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E. Foss 

R. S. Partridge 

A 32,000-Word Magnetic-Core Memory 

Introduction 

Scientific and engineering computing applications on 

IBM 704 and 709 Data Processsing Machines have 

pointed out a need for a larger, high-speed memory sys- 

tem. As a result of this need, a program was undertaken 

in the latter part of 1955 to develop a magnetic-core 

memory that would have 32,768 thirty-six-bit words of 

storage, eight times the existing basic memory capacity, 

with random access to all word addresses, and with a 

read-write cycle of 12 microseconds. 

This memory has been designated the IBM 738 Mag- 

netic-Core Storage Unit. The memory array size is 

128 by 256 by 36 ferrite cores, which are operated in 

coincident current fashion and driven by switch core 

matrices of the anti-coincident type. 
The major engineering problems that were encountered 

were those of driving a large array with the increased 

back voltages generated, minimizing delay effects which 

become more severe as the number of cores increases, 

and solving the electrical and mechanical problems of 
packaging 1,179,648 magnetic cores and their associated 

circuits in a workable and reproducible form. 

Machine organization 

A logical block diagram of the magnetic-core storage unit 

is shown in Fig. 2. The address register is used to store 

the address being selected by the calculator. The address 

decoders subdivide the 15-binary-bit address appearing 

in the address register into 42 lines which feed the switch 

core matrices and digit plane selection circuits. The wave- 

Figure 1 The driver frame 

The large core-driver vacuum tubes are on 

panels along with eight-tube pluggable units. 

Abstract: The development of the IBM 738 magnetic 

core storage unit is described and associated engi- 

neering problems are discussed, including the 

electrical and mechanical arrangements for pack- 

aging more than one million magnetic cores and 

their circuits. This paper describes the driver circuits 

and the sense amplifier used for this system. 

form generator accepts basic timing pulses from the 

calculator and incorporates these into gates. These gates, 

along with control pulses shown in Fig. 3, control the 

operation of the memory. Figure 3 also shows the mem- 

ory drive current waveforms and the waveform on the 

storage Output bus. The sense amplifiers accept the small 

amplitude signals from the sense winding in the core 

array, amplify, time sample, and drive the signals to the 

buffer register. The buffer register and input-output 

switching circuits control the information flow from the 

computer into core storage and from storage back to 

the computer. The test circuits will be explained in 

subsequent sections. 

Machine packaging 

The physical layout of the machine is shown in Fig. 4. 
The circuits in the section labeled “logic” are packaged 

in eight-tube pluggable units and contain the address 

decoding, the memory waveform generator, the buffer 
register, the address register, driver selection circuits, and 

test circuitry which is controlled at the C. E. (Customer 

Engineer) panel. Directly beneath the C. E. panel is a 
power supply which furnishes the special voltages neces- 

sary for the transistor sense-amplifier circuits. This has 
been packaged as a hinged gate. 

Packaging was one of the major problems encountered 

in the design of the core storage unit. Several layouts 

were considered and studied, the primary objective being 

to minimize cable lengths which interconnect the logic, 

drivers, core array, and sense amplifiers. 

As is often the case in machine design, ideal cable 

length could not be realized because of other important 

factors, such as ease of access for maintenance and ease 103 
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Figure 2 Logical block diagram 

of the IBM 738 magnetic-core storage unit. 

of disassembly for shipment. However, taking these 

factors into consideration, a layout was achieved which 

allowed reasonably short cables where necessary. 

The two driver frames, each of which contains half of 

the drivers and half of the memory array, are arranged 

so that no coaxial cables are required between them. The 

only connections between them are two crossover planes, 

each containing 128 wires, one across the top and another 

across the bottom of the open area between frames, as 

shown in Fig. 5. 

The driver circuit used is a current feed-back amplifier 

similar to that used in existing IBM memories. As shown 

in Fig. 1, the large core-driver vacuum tubes are on 

panels along with eight-tube pluggable units. These plug- 

gable units contain the driver amplifiers. This method 

of packaging places the driver amplifier as close to the 

driver tube as possible, thereby decreasing the number 

of coaxial lines by 50% below that of previous designs. 

This arrangement was chosen primarily to insure maxi- 

mum stability in the feed-back amplifier circuit. 

