious from the defini-

tion of dimensions. It is as follows:

Let 0i and Qa be physical quantities with dimensions

[Qd = [<?a]
=

then

[QiQ2l =

QaJ

If Qi and Qa have the same dimensions, then

[|i] = [MOLT®],

and we say then that Q1/Q2 is dimensionless. For example^ th<^

circular measure of an angle is obtained by dividing a length

(arc) by a length (radius), and so an angle is dimensionh^ss.

It is easy to verify that the following combinations anu also

dimensionless:

force X time

linear momentum^
force X length

energy
’

moment of inertia X angular velocity

angular momentum

Exercise. Einstein's radiation formula E ^ hv, where E xa the
of a photon, 1/ is its frequency, and h is Planck's constant. Show that
Planck's constant has the dimensions of angular momentum.

Change of units. First method.

Let us now consider two physicists and Sa, who uw* cUff<*n*nt
umts of mass, length, and time. When they moosun; t.h<‘ Hiimc
phyweal quantity, they record different results. But, os w<‘ slinll
now see, it is easy to pass from one numerical value to the oi h«r
when we know the ratios of the two sets of units.
For symmetry, we introduce a third physicist *^0, usinp; a

third system of units; we shall call his units “absoluk'" for
purposes of reference, without meaning to imply that th<\v an*
in any way more fundamental than the units of flf, or *Sfa.’

the units of contain mi, h, and ti, absolute units of mass, length.
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and time, respectively; and let the units of Si contain ms, h, and
ti absolute units.

Consider a physical quantity Q with HimanpioTiB
This quantity is measured by So, Si, and Si, with numerical
results as follows:

^0 Si Si

Qo Qi Qi.

Now every unit of mass recorded by Si corresponds to itii absolute
units, and similarly for length and time. Hence, one Si-unit
of the quantity measured corresponds to mi^hHi* absolute units,
and Qi Si-units correspond to QmiHiHi* absolute units. But we
know that Qi Si-units correspond to Qo absolute units, and so

(^) Qo =

similarly,

(5) Qo =

Comparing (4) and (5), we see that the law of transformation
connecting the results of Si and S* is

(6) QimiHiHi^ = Q%mi«l^-»,

or

(7)
Qi \mi/ \lij \tij

'

If we identify the units of So with those of Si, so that the
absolute units are now the Sninits, we have

= 1, li = 1, ti = 1,

f\ ^ jQi

where wto. It, ta are the numbers of Si-units contained in the
So-units. This formula gives the number Qo assigned by S* to a
quantity, in terms of the number Qi assigned by Si to the same
quantity and the ratios of the units.

Exercke. An energy is 362 in c.g.s units. What is its numerical value
in f.p.8. units?

and so

(8)
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Change of units. Second method.

The above method is logical, but not good in practice. Con-
version from one set of units to another is a process which we
must be able to carry out quicHy and accurately, and the rules
should be simple and easy to remember. The formula (7) is bad
because it involves a third system of units, and (8) is bad because
It IS unsymmetiical and hard to remember. The method we are

'

about to describe is that in common use.

Compare the equations (1) with the following:

(9) 1 meter = 100 cm., 1 lb. = 463.6 gm.,

22 ft. per sec. = 16 miles per hr.

These are true statements, but they differ from (1) in an impor-
tant respect: the equations (1) involve only pure numbers,
whereas (9) involve measurable physical quantities. To dis-
tinguish them, we may call (1) mathematicians’ equations (or
briefly M-eguations) and (9) physicists’ equations (or P-egua-
Uons). We know what we can do with M-equations according
to the methods of alpbra and calculus. There are certain rules
of manipulation, which we apply with confidence that we aliaii

never reach a false conclusion. Let us boldly apply the rules of
algebraic manipulation to P-equations, treating such words as
meter, cm., lb. as if they were ordinary algebraic symbols. A
word of warning, however-the signs =, +, and - are to be
used to connect only quantities of the same type, i.e., of the same
dimensions.

We think again of two physicists and S^. Let 8i name his
units Ml, Li, Ti] and let St name his units Mt, Lt, Tt. These
are narnes (Uke gm. or cm.), not numbers. If Si measures a
length, he records the result in the form

Q — QiLi]

this is a P-equation, in which Q stands for “the quantity which
IS measured,’’ and Qi is a number. More generally, if meas-
ures a quantity with dimensions he records

(10) Q = QiMi’‘Li»Tii,

where Qi is a number. If St measures the same quantity, he
records

(11) Q = QtMt’LtPTt^.
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There is nothing novel about this; it is what we do when we write

acceleration due to gravity = 32 ft. sec.“*

acceleration due to gravity = 980 cm. sec."®

Now we bring into operation our assumption that the P-equa-

tions (10) and (11) may be treated in the same way as we should

treat M-equations. We get at once

(12)
= QiMMTty,

and

If we interpret MifMi to mean the ratio.of the unit Mi to the

unit Mi, then Mi/Mi is a pure number—^in fact, the measure

of Ml in terms of Jlf2 . Since Li/L* and Ti/Ti may also be

regarded as pure numbers, (13) is an M-equation, although (12)

(from which it was obtained) is a P-equation.

Equation (13) is what we have been seeking—a formula to

give Qi when Qi and the ratios of the units are known. If we

lack confidence in it, because it has been obtained by a symbolic

method, we can reassure ourselves by turning back to the first

method; there only M-equations were used, and the deduction

of (6) and (7) is logically sound. Wo see that (12) is merely the

P-equation corresponding to the M-cquation (6), and (13) is the

same as (7)—^both M-oquations.

When wo actually carry out a conversion from one system

of units to another, it is the P-c(iuation (12) rather than the

M-equation (13) tlmt wo use. It would, however, bo more

correct to say that we use neither. Therein lies the simplicity

of the symbolic method; wo treat each problem on its merits,

without having to romomber anything, except that it is pomis-

sible to use the symbolic method, in which words are treated as

algebraic symbols. The formulas (12) and (13) were obtained

only for purposes of comparison with (0) and (7).

To show the symbolic method in action, lot us convert an

acceleration of 32 ft. sec."® into mile hr."®* First wo write down

* It is convoaicut to write ciuih unit in the siiiKular, to avoid waste of

energy in deciding wlwsthor to usms tlio singular or tlie plural. This is a

mathematical symbolism, and in it Himi>ii(:ity is more important than

grammar.
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1 mile = 6280 ft., 1 hr. = 3600 sec.,

- 32^^
32 X 3600 X 3600 ., , ,

6280 “^ehr.-*

= 78,545* mile hr.-^

A physicist would round off the result. For he would think of
the number 32 as obtained by measurement carried out only to
two-figure accuracy, and so he would prefer to write

32 ft. sec.-2 = 79,000 mile hr.-*

This question of “significant figures” has nothing to do with the
theory of dimensions, and we shall not pursue it further. The
discrepancy between the two statements arises from the two ways
of thinking—mathematical and physical—which we mentioned
in Chap. I.

Exercise. Work out the exercise on page 606 by the above method.

Dimensionless quantities and physical laws.

If a quantity is dimensionless, then « = i8 = Y = 0in (13),^d therefore Qi = Qj. A dimensionless quantity has a value
independent of the system of units employed. This fact mak<w
such quantities particularly simple to handle, because any
possible confusion regarding units is automatically eliminated,
^y mathematical combination of dimensionless quantities is
itself dimensionless.

We can now answer the questions raised in connection with the
two shipwrecked physicists. The formulas given above enable
the one to interpret the results of the other, i.o., to transform them
into his own units. As for the second question—the building up
of a common science independent of the choice of units—the

so that

Then,
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answer is to be found in the concept of the dimensionless quan-

tity. Any equation connecting dimensionless quantities is true in

<dl systems of units, if true in one.

Suppose, for example, that a physicist (prior to the time of

Galileo) made measurements on a falling body, using some

system of units of length and time. We assume that he was able

to measure the height h from which the body fell, the speed q

with which it struck the ground, and the time t it took to fall.

Suppose he found

for a whole set of experiments in which h was given different

values. He would have been justified in regarding this as a

result of great importance, because it holds in all systems of units,

since qt/h and the pure number 2 arc both dimensionless.

As shown above, any equation connecting dimensionless

quantities is a physical law, in the sense that its truth is inde-

pendent of the choice of units. However, it is not necessary

to express a physical law in dimensionless form. It is merely

necessary that the equation should bo dimensionally homo-

geneous; i.e., the terms equated to one another must have the

same dimensions. This will ensure that the law is true in all

systems of units, if true in one.

The constants occurring in physical laws usually have dimen-

sions. Consider the law of gravitational attraction (6.501)

„ 0mm'P —

)

where P is the magnitxido of the force between particles of

mass m, m' at a distance r apart. To make this dimensionally

homogeneous, we must assign suitable dimensions to the con-

stant Cr. This is easily done if wo write the eciuation in the form

Pri
G » —rmm'

We have then
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In the c.g.s. system,

G = 6.67 X 10“® gm."*^ cm.® sec."^

Exercise, Form a dimensionless combination of the gravitational con-
stant, density, and time.

Applications.

Apart from its use in the change of units, the theory of dimen-
sions has three important applications:

(i) It supplies us with a useful check against slips in calculation.

(ii) It suggests fornos of physical laws.

(iii) It enables us to predict the behavior of a full-scale system
from the behavior of a model.

These applications will now be explained.

(i) Provided that we do not insert numerical values, the dimen-
sions of every combination of symbols occurring in our woi*k
are obvious. Por example, if a is the length of a pendulum and
g the acceleration due to gravity, then

L=j-in
The basic law of motion (1.402) is dimensionally homogonooiis,

in the sense that both sides have the same dimensions, viz.,
[MLT-% The operations we perform on this equation may
change the dimensions of the two sides, but they arc both changedm the same way. Thus, at all stages of our deductions wo have
(toensionaJly homogeneous equations. Indeed, it is inevitable
that this should be so, since otherwise the two sides of an equa-
tion would change differently on change of units, and if true for
one ^tem of units would not be true for another. This gives
a useM check. For example, suppose we are engaged in working
out ^e W^a for the periodic time of smaU oscillations of a^ ‘ ^ “rivo, porhups,

o ®
T = ZtT—

Dimensionally, this reads
^

[T\ = [T*],

which shows that the result is incorrect. Such a chock will ofcourse, never be of any assistance as far as a numerical coefficient
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is concerned; for example, the theory of dimensions alone cannot

tell us that

is incorrect.

Exercise. It is suggested that the equation of motion of a particle on a

line is

d*x
,
^dx ,, f..^ + a^+bx-0,

where a has the dimensions [L], and 5 the dimensions [T-*]. Would you

accept this equation as correct?

(ii) To see how the theory of dimensions suggests forms of

physical laws, we shall consider the transverse vibrations of a

heavy particle at the middle point of a stretched string. The

quantities involved are

m = mass of particle,

a = length of string,

S = tension,

T = periodic time.

The periodic time must be some function of the quantities m, a,

S, and so we write

T = /(m, o, S).

The only combination of m, a, S having the dimensions [7’]

is of the form CmV/S^, where C, a, j3, 7 are pure numbers, at

present unknown. Accordingly wo assume

and obtain tlio dimensional equation

[T] =
Hence,

a + 7 = 0, P y — 0, —2y “ 1,

or

a =
-i, = i. 7 = -h

and so our formula for t is
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We cannot find the numerical factor C from the theory of dimen-

sions. To obtain it theoretically, we must solve the differential

equation of motion. But, if we are satisfied with an experimental

result, one experiment will suffice to determine C.

This method is useful in the case of a complicated system,

where the direct solution of the differential equations is difficult.

Exercise, Consider the transverse vibrations of a system consisting of

20 equal particles, equally spaced on a stretched string. Show that each

of the twenty normal periods is of the form

where m is the mass of each particle, a the leikgth of the string, S the tension

in it, and C a numerical constant which may depend on the particular

normal mode.

(iii) To show how the theory of dimensions enables us to use a

model to predict full-scale phenomena, let us consider the flow

of air past the wing of an airplane. The lift Y on the wing
obviously depends on the following quantities:

p == the density of the air,

U = the speed of the wing relative to the air,

Z = a linear measurement of the wing (e.g., its width from
back to front, at some definite position).

The lift depends, of course, on the shape of the wing; we shall

consider only wings of one definite shape, transformed into one
another by changing the length Z.

The problem is to calculate the lift Y on the full-scalo wing
from the measurement of the lift Y' on a model. Now F is a
function of p, Z7, Z; and Y' is the same function of p', V, V, where
the accented quantities refer to the experiment on the model,
the same units of mass, length, and time being used in both
cases. So we write

Y=Kp,U,T), Y'

As in the preceding example, we take

/(p, u, 1) = Cp^m-r,

where O' is a pure number. Since [p] = [ML-\ [U\ =
[Z] = [i], and [F] = we easily find

F = CpWP, F' = Cp'U'H'K
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Hence the full-scale lift is

y = y/^pfW.

If the density of the air is the same for both cases, this becomes

y = y/J^

When we insert the numerical values for Y', U\ l\ obtained from

experiment on a model in a wind tunnel, and the values of U and ‘

I appropriate to the full-scale wing in flight, we are able to read

off the value of the lift F.