Although the driver tubes and their associated circuits 

are panel mounted and the feed-back araplifier circuitry 

is packaged in pluggable units, all tube sockets are in 

the same plane for ease of cooling. All components are 

accessible for testing without the necessity of using a 

pluggable-unit extender, as is normally the case with 

pluggable construction. 

The array was divided into two sections for a number 

of reasons. The primary governing factor was the selec- 
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tion of 64 by 128 for the physical plane size, shown in 

Fig. 6. This size represents a compromise between smaller 

planes where the number of solder connections in the 

array would be undesirably large, and a full logical plane 

of 128 by 256 where problems of quantity production 

would be greater. The size chosen was influenced to 

some extent by its adaptability to other memory applica- 

tions in IBM. Two groups of planes were necessary in 

order to provide access to three sides of each plane for 

removal from the array. Another reason was that it is 

desirable to keep the lines from drivers to the array as 

short as possible. As can be seen in Fig. 5 the Yi, Yo, 
and X,, switch core matrices which are in the left frame 

are driven from the left drivers, while the Y;, Y4, and X2 
switch core matrices which are in the right frame are 

driven from the right drivers. The switch core matrices 

were inserted in the center of the two halves of the 

memory array for reasons which may be seen by refer- 

ring to Fig. 5. The sections of the array have been termed 

“quadrants.” The secondaries of the switch cores in the 

Y; matrix are all connected down to the first quadrant 

of the array. The secondaries of the Y2 matrix are all 

connected up to the second quadrant. The secondaries of 

the X matrices are connected through all four quadrants. 

This is accomplished through the use of the crossover 

planes. The dotted lines in Fig. 5 show the thirty-six- 

bit word which would be selected if the switch core shown 

in the X; matrix and the switch core shown in the Ys 

matrix were addressed. In order to minimize space re- 

quirements, transistors mounted on etched wiring cards 

were utilized for the sense amplifiers. The cards plug 

into a group of sockets in the logic frame. 
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Figure 3 Machine timing chart 

showing the control pulses and the memory 

drive current waveforms. 

Figure 4 Physical layout of the IBM 738 

A: drivers; B: logic; C: core array; D: sense 

A amplifier; E: C.E. panel; F: power supply. 
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Driving problems 

As mentioned earlier, the array contains 1,179,648 cores, 

or 32,768 thirty-six-bit words. There are 128 address 

lines in the X direction and 256 address lines in the Y 

direction. This means that there are 128 by 36, or 4608 

cores in the secondary of each Y switch core and twice 

that many for each X switch core. The vacuum tube 

selected as a driver was Type 5998, a low-gain, twin 

power triode. An 8 by 16 switch core matrix was investi- 

gated and rejected on the basis that to drive the 16 switch 

cores required either the use of a voltage in excess of the 

tube rating or the use of two tubes in parallel for each 

line. 

Two tubes used in parallel would allow more current 

to be switched, so that a 2-to-1 current step-down switch 

core could have been used. If it is assumed that this cur- 
rent step-down switch core would result in a voltage step- 

down from secondary to primary of 2 to 1, then the back 

voltages appearing at the primaries of the switching and 

non-switching switch cores would be reduced sufficiently 

to allow a lower plate voltage to be used for the drivers. 

With the given array, a selected switch core (with 9216 

memory cores in its secondary and a pulse with a | 

microsecond rise of proper magnitude) will have appear- 

ing across its primary a pulse of approximately 45 volts. 

The non-selected switch cores in the same line each will 

generate back voltages of about 10 volts. This back 

voltage can be decreased if a 2-to-1 current step-down 

switch core is used, but it was found from experience that 

this 10 volts was reduced only to about 8 volts and, 

although this allowed the plate voltage to be reduced 

somewhat, the reduction was still not sufficient to keep 

within the ratings of the tube when 16 switch cores were 

being driven. Because of the time cycle involved, the 

current necessary, and the wattage rating of the Type 

5998, 160 volts is the maximum that should be used for 

the tube plate supply. Since the drop across the tube is 

about 40 volts when conducting and since there is about 

20 volts drop across the load resistor, 100 volts is left 

for the switch cores. This voltage limited the number of 

switch cores in series to about eight, and therefore lim- 

ited X and Y matrices to 8 by 8 switch cores. 