Exercise. In order to st\idy the deflections in an elastic beam with con-

tinuous and isolated loads (cf. See. 3.3), an engineer builds a model of the

same material with a linear ratio 1 : 100. Show that, if the deflections in the

model are to bo one one-hundredth of the fullnscale deflections, the con-

tinuous load per unit length in the model must be one one-hundredth of the

full-scale load. In what ratio should the isolated loads be reduced?
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in plains statics, 74-118-116

in statics in space, 275-278, 296-

301

Applied force, 58, 295

Approximations for oloctromagnetic

lenses, 397-403

Apse, 171-174, 186

advance of, for spherical p(mdu-

lum, 381

Apsidal angle, 173, 174, 378-381

Archimedes, 82

Areal velocity, 170, 180, 186

Associative property of vc^ctor addi-

tion, 22

Astatic center, 73

AstronoiTn<‘.al frame of reference, 31,

33, 141, 143

Astronomical latitude, 145, 403
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Attraction, electrostatic, 176

gravitational, 82-86, 114, 144-

146, 176, 177, 404, 406, 509
Automobile, 204-206

Axes of inertia, principal, 316-324,
338

Axially symmetric electromagnetic

field, 387-403, 413

Axis, of rotation, instantaneous, 308
of screw displacement, 285
of symmetry, 78, 321, 322
of wrench, 269, 270

B

Balancing, problems of, 219-222
Ball slipping on table, 447-450, 464
Ballistic pendulum, 235, 236
Ballistics, 151, 184

{See also Projectile)

Bars in frame, 106, 108

Base point, 61, 259, 280, 281
change of, 260, 283, 284

Beam, internal reactions in, 92, 93,

114, 272, 273

thin, 92-98, 114

Becker, K., 151

Bending moment, 92-98, 114, 272,

273

Billiard ball, 447-450, 464
Binormal, 264
Blank, A. A., 388

Body centrode, 124, 126, 309
Body cone, 309, 421, 426, 427, 463
Bound vector, 18, 19

Bridge, suspension, 100, 114

C

Cable, flexible, 98-105, 114, 116
in contact with curve, 104, 105,

116

in space, 265, 266

Cajori, P., 32

Calibration of spring, 17

Campbell, J. W., 103

Cardan’s suspension, 418

Catenary, 100-104, 116

Celestial pole, motion of, 428, 429
Center, astatic, 73

of gravity, 8^86, 114, 271

instantaneous, 123-126

of mass (see Mass center)

of oscillation, 201

of percussion, 239

of system of parallel forces, 271

Centimeter, 13

Central force, general, 128, 168-176,
186

varying directly as distance, 168,

169, 186

varying as inverse square of dis-

tance, 176-184, 186, 462
Central symmetry, 77
Centrifugal force, 143-145, 147, 349,

360, 406

Centrode, 124, 126, 309
Chain {see Cable)

Chako, N., 388

Change of base point, 260, 283, 284
of units, 504-508

Charge on electron, 386, 387
Charged particle, in axially sym-

metric electromagnetic field,

388-403, 413

in electromagnetic field, 176, 381-
403, 412, 413

in uniform electromagnetic field,

383-387, 412

Chasles’ theorem, 303
Circular disk and cylinder, moments

of inertia of, 190, 191, 222, 324
Circular motion, 28
Circular orbit, stability of, 174-176
Clock, 12, 13, 501

in relativity, 475-480, 482, 483,

487, 490, 492, 493

Clocks, synchronization of, 477-480
cn Xf 368, 412

CoeflScient, of friction, 87, 88, 114
of restitution, 232-234, 239

Collar, A. R., 316

Collisions, 231-235, 239
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Commutative property in vector

operations, 19, 21, 246, 267

Complementary acceleration, 349

Complex frame. 111, 112

Components of vector, 22-24, 32,

86, 36, 245

(See also Acceleration; Velocity)

Composition, of accelerations, 141,

307, 308

of couples, 268

of finite rotations, 20, 282

of infinitesimal displacements,

281-283, 302

of velocities, 140, 307 , 308, 491

Compound pendulum, 198-201, 223,

370

(yompression, 233, 234

modulus, 186

Cone, body or polhode, 309, 421,

425, 427, 468

of friction, 87

space or herpolhode, 309, 421, 425,

427, 463

Configuration of a system, 64, 286

Conical pendulum, 374, 375

Conjugate lines, 304

Conservation of energy, 130, 131,

137, 146, 147, 196, 201, 223, 231,

341, 346, 360, 360, 361

Conservative field, 66

Conservative system, 65—67, 294,

295, 302

Constant of gravitation (see Gravi-

tational constant)

Constraints, 57-60, 285-292

moving, 474

workloHS, 54-57, 70

Contact, rolling, 55-57, 70, 123, 124

rough, 86-88, 114

smooth, 54, 66, 67, 70, 86

Continuity of bodies, 14, 15, 76

Contraction of moving rod, 486, 487,

490

Coordinate vectors, 23

Coordinates, cylindrical, 306, 307,

338

generalized, 285-292, 802, 462-472

Coordinates, spherical polar, 467

Coriolis, acceleration of, 349

force, 143, 144, 147, 349, 406

Coulomb’s law, 176

Couple, 49

gyroscopic, 442-444, 464

impulsive, 229

moment of, 49, 60, 267

twisting, in a beam, 272

work done by, 64, 293

Couples, composition of, 268

Courant, R., 320

Covering operation, 320

Cranz, C., 151

Critical form for a frame, 113

Cuboid, moment of inertia of, 324

Curvature, radius of, 119, 264

Curves in space, 264, 265

Cuspidal motion of a top, 436-438

Cylinder, balancing problem for,

219-222

moments of inertia of, 191, 222,

324

rolling down inclined plane, 202-

204

Cylindrical coordinates, 306, 307 , 338

D

Dale, J. B., 370

D’Alembert’s principle, 138, 139, 147

Damped oscillations, 163^-168, 186

Deadbeat oscillations, 166, 186

Decomposition, method of, 78, 79,

114,325

Decrement, logarithmic, 166

Degrees of freedom, 207, 208, 287

Dcimcl, U. F.| 445

Density, 76, 77

Determination of past and future,

340, 341

Deviations due to earth’s rotation,

146, 407, 408, 414

Differentiation, used to findmoments

of inertia, 325, 326

of vectors and their products, 24-

26, 36, 250, 267



518 INDEX

Digonal symmetry, 321

Dimensional notation, 503
Dimensionless quantity, 504, 508
Dimensions, theory of, 501-613
Directed line, 22

Discontiauity in bodies, 14, 15
Discontinuous motion, 231
Disk, moment of inertia of, 190, 222,

324

rolling on plane, 450-453, 464
Displacement, of rigid body, 61, 62,

70, 278-285, 290, 301, 302
reduced to translation and

rotation, 61, 62, 280, 281, 302
screw, 284, 285

Yirtual, 53, 58, 461

Distributive property of vector
operations, 20, 246, 249

Disturbing force, 162, 163, 166-168,
184, 186

dn a;, 368, 412

Drag, 272

Dugan, E. S., 13, 429

Duncan, W. J., 316

Dynamical unit of force, 34, 502
Dynamics, plane, applications in,

151-184^186, 189-222, 223
methods of, 127-146, 147

in relativity, 491-498, 499
in space, applications in, 364-411-

414, 418-453, 454-

methods of, 337-359, 360, 361
{See alao Motion; Particle;

Bigid body; System of
particles)

Dyne, 34

E

Earth, angular velocity of, 143
attraction of, 82, 84r-86, 144r-146.

404, 405

models of, 5, 6, 84, 85, 144, 403,
428, 429

rotation of, 13, 143-146, 403-411
414, 444-447

Earths axis, motion of, 428, 429

Eccentric anomaly, 187
Effective force, 138
Einstein, A., 7, 475, 477, 478
Elastic beam, 95-98, 114
Elastic bodies in collision, 231-236

239

Electric field, axially symmetric, 387,
390-392, 396

uniform, 383-386, 412
Electric lens, focal length of, 403

(See also Electrostatic lens)
Electric potential, 381
Electric vector, 381

Electromagnetic field, 381-403, 412,
413

axially symmetric, 387-403, 413
uniform, 383-387, 412

Electromagnetic lens, 392-403, 413
approximations for, 397-403
focal length of, 403
magnification of, 396, 413

Electron, determination of c/m for

386, 387

Electron optics (see Charged particle)

Electrostatic attraction, 176
Electrostatic field, 381, 383-386, 387,

390-392, 396, 412
(See also Electric field)

Electrostatic lens, 398
Ellipse, momcntal, 322, 323
Ellipsoid, momcntal, 315-322, 333
moments of inertia of, 323-325
of Poinsot, 420, 421, 425, 453

Ellipsoidal shell, moments of inertia
of, 326

Elhptic cylinder and plate, moments
of inertia of, 324

Elliptic functions, 364-370, 411, 412
Elliptic harmonic motion, 169, 374
Elliptic integral, 368
Elliptical orbit, 169, 179-182, 186,

374

Emde, P., 370
Energy, principle of, 129-131, 136,

146, 147, 196, 201, 223, 231, 341,
342, 346, 352, 356, 360, 361, 382,
495-497, 499
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Energy, in relativity, 495-497, 499

total, 130, 137, 341, 346

{See also Kinetic energy; Poten-

tial energy)

Equation of the hodograph, 166, 184

Equations of motion, impulsive,

229-231, 238, 357, 358, 361,

470-472

of charged particle, 382, 383, 386,

388, 389

Lagrange’s 458-472

of particle, in cylindrical coordi-

nates, 338

in a plane, 127, 128, 146, 461,

462

relative to rotating earth, 403-

406, 414

relative to rotating frame, 142,

348-350

in relativity, 493-498, 499

in space, 337-342, 360

of rigid body, with fixed axis, 196,

223

with fixed point, 351, 352, 360

in general, 355, 356, 361

moving parallel to a plane, 202,

223

Equilibrhim, of particle, 39, 40, 69,

70, 262, 301

of rigid body, movable parallel to

a fixed ])lanc, 62-64, 70

in space, 273-278, 301

stability of, 214-222, 223, 296

of systenn of parti(‘.l(ss, 41-52, 261-

266, 295-301

Equimomental nysteniH, 326

Equipollent fore.e systcutiH, 47-52,

70, 260, 261, 266 273, 293, 301

Equivalen<*.c, of ( lalilean frani(‘-H, 480,

481

mechanical, 9, 10

Eqiiivalent force systems, 47, 63, 64

Eqiiivalcnt simple pencluluiu, 200,

223

Erg, 54

E\iler-Bornouilli, law, 96, 114

theory of beams, 95-98, 114

Eulerian angles, 288^290

angular velocity in terms of, 309,

310

Euler’s equations of motion, 352, 360

Euler’s theorem, 279, 280, 301

Event, 11, 478, 498

Ewald, P. P., ^
Extension, 96

External forces, 41, 42

F

Fcrel’s law, 408

Ferry, E. S., 445

Fictitious forces, 138, 139, 141-144,

147, 347-351, 406

Field, scalar or vector, 28

Field of force, 66

electromagnetic, 381-403, 412, 413

electrostatic, 381, 383-387, 390-

392, 396, 412

gravitational, 82-86, 144, 405

magnetostatic, 381, 382, 383-388,

390-392, 397, 412

uniform, 67

Finite displacement of rigid body,

278-282, 301, 302

Flexible cable {see Cable)

Flywheel, 196-198

F(>(jal length, of clectromjignetic

lens, 403

Foot, 13

Force, 15-17, 86

absolute, 495

applied, 58, 295

(‘.entral, 128, 168-186, 462

centrifugal, 143-147, 349, 350, 406

on c.hargcMl particle, 176, 382

(yoriolis, 143, 144, 147, 340, 406

effective, 138

exh^rnal and internal, 41, 42

Ihstitious, 138, 139, 141-144, 147,

347-351, 406

field of, 66, 67

of friction, 87, 88

g(Mierali55<*.d, 293-301, 302, 462,

404-467, 472
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Force, of gravity, 82tB6, 144-146,

404, 509

impulsive, 228-288, 367-359, 361,

470472
in relativity, 479, 495-499
reversed effective, 138, 147
shearing, 92-97, 114, 272, 273
total, 259, 285, 301

transmissibility of, 64
unit of, 16, 34, 602

Force system, general, 259-261

invariants of, 269, 270, 286

reduction of, 60-62, 70, 266-273,

301

Force systems, equipollent, 47-62,

70, 260, 261, 266-273, 293, 301

equivalent, 47, 63, 64

Forced oscillations, 166-168, 135
Forces, parallelogram of, 32, 33, 36
polygon of, 40

triangle of, 40

which do no work, 64-57, 70
Fouca\ilt’s pendulum, 408-411, 414
Foundations of mechanics, 3-36, 36

Frame of reference, 11, 12, 36, 477
astronomical, 31, 33, 141, 143

Galilean, 478, 479

moving, 139-146, 147, 346-351,

361

Newtonian, 32-34, 132, 134, 147
reduced to rest, 141-143, 147, 347,

349, 350

in relative motion in relativity,

480-491

rotating, 142, 143, 147, 347-361,

361

Frames, 106-113, 116

analytical and graphical methods,
113

critical forms, 113

just-rigid and over-rigid, 106, 107
simple and complex. 111, 112

summary of methods, 116
Fi-azer, R. A., 316
Free particle, in Newtonian mechan-

ics, 32

in relativity, 489, 490, 498

Free vector, 18, 19

Freedom, degrees of, 207, 208, 287
Frenet-Serret formulas, 264

Frequencies, normal, 211-214, 223,

468, 469

Frequency of harmonic oscillator,

162, 163

{See also Periodic time)

Friction, 86-92, 114

angle of, 87, 88, 114

coefficient of, 87, 88, 114

cone of, 87

limiting, 88

Function defined by differential

equations, 364

Fundamental plane, 39

Future and past, determination of,

340, 341

G

g, 85, 86, 114, 144-146, 405

Galilean frame of reference, 478, 479
General theory of relativity {nee

Relativity)

Generalized coordinates, 285-292,

302, 462-472

Generalized forces, 293-301, 302,

462, 46^67, 472

Generalized impulsive forces, 470-
472

Geodesic, 265, 266, 339

Gradient vector, 28-31, 36, 36
Gram, 13

Gravitation in relativity, 477
Gravitational attraction, 82-86, 114,

144^146,176-177, 404, 405, 609
Gravitational constant (G), 82-84,

176, 509, 510

Gravity, center of, 84-86, 114, 271
Growth of vector, 348

Gyration, radius of, 189

Gyrocompass, 444-447, 464
Gyroscope, 429, 441-447, 464
Gyroscopic couple, 442-444, 464
Gyroscopic effect of rotary engino,