As can be seen in the timing chart of Fig. 3 the X drive 

currents were allowed to rise in One microsecond, while 
the Y drive current was expected to rise in one-half 

microsecond. The half-microsecond rise of Y current was 

specified in order to insure a signal on the sense winding 

of sufficient magnitude at read time. This current rise 

time was possible on the Y lines since only 4608 cores 

were linked per line. Without radical changes of supply 

voltages or driving circuitry, the same speed was not 

possible in the X lines, where 9216 cores are linked. This 

problem was solved by allowing the X drive current to 

start up a half microsecond before the Y drive current 

Figure 6 The core plane 

The plane size selected for this array was 

64 X 128 cores. 

and by allowing one microsecond for the X current to rise. 

A complete scattering of the memory addresses was 

considered necessary to reduce as much as possible the 

effect caused by mutual inductive coupling between ad- 

jacent memory lines. 
In smaller IBM core memories, the wires from the 

switch core matrix to the array are wired consecutively 

from the series strings of switch cores in the read direc- 

tion or the write direction of a switch core matrix to the 

array. Either may be undesirable in a very large array. 

Consider the case of consecutively wiring to an array 

from a series of switch cores which all receive the same 

write current, calling this an X switch core matrix. 
Assume a particular memory core is selected. The mem- 

ory core which is on the same Y line as the selected 

core and on the X memory line adjacent to the core 
selected can receive enough current in addition to the 

half select current to make it partially switch from a 

“zero” to a “one.” This particular core receives about 400 

ma from the selected Y line and receives about 100 ma 

from the X switch core which is in the same series string 

as the selected switch core, but in addition may also re- 

ceive as much as 50 ma of mutually induced current from 

the adjacent X line. These three currents add and may 

drive these non-selected memory cores with enough cur- 

rent to switch them partially. This may make them appear 

to have been storing a “one” instead of a “zero” when 

they are next interrogated. With the system of address 

scattering used on the IBM 738, there is never a case 

where adjacent memory lines are connected to the same 

series string of switch co.es in either the read or write 

direction. 

A memory array exhibits characteristics of a delay line. 

The delay in establishing a full half select current between 

the first and the last cores in a string of 8192 cores is in 

the neighborhood of 0.2 to 0.3 microsecond. In order 

to minimize this delay effect, the inhibit winding was 

divided into four independently driven sections. 
The sense winding is similarly divided. Eight inde- 

pendent sense windings of 4096 cores each are con- 

nected to independent pulse transformers in the sense 

amplifier. 

Sense amplifier 

The sense-amplifier circuit for the IBM 738 is of the 

type in which the signals are fed through a pulse trans- 

former and then rectified before being amplified. One 

etched-wiring card will amplify the signals from one- 
half of a sense plane, or approximately 16,000 cores. 

The input circuit to each of the four transformers per 

card contain 4096 cores. As shown in Fig. 7, each trans- 

former has a diode connected to each of its outside sec- 
ondary leads. The signals from two transformers are 

coupled by connecting the four rectifying diodes to a 

common load to form an OR circuit. This signal is then 

applied to one emitter follower of a two-emitter-follower 

OR circuit, the other emitter follower receiving a signal 
from the other two transformers. The signal appearing at 

the output of this OR circuit is then amplified with a class 107 
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“A” transistor stage and then re-amplified and sampled 

with a combination class “C” amplifier and sampling 

stage. The last stage is an emitter follower to power the 

lines carrying this output pulse to the buffer register. 

Two output emitter followers are connected together to 

form an OR circuit in order to pick up a full 32,768 

cores for each of the 36 output lines. The transistor card 

also contains a circuit for shaping and powering the 

sample pulse used in the last amplifier stage. 

Recovery problems were encountered in the design of 

this amplifier. As can be seen in Fig. 3, the signal pulse 

which will occur at about the time marked “5” at the 

top of the chart, is preceded by the “inhibit” and “post- 

write disturb” pulses. The magnitude of the noise re- 

ceived at the input to the sense amplifier due to these two 

pulses may be as high as | volt, whereas, the circuit is 

designed to amplify a signal pulse of from 65 to 150 

millivolts. The circuit must recover from the 1-volt noise 

pulse before the signal can be amplified. Proper recovery 

Figure7 Circuit diagram of the sense amplifier 

Signals are fed through a pulse transformer 

and rectified before being amplified. 