444

Gsrrostat (see Gyroscope)
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H

Hamilton, W. R., 33

Harmonic oscillator, 159-168, 184,

185

with constant disturbing force,

162, 184

damped, 163-168, 186

forced oscillations of, 166-168, 186

Hemisphere, mass center of, 78, 81

Hemispherical shell, mass center of,

81, 82

Herpolhode cone, 309

Heterogeneous body, 76

Hodograph, 120, 121, 126, 156, 184

Holonomic system, 287

Homogeneous body, 76

Hooke’s joint, 297, 298

Hooke’s law, 96, 114

Hoop, moment of inertia of, 190, 222

,
Horizontal plane, 85

on rotating earth, 145, 403

Horsepower, 54

Hyperbolic orbit, 179, 186

I

Image, fornKul by elcMitromagnetic

lens, 391, 395-403, 413

Image plane, 395, 413

Image point, 395

Impulse, 227, 357

Impulsive couple, 229

Impulsive force, 228-288, 357—359,

361, 470-472

Impulsive moment, 230, 231, 238,

358, 361

Impulsive motion, 227-238, 239,

356-359, 361, 470-472

ince, K. b., 393

Inclined plane, 202-204

Indeterminate problems, 68, 69, 90,

278

Inertia, moments of (seo Moments

of inertia)

products of (see Products of

inertia)

Infinitesimal displacement of rigid

body, 61, 62, 70, 281-285, 290,

302

Ingredients, of mechanics, 8^17, 36

of relativity, 476-478

Instability (see Stability)

Instantaneous axis, 308

Instantaneous center, 123-126

Integration of equations of motion

in power series, 339, 340

Intensity of wrench, 269

Internal forecs, 41, 42

Internal reactions, in beam, 92, 93,

114, 272, 273

in flexible cable, 98

in rigid body, 56, 57, 70, 206, 207

Intrinsic equation of catenary, 102

Intrinsic equations of motion, 338

Invariable lino, 419

Invariable plane, 420, 463

Invariant oloinont in space-time, 489

Invariants, of force system, 269, 270,

285

of infinitesimal displacement, 285

Inverse square law, 176-186

Isotropy of Galilean frame, 478, 479

J

Jacobian elliptic functions, 364-370,

411, 412

Jalinke, K., 370

Joints, in a frame, 106, 107

nietho<l of, 108-110, 116

Just-rigid fram<s 106, 107

K

Kaufinann, method of, 387

K<‘lvi!i’H theorem, 363

Kepler’s laws, 181, 182

Kinematics, of particle, 118-121,

126, 305-308, 832

in relativity, 485-495, 498

plane, 118-126

of rigid body, 121-126, 308-313,

332

in space, 305-313, 882
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Kinetic energy, of mass center, 195

of particle, 129, 146, 388, 460

of rigid body, 193-196, 222, 223,

327-329, 388

of system, 136, 137, 147, 463

Konig, theorem of, 195

L

Lagrange’s equations, 458-472

applications of, 467-472

for general system, 466, 467, 472

for impulsive motion, 470-472

for particle in a plane, 459-462

for system with two degrees of

freedom, 463-466

Lamb, H., 16, 113, 281, 445

Lamina, representative, 61

Lamy’s theorem, 40

Laplace’s equation, 381, 382

Latitude, astronomical, 145, 403

Lavr, of action and reaction, 32, 36

of motion, 32, 33, 36, 140-143,

147, 347, 349, 360

of the inverse square, 176-185

of the parallelogram of forces, 32,

33, 36

Laws, of friction, 87, 88

of Newtonian mechanics, 31-34,

36

Left-handed triad, 247

Length, 11

unit of, 11, 13, 14, 501,502

Lens, electric, 403

electromagnetic, 392-403, 413
magnetic, 403

{See also Electrostatic lens;

Magnetostatic lens)

Level surface, 29

lift, 272, 512, 513

Light, in relativity, 479-481, 483,

485, 489, 496, 498

speed of, 27, 483

limiting velocity, 159

line density, 77

linear moment, 74

Linear momentum, in impulsive

motion, 229, 230, 238, 357, 358,

861

of particle, 128, 337, 495, 496
of system, 132-134, 146, 147, 343,

860

linked rods, 236-238, 471, 472
Loaded string, vibrations of, 208-

212, 511, 512

Logarithmic decrement, 166

Lorentz transformation, 480-491,

498

Luneberg, R. K., 388

M

Mach, E., 16

Magnetic field, axially symmetric,

387, 388, 390-392, 397

xmiform, 383-387, 412

Magnetic lens, focal length of, 403
{See also Magnetostatic lens)

Magnetic potential, 382

Magnetic vector, 382

Magnetostatic field, 381-388, 390-

392, 397, 412

Magnetostatic lens, 398, 413
Mass, 9, 10

of electron, 386, 387

in relativity, 496

unit of, 10, 13, 14, 501, 502

Mass center, 74-82, 113, 114

angular momentum relative to,

135, 136, 147, 330, 345, 355,

860, 861

found by integration, 77, 81, 82,

114

found by symmetry and decom-
position, 77-79, 114

kinetic energy of, 195

motion of, 132-134, 147, 230, 288,

343, 360, 861

motion relative to, 134-136, 147,

234, 235, 288, 344, 345, 860,

361

of solar system, 134

Mathematical models, 5, 6
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Mathematical truth, 7

Mathematical way of thinking, 4, 5,

508

Mathematicians' equations, 506, 507

Matrix, 316

Mean anomaly, 187

Measuring rod or scale, 11, 477, 501,

502

relativistic contraction of, 486,

487, 490

Mo(‘.hanical equivalence of bodies,

9, 10

Mechanics, foundations of, 3-36,

36

Mercury, 7, 31, 379

Mctacenter, 225

Methods, of dynamics in space, 337-

359, 360, 361

of plane dynamics, 127-146, 147

of plane statics, 38-69, 70

Michelson, A. A., 481

Michclson-Morley expcrini<^nt, 481

Milno-Thomson, L. M., 370

Minimum of potential energy, 214-

220, 223, 296

Mixed triple product, 250, 251, 267

Model, mathematical, 5-7

used for prediction of full-scale

phenomena, 512, 513

Modes of vibration, normal, 207-

214, 223

Modulus, compression, 186

of elliptic fuiudions, 367

Young's, 96, 114

Moment, bending, 92-98, 114, 272,

273

of couple, 49, 50, 267

impulsive, 230, 231, 238, 358, 361

linear, 74

of momentuqi, 128

(tlso Angular momemtum)

pitching, 272

total, 259, 285, 301

of vector, about line, 43-45, 255-

267

in plane*, mechanics, 44, 70

^ibout point, 252-255, 267

Momental ellipse, 322, 323

Momental ellipsoid, 315, 316, 318,

321, 322, 333

Moments of inertia, 189-193, 222,

313-326, 333

found by decomposition and differ-

entiation, 326, 326

principal, 316, 318-320, 322-325,

333

of simple bodies, 190-193, 222,

323-325

Momentum {see Angular momen-

tum; Linear momentum)

Morley, E. W., 481

Motion, defined, 14

of charged particlo, 381-403, 412,

413

impulsive {see Impulsive motion)

of mass center, 132-134, 147, 230,

238, 343, 360, 361

of particlo, under central force,

168-184, 186, 462

determined by initial condi-

tions, 339, 340

in plane, 11^121, 126, 127-131,

146, 151-184-186, 212-214,

459-462

relative to moving frame of

refereneo, 139—143, 147, 346—

351

in ndativity, 489-498, 499

in space, 305-308, 337-343, 360,

364-411-414

relatives to mass ctuiUitr, 134-136,

147, 2;Vt, 235, 238, 344, 345,

360, 361

of rigid body, paralhd to fixed

plane, 121—124, 126, 189-222,

223

with fixe<l point, 308-310, 332,

351-355, 360, 418-444, 463,

464

general, 310—313, 332, 355, 356,

361, 447-453, 464

of syst(^iu, 131-130, 146, 147, 189-

‘

222, 223, 34 3 346, 360

Moving constraints, 474
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Moving frames of reference, 130-

146, 147, 346-351, 361
Moving rod, contraction of, 486, 487,

. 490

Multiplication, of vector and scalar,

19, 20

of vectors, 245-267

Murnaghan, F. D., 16

Myers, L. M., 392

N

Necessary conditions of equilibriuia,

39, 40, 42, 43, 45-47, 59, 60, 69,

70, 262, 263, 273-275, 296, 801
Neutral eqinlibriiim, 216

Newton, I., 32, 82, 176, 475
Newtonian frame of reference, 32-

34, 132, 134, 147

Newtonian law of gravitational

attraction, 82

Newtonian mechanics, laws of, 31-

85, 36

Newtonian unit of time, 12

rjrgonal symmetry, 322

Non-holonomic system, 287, 466
Normal components of velocity and

acceleration, 118, 119, 126, 305,

306, 832

Normal frequencies and periods,

211-214, 223, 468, 469
Normal modes of vibration, 207-214,

223

Normal reaction, 87
Normal vector, principal, 264
Notation, dimensional, 503

for vectors, 19

Null lines in space-time, 489
Null planes and lines in statics, 304
Nutation of top, 432

O

Object plane, 395

Object point, 395

Observer in relativity, 477
Optics, electron (see Charged

particle)

Orbit, central, 166-184, 186, 186
circular, 174-176

elliptical, 169, 179-182, 186, 374
(See also Planetary orbit)

hyperbolic or parabolic, 179, 186
Ordered triad, 247

Orthogonal triad, 23

Oscillation, center of, 201
Oscillations, damped, 163-168, 186

deadbeat, 166, 186

forced, 166-168, 186

harmonic, 160-162, 184
(See also Pendulum; Vibration)

Oscillator, harmonic, 15^168
Osculating plane, 264
Over-rigid frame, 106

P

Pappus, theorems of, 80, 114
Parabola in suspension bridge, 100,

114

Parabolic orbit, 179, 186
Parabolic trajectory of projectile,

151-154, 184

Parallel axes, theorem of, 191-193,
222

Parallel forces, 270, 271

Parallelepiped (see Cuboid)
Parallelogram of forces, 32, 33, 36
Parallelogram law, for couples, 268

for infinitesimal rotations, 282
Particle, 8, 9, 85

angular momentum of, 128, 129,

146, 329, 333, 341, 860
under central force, 128, 168-184,

185, 462

charged, 176, 381-403, 412, 413
dynamics of, 127-131, 146, 151-

184-186, 212-214, 337-343,

860, 364r-411-414, 459-462,
491-198, 499

equilibrium of, 39, 40, 69, 70, 262,
301

free, 32, 489, 490, 498
kinematics of, 118-121, 126, 305-

308, 832, 485-495, 498
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Particle, kinetic energy of, 129, 146,

333, 460

Lagrange's equations for, 469-462

linear momentum of, 128, 337,

495, 496

in a plane, 64-66, 118—121, 126,

127-131, 146, 151-184-186,

212-214, .217, 218, 370-372,

459-462

potential energy of, 65-67

principle of energy for, 129-131,

146, 341, 342, 360, 382, 496,

497, 499

in relativity, 477, 480-498, 499

on rotating earth, 144-146, 403-

411, 414

in rotating frame, 142, 143, 147,

347-351, 361

in space, 305-308, 329, 332, 333,

337-343, 346-351, 360, 373-

411-414

on stretched string, 511

Particles, on stretched string, 208-

212

system of {see Systtun of particles)

Past and future, determination of,

339, 340

Pendulum, ballistic, 235, 236

compound, 198-201, 223, 370

conical, 374, 375

equivalent simple, 200, 223

Foucault's, 40^411, 414

simple, 159-161, 184, 370-372,

412

sphericial, 373-381, 412

Percussion, center of, 239

Perihelion, 180

Period (see Periodic*, time)

Periodic solutions of a dilT<T<*ntial

equation, 364-367

Periodic time, 161

of compound pendulum, 200, 201,

228, 370

of harmonic oscillator, 1()2, 163,

166, 168

normal, 211-213, 223, 468, 469

of planet, 180-182, 186

Periodic time of simple pendulum,

161, 184, 372, 412

Perpendicular axes, theorem of, 193,

222

Phase of oscillator, 162

Philosophical ideas, 3-8

Physical laws and dimensions, 508-
'

512

Physical truth, 7

Physical way of thinking, 3-5, 508

Physicists' equations, 506, 507

Pitch, of screw displacement, 284,

285

of wrench, 269, 270, 285

Pitching moment, 272

Plane, fundamental, 39

inclined, 202-204

invariable, 420, 463

osculating, 264

of symmetry, 78, 321

Plane dynamics, applications in,

151-184r-186, 189-222, 223

methods of, 127-146, 147

Plane oquipollonco, 48

Plano impulsive motion, 227-238, 239

Plano kinematics, 118-126

Plams mechunies defined, 39

Plano stati(?B, applications in, 74-

113-116

methods of, 38-69, 70

Planetary orbit, 170-184, 186

constants of, 170, 180, 186

Kepler's laws for, 181, 182

p<m<>di(*. time of, 180, 181, 186

Pluml) liiu^ on rotating earth, 145,

146, 403, 405

I’oinsoti, method of, 419-421, 425-

429, 463

.Poinsot ellipsoid, 420, 421, 425, 463

J*olhodc cone, 300

Polygon of for<MiS, 40

Pos<jiil, Tin, 88

Position vcictor, 24, 36, 306

Positivii n)tati<)n, 247

Poti^ntial, el<H*.tric, 381

gravitational, 83

magnetic, 382
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Potential energy, 64-67, 70, 85, 114,