096 
MEMORY CORES A-A DIODES +15V 

was obtained by placing a clipping circuit between the 
load of the rectifying diodes and the input to the emitter- 
follower OR circuit. The clipping level is set at about 

200 millivolts. A differentiating circuit was inserted 

between the emitter-follower OR circuit and the first 
amplifier to limit the duration of the noise pulses seen by 

the first amplifier. 

Maintenance aids 

In order to facilitate maintenance of the IBM 738, mem- 

ory test circuits have been incorporated in the logic 

section, which can be controlled on the C. E. panel to 
enter all “ones” or “zeros” into memory and then to test 

to see if these “ones” or “zeros” were retained correctly. 

The C. E. panel also includes indicator lights to show 

the address being selected and to show the information 

appearing on the memory output lines. 

A circuit has been developed by a computer develop- 

ment group responsible for computer maintenance design 

+15V 

A-A 

‘| 4 

| 
PULSE 

TRANSFORMERS 

IBM JOURNAL * APRIL 1957 

75K 

56K 2.4K 

-10V 

: 

O 

20K 
33 

SAMPLE. 
INPUT 

22K 

A-A4 
©) 

O 

+15V 
-10V 

12K 

q 
| 330 6.8K 

4 0.001 
OuTPUT 

O 4 2.5K 

: 15 
752 

O 

| 
4 

-10V 

: | 2.5K 

< N 

O 

108 



and is included in the machine to detect filament burn- 

outs in all tubes contained in the pluggable units. The 

system monitors the amount of current flowing in the 

bus connecting the filament center taps back to the center 

tap of the filament transformer. If the amount of current 

changes because half a filament burns out, a relay is 
energized and an indicator lights on the C. E. panel. 

Conclusion 

In the development of this large high-speed memory, the 

adoption of transistors and etched wiring cards for the 

sense amplifier circuits has decreased the space needed 

for this circuitry to one-fourth of that which ordinarily 

would be required. 

The division of the memory array so that the two 

halves are in different frames has made the wiring con- 

tained in the array accessible to service and has placed 

the array as near the drivers as possible, thereby simpli- 

fying the problems of driving such a large number of 

cores. The method developed for placement of core 

drive amplifiers, core drivers, and switch core matrices 

has greatly added to the stability of this feed-back 

amplifier system. 

The general layout of components will contribute 

toward ease and speed of maintenance and should 

reduce installation time to a minimum. 
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E. G. Kogbetliantz 

Computation of for 

Using an Electronic Computer 

Single Double 

Machine Approx. Computation Precision Precision 

MPC Dg M PC Dg 

Binary R . 4 8 1006 8 18 
) fixed point 3 35 10 6 10 21 

4 8 10 

5 eee point 5 17 8 8 30 18 

Decimal P 24 17 

| fixed point 5 25 10 9 32 20 
19 10 

Introduction 

The aim of this paper is to formulate shorter procedures for 

the evaluation of e’ which involve fewer operations and 

therefore consume less time. Approximations must always 

be adapted to particular features of the electronic com- 

puter used. Thus, for instance, if division is too slow 

then rational approximations cannot be used since they 

involve divisions. On the other hand, for the IBM 704, 

rational approximations are the most economical. In re- 

ducing the infinite range (— ~, +) toa shorter range 

in which the approximation to be used is sufficiently accu- 

rate, different procedures must be used for binary and for 

decimal machines. 

The number of precomputed constants involved in a sub- 

routine and stored in the memory of the machine is also 

important. It is always possible to decrease the number of 

multiplications and divisions (additions are so rapid that 

we omit them from the consideration), increasing the 

number of precomputed constants; but, on the other hand, 

it is not advisable to load the memory of the machine 

by too many constants. These conflicting considerations 

make the choice of the best procedure a very important 

question. In this paper we disregard the case of routines 

based on the use of many precomputed constants. We will 

try to reduce the number of multiplications and/or divi- 

sions, without increasing the number of precomputed 

constants above an upper bound equal to 35, the choice of 

which is dictated by our experience. 

Two mathematical tools are considered here: approxi- 

mating polynomials are derived from the classical expan- 

sion of the exponential function into Fourier Series of 

Tchebychev polynomials 7,,(x), [1], while our rational ap- 
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Abstract: Rational R and polynomial P approxima- 

tions to the exponential function e” are studied. 