130, 294-297, 299, 300, 302

for inverse square law of attrac-

tion, 83, 178

a ininiinum for stal)ility, 214-221,

228, 296

Pound, 13

Poundal, 34
Power, 54

Prandtl, L., 88

Precession, 429-432, 438, 442-444,

453, 464

Principal axes and moments of

inertia, 316-326, 333

Principal normal, 264

Principal planes of inertia, 318

Principle of angular momentum, in

impulsive motion, 230, 231, 238,

357, 358, 361

for particle, 128, 129, 146,341, 360

relative to mass center, 136, 147,

202, 223, 345, 360, 361

for rigid body, 196, 202-204, 223,

352, 355, 360, 361

for system, 135, 147, 344, 345, 360
Principle of energy, for particle,

129-131, 146, 341, 342, 360, 382
in relativity, 496, 497, 499

for rigid body, 196, 201, 223, 352,

356, 360, 361

for system, 136, 137, 147, 346, 860
Principle of equivalence, 480, 481
Principle of linear momentum, in

impulsive motion, 229, 230,

238, 357, 358, 361

for particle, 337, 496

for system, 132, 146, 343, 360
Principle of virtual work, 57-60, 70,

295, 296, 301

Procedure in theoretical mechanics,

6,7
Products of inertia, 313-316, 833
Products of vectors, 245-257

mixed triple, 250, 251, 267
scalar, 245, 246, 267
vector, 247-250, 267
vector triple, 252, 267

Projectile, with resistance, 154-159,

184

without resistance, 151-154, 184

on rotating earth, 407, 408, 414

stability of, 440, 441

Propeller, 312, 313, 321, 322

Proper energy, 497

Proper mass, 496

Proper time, 491, 492, 498

Q

Quantum mechanics, 7, 8, 177, 340,

341

R

Radial components of velocity and
acceleration, 120, 125

Radius, of curvature, 119, 264
of gyration, 189

of torsion, 264

Range of projectile, 163, 154

Rate, of change of vector, 347, 348,

361

of growth, 348

of transport, 348
Rawlings, A. L., 445

Reaction, in beam, 92-94, 114, 272,

273

normal, 87

in rigid body, 56, 57, 70
in rotating rod, 206, 207
at rough contact, 86-88, 114
at smooth contact, 54, 55, 67, 70
workless, 54-67, 70

Reactions of constraint, 57-59, 295
Rectangular cuboid, moments of

inertia of, 324

Rectangular plate, moments of
inertia of, 190, 222, 324

Reduction, of displacement, to
screw, 284, 285

to translation and rotation, 01,
62, 280, 281, 302

of general force system, 206-273,
301
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Reduction, of plane force system,

50-52, 70

of system of parallel forces, 270,

271

Relative energy, 496, 497, 499

Relative force, 495-499

Relative mass, 495

Relative momentum, 496, 496

Relativistic contraction of moving

rod, 486, 487, 490

Relativistic slowing down of moving

clock, 487, 490

Relativity, fundamental concepts of,

475-480

general theory of, 7, 177, 476, 477

measurement of time in, 475-480,

483, 487, 490, 492, 493, 498

motion of a particle in, 489-498,

499

special theory of, 475-498, 499

Representative lamina, 61

Rtisistanco of air, 151, 154-159, 184

varying as the square of the

velocity, 167-159, 184

varying directly as the velociity,
'

169, 184

Resonance, 163, 168

Rest, 14,

Rest energy, 497

Restitution, 233, 234

cooirw.ient of, 232-234, 239

Resultant, of finite rotaiions, 20, 282

of forces, 32, 86

of infinitiwimal disi>la<M*in(Mii4s,

281-283, 802

Reversed effective for<‘.(^, lliS, 147

RighMiandecl trin<l, 247

Rigid body, 10, 11, 36

angular momentum of, 193, 194,

222, 223, 330 332, 333

angidar velocity of, 122, 126, 308 -

311, 332

displacemciiit of, 61, 62, 70, 278-

285, 301, 302

dynamics of, 189 207, 221 223,

351-356, 360, 361, 418 463,

464

Rigid body, equilibrium of, 62-64,

70, 273-278, 301

free, 290

internal reactions in, 66, 57, 70,

206, 207

kinematics of, 121-124, 126, 308-

313, 832

kinetic energy of, 193-196, 222,

223, 327-329, 333

motion parallel to a piano, 121-

124, 126, 189-207, 221-223

motion in space, 361-356, 360,

861, 418-463, 464

in relativity, 477

rotating about fixed axis, 196-201,

223

work done by forces acting on, 63,

70, 292, 293, 302

Rigid body with a fixed point,

angular motnentum of, 330-833

angular velocity of, 308-310, 832

displacement of, 279-282, 290,

301, 302

dynamics of, 351-356, 360, 418-

444, 463, 464

c(iuations of motion of, 352, 360

Kulerian anglers for, 288-290, 309,

310

Killer’s tlieormu for, 279, 280, 301

kinematics of, 308-310, 832

kinetic energy of, 327, 328, 333

mounting of, 418

umler no forces, 418-429, 463

(duo (lyroHcoi>e; 'rop)

Rod, momi^nt of inertia of, 190, 222

Rolling ('.ontaet, 55 -57, 70, 123, 124

Rolling disk, 450-453, 464

Rotating frame of 142,

143, 147, 317 351, 861

Rotating rod, 200, 207

Rotation, of th<^ <‘arth, 13, 143-146,

403- -411, 414

about lixi^l axis, 190 '201, 228

about fixed point, 279 282, 301,

302, 308 310, 332

instantaneous axis of, 308

ill a plane, (U, 62, 121-126
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Rotation, positive, 247

Rotations, finite, resultant of, 20, 282

infinitesimal, xesultant of, 281,

282, 302

Rough contact, 86-88, 114

Routh^s rule, 325

Russell, H. N., 13, 429

S

Scalar, 18

multiplied by a vector, 19, 20

Scalar field, 28

Scalarproduct, 246,246,249,260,267

Screw displacement, 284, 2^
Second, 13, 14

Sections, method of, 110, 111, 116

Semicircular plate and wire, mass
centers of, 80

Separation in space-time, 489, 468

Shearing force, 92-97, 114, 272, 273

Shell, moment of inertia of, 326

{See also Projectile)

Significant figures, 508

Silberstein, L., 481

Simple frame, 111

Simple harmonic motion, 160-162,

184

Simple pendulum, equivalent, 200,

223

finite oscillations of, 161, 200, 370-

372, 412

small oscihations of, 169-161, 184
Sleeping top, 438-440, 463

Sliding vector, 18

Slowing down of moving clock, 487,
490

Small displacement (see Infinites-

imal displacement)

Smooth contact, 64, 55, 67, 70
sn re, 367-370, 411, 412

Solar system, dynamics of, 182

mass center of, 134

Sommerville, D. M. Y., 320
Space centrode, 124, 126, 309
Space cone, 309, 421, 426, 427, 463
Space-time, 487Ht91, 498

vectors in, 494, 496

Specml theory of relativity (see

Relativity)