They allow e% to be computed for any value of 

the exponent N in the infinite range from minus 

infinity to plus infinity in a minimum number M 

of multiplications (and divisions, for the rational 

approximations). This minimum is attained without 

unduly increasing the number PC of precomputed 

and stored constants and also without limiting the 

number Dg of the first correct significant digits. The 

main results are presented in the table at the left. 

proximations are the diagonal elements of the well known 

Padé Table for e*, [2] . In the Tchebychev expansion 

e** =],(a)+2 I,,(a)-T,,(x) (x! <1) (1) 
1 m= 

I,,(z) is the modified Bessel function J,,(1), namely /,,(z)= 

i-”-J,,(iz), while T,,,(x)=cos (m-arccos x). 

Let Q,(a,x) denote the sum of first n+1 terms of the 

series (1), while E,(a,x) is the absolute error made in re- 

placing e“’ by Q,,_ (a,x), so that 

= Q,_ (a,x) +E, (a,x). 
(1) 

With x <1, E, admits the following upper bound 

E,(a,x)|2- I,,(a) a]. (2) 
mn 

The (77,n)-th element in the m-th row and n-th column 

of the Padé Table for e* is P,,,.(x)/Pi..(—x), where the 

polynomial of n-th degree P,,,,(x) is defined by 

n 

(m+n)!- Pinn(x) =n! 
s=0 

It is known [2] that 

e* —X) = Pinn(X) +(—1)™- 

x | (m+n)! 
) 

< 

ay 

2 

— 

: 



Therefore, the absolute value of relative error, made in 

approximating e* for given values of x and of the sum 

m+n=s, but for variable m=0, 1, 2,. . . 5, by Pmn(x)/ 

P...(—x), reaches its minimum for n=m, that is for a 

diagonal element P,,,,,(x) = P,,(x) of the Padé Table. Now in 

e*= P,,(Z)/Pm(—z)+e?: Rn(zZ), (3) 

where 

(2m)!P,,(z) =m! LY (4) 

the relative error R,,(z) is given by: 

R,,(z)=(—1
)"-e z,z2m+1 

1 

xf 

0 

The substitution 2“ = 1+1 shows that the definite integral 

is equal to 

m!T'(4) Ing 4(2/2)/2™*2 - 

Therefore, the inequality 

yields the following upper bound for R,,(z)!: 

The expression (3) will be used in a sufficiently small 

range z S2-‘-In2 where the choice of the positive integer 

k depends on the accuracy required. For a given accuracy 

we can minimize the number of multiplications and divi- 

sions in (1) or (3) by choosing a small value of m and 

sufficiently large value of k. 

The number of precomputed constants is equal to 2°"! 

plus a constant and it increases rapidly with &. This pre- 

cludes the use of larger values of k. We shall consider only 

four cases: k=2, 3, 4 and 5. Four values n=2, 3, 4, 5 in 

(3) and two values n=5, 6 in (1) will be considered. The 

reader can easily extend our results to other values of k 

and n, if needed. 

The rational approximations to e* studied in this paper 

are not new. They are a very particular case of the gen- 

eralized Taylor series formed in 1876 by the French mathe- 

matician Gaston Darboux [3]: 

n 

(z)—f (a)|-P™ (0) = (0) -f 
m 

— P(r 

1 

P(t) -f *?[a+t(z—a)|-dt. 

Particularizing this expansion for f(z)=e?, P(t)=?"- 

(t—1)", a=0, one obtains our approximations. Another 

French mathematician H. Padé [4] formulated in 1892 

a general method for constructirg a complete table of all 

rational functions approximating a function f(x). The 

diagonal of his table for e* contains our approximations. 

In 1949, seventy three years after the Darboux paper was 

published, Messrs. P. M. Hummel and C. L. Seebeck re- 

discovered [5] the particular case P(t)=?r"-(t—1)" of the 

Darboux expansion and, applying it to e*, formed again 

the diagonal of the classical Padé table for e’. 

Reproducing again the work of Darboux in his book on 

numerical analysis [6], Dr. C. Lanczos ascribes it to 

Messrs. P. M. Hummel and C. L. Seebeck. 

We add that the same sequence of approximations to e* 

can be obtained from Lambert's well known continued 

fraction [7]. 