Speed, 27

of approach, 232, 233, 239

of fight, 27, 479-481, 483, 485, 496

of separation, 232, 233, 239

Sphere, mass center of, 78

moment of inertia of, 191, 222, 324

Spheres, collision of, 231-235

Spherical pendulum, 373-381, 412

apse of, 378-381

general motion of, 375-378, 412

small oscillations of, 373, 374, 378-

381, 412

Spherical polar coordinates, 467, 468

Spherical shell, attraction of, 83, 84

moment of inertia of, 326

Spin of top or gyroscope, 430, 433,

442-444, 453, 464

Spinning top (see Top)

Stability, of circular orbit, 174-176

of equilibrium, 214r-221, 223, 296

of gyroscope, 441, 442, 464

of rolling disk, 450-453, 464

of sleeping top, 438-440, 463

of spinning projectile, 440, 441

Statically determinate problems for

beams, 94, 95

Statically indeterminate problems,

68, 69, 90, 278

Statics, plane, applications in, 74-

113-116

methods of, 38-69, 70

in space, 259-801^ 302

Stewart, J. Q., 13, 429
Stress, in bar of frame, 108

in beam, 92, 93, 114, 272, 273
String (see Cahlo)

Subtraction of vectors, 21

Sufficient conditions of equilibrium,

39, 40, 59, 60, 62, 03, 69, 70,

273-275, 301
Simface, level, 29

rough, 86-88, 114
smooth, 64, 65, 57, 70

Surface density, 77
Suspension bridge, 100, 114
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Symmetry, axis of, 78, 321, 322

central, 77

of central orbit, 172, 173, 186

diagonal, trigonal, etc., 321

plane of, 78, 321, 322

used to find mass centers, 77, 78,

114

used to find principal axes, 320-

323

Synchronization of clocks, 477—480

System of forces (see Force system)

System of particles, angular momen-

tum of, 134-136, 147, 329, 330,

344 345 380

dynamics of, 131—139, 146, 147,

189-222, 223, 343-346, 360

equilibrium of, 41-52, 57-67, 70,

261-266, 295-301

kinetic energy of, 136, 137, 147,

463

Lagrange’s equations for, 463—472

linear momentum of, 132-134,

146, 147, 343, 860

potential energy of, 64-67, 137,

294-297, 299, 300, 302

T

Tang(uitial components of velocity

and acceleration, 118, 119, 126,

305, 306, 832

Tension, in bar of frame, 108

in beam, 92-96, 114, 272

in cable, 98-105, 114, 116, 265, 266

Tensor, 316

Tetragonal symnuitry, 321

Tetrahedron, nmsH centc^r of, 79

Theory of <lim<mHionH, 501-513

I’heory of relativity (see Il(dativity)

Thin beams, 92-98, 114

Thrust, 108

Time, in Newtonian mechanics, 12,

13

proper, 491, 492, 498

in relativity, 476-480, 483, 487,

490-493, 498

unit of, 12-14, 501, 502

Timoshenko, S., 113

Top, 429-441, 468

cuspidal motion of, 436-438

general motion of, 432-436, 463»

469, 470

Lagrange’s equations for, 469, 470

sleeping, 438-440, 468

in steady precession, 429-432, 463

Torque, 196

Torsion, radius of, 264

Total angular impulse, 357

Total energy, 130, 137, 341, 346

Total force, 259, 285, 801

Total impulse, 357

Total impulsive force, 357

Total moment, 250, 285, 801

Trajectory, of charged particle, 384,

386, 389-392, 412, 413

of projectile, 151-159, 184, 407,

408, 414

Transformation, of axes in space

—

time, 488

Lorentz, 480-491, 498

Newtonian, 486

to principal axes of inertia, 318-

320, 322, 323

Translation, 61, 279

Transmissibility of force, 64

Transport, acceleration of, 349

of vector, 348

Transverse components of velocity

and acceleration, 120, 126

Triad, left-handed and right-handed,

247

ordered, 247

unit orthogonal, 23

Triangle of forces, 40

Triangular plate, mass center of, 79

Trigonal symmetry, 321

Triph^ prodiK'.ts, 250-252, 267

TruHHcs hVamos)

Truth, mathematical and physical, 7

Twisting couple, 272

Two-body problem, 182-184, 186

U

Uniform field of for<je, 67

electromagnetic, 383-387, 412
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Unit coordinate vectors, 23, 247
Unit, of force, 16, 34, 35, 502

of length, 11, 13, 14, 86, 601, 602
of mass, 10, 13, 14, 36, 601, 502
of time, 12-14, 36, 501, 502

Unit orthogonal triad, 23
Units, arbitrariness of, 86, 502

c.g.s. and f.p.s., 13

change of, 604^508

V

Varignon, theorem of, 44, 45, 265,
256

Vector, 17-19

binormal, 264

bound, 18, 19

components of, 22-24, 32, 36, 36,
245

differentiation of 24r-26, 36, 260
electric, 381

free, 18, 19

gradient, 28-31, 86, 36

magnetic, 382

moment of, 43-46, 70, 252-267
multiplied by scalar, 19, 20
notation for, 19

position, 24, 36, 305
principal normal, 264
rate of change of, 347, 348, 361
sliding, 18

in space-time, 494, 495
zero, 21

Vector field, 28
Vector function, 24-26

Vector product, 247-260, 267
Vector triple product, 262, 267
Vectors, addition of, 19-22, 36

coordinate, 23, 247
products of, 245-267

subtraction of, 21

Vehicle, self-propelled, 204-206
Velocities, composition of, 140, 307,

308, 491

Velocity, 26-28, 36, 305
absolute, 494

angular, 122, 126, 308-311, 332

Velocity, areal, 170, 180, 186
in cylindrical coordinates, 306, 307
of light, 27, 479-481, 483, 485, 496
limiting, 159

of particle of rigid body, 308-313,
332

radial and transverse components
of, 120, 126

tangential component of, 118, 126,

305, 306, 332

Vertical, 85

on rotating earth, 145, 403
Vibration, normal modes of, 207-

214, 228

of particle in plane, 212-214
of particle on stretched string, 611
of two particles on stretched

string, 208-212

{See also Oscillations)

Virtual displacement, 53, 58, 60, 461
Virtual work, 67-60, 70, 111, 116,

295, 296, 801

W
Ways of thinking, 3-5, 608
Weight, 17, 86

on rotating earth, 145, 404, 405
Whittaker, E. T., xi, 16
Work, 53-67, 70, 292-301, 302
done by couple, 64, 293
done by force, 63, 70
done by forces on general system,

293, 294, 802

done by forces on rigid body, 62,

63, 70, 292, 293, 802
Work, virtual, 57-60, 70, 111, 116,

295, 296, 801

Workless constraints, 64-57, 70
Wrench, 269, 270, 286, 301

Y
Young, D. H., 113
Young's modulus, 96, 114

Z

Zero, force equipollent to, 48, 261
Zero vector, 21