2| s (x/2)?| tanhyp(x/2) =~ 
YP ‘ \(2n+1) 

Let us denote the n-th convergent of this continued 

fraction by A,(x)/B,(x). Then e*=[1+tanhyp(x/2)]- 

{1 —tanhyp (x/2)] ' is approximated as follows: 

e*=|B,(x)+A,(x)|/[B, (x) —A,(x)]. 

The second member is identical with our approximation. 

Part A—Binary machine; 

rational approximations 

1. Reduction to small range 

Multiplying the exponent N in <N<+ 2, by 

log, e and denoting the integral part of the product by M 

N-logee=M+F=M-+atk)+f, (0<F=a(k)+f<1) (1) 

we reduce first the infinite range of N ine’ =2™-e? /loe,¢ to 

the range (0, In 2) of the exponent F/logze=F-In 2. 

Choosing a fixed positive integer k, we subdivide the 

interval (0,1) into 2° subintervals [2~*-j; 2-*-(j+1)] with 

0<j<2*—1. Beginning with f,=F, A numbers fi, . . 

fi-1, fc= fare computed successively in k additions by letting 

(OSisk—1), where s; denotes the sign 

of f;, namely: s;=signum (/;). 

Thus, we have in F=a(k)+/ 

f=fi= F—alk)=F— 

There are 2° ' different possible values of a(k) since 

k—1 signs s;, 1 Sisk —1, are involved (s»=-+1) and each 

of them can take either one of two values +1. The 2°"! 

constants to be stored are the different possible values of 

27) since eF In? = ett). In?. e/in? = atk). ef/in?, is easy to 

prove by induction that f <2‘ so that the range of the 

exponent z in e*=e/'"* is: 

—2-*-In2< f-In2=z<2*-In2. 

This reduction to as small a range as we wish (k can be 

chosen at our convenience) is the most important step 

since it allows us to obtain any desired accuracy. 

IBM JOURNAL * APRIL 1957 

the 

7 

. 

{ 

= 

ES 

x 



112 

2. Study of the relative error R» (.) in (3) 

The maximum of the upper bound (5) for the absolute 

value of relative error is attained for z= —2-‘-In2. De- 

noting this maximum by M (k,m) we computed the follow- 

ing values of this function of two parameters k and m: 

Table 1 Values of M (k, m) 

m\k 2 3 4 5 

2 17 12X40 2.2 xX 10° 6.7 X 10°72 

3 5.1 107 3.8 1078 3.0 107% 

4 5.1 107 42x 10% 

§ 46x10°9 2.2 x 10-2 10x10 5.0 10-2 

The number d of correct significant digits in an approx- 

imate value of e’ computed by (3) and expressed in 

decimal numeration depends on the value of M(k,m). If 

the binary representation of the exponent z=/:In2 is con- 

sidered as exact, the first A significant digits in e’ will be 

correct, if M(k,m) is less than 4-10". But if the value of z 

is affected by an absolute error dz the condition M(k,m) 

<4-10~ is necessary, but not sufficient. Since e *-d(e*)=dz, 

an absolute error dz in the exponent z generates an equal 

relative error in e’. 

Even if the decimal representation Ni) of N is known to 

be exact so that there is no error DN,» in the given value 

of N,», the conversion of N,» into the binary representation 

N. of N introduces an error DN.+0. In a single precision 

fixed point computation with a 35-bit binary machine, 

we can have DN.=2~-N and, if the double precision is 

used, DN.=2-”-N. For floating point computations the 

corresponding conversion errors can reach 2”-N and 

N. 

Let us consider the case when N is large and has q digits 

in the integral part of its decimal representation Nj», so 

that 10¢>N> 10°". In this case, the absolute error dz in 

z=f-In2 can reach 3.10*"' and there will be at most only 

10—q correct significant digits in the final value of e’. 

Another cause of possible loss of accuracy unrelated to 

the value of M(k,m) is the generation of an error dz in the 

multiplication of log-e by N, if N is large. Suppose that the 

binary value of log»e stored in the memory of the machine 

has 35 bits, so that the absolute error in log:e is less than 

2”. If the integral part of No has q digits, then the absolute 

errorD/ in f= N-log.e —at(k) can reach the value 

log.e so that dz = Df: In2 =2 *- 10¢=3.10°" and again, 

instead of ten, only 10—q first significative digits will be 

correct, if M(k,m)<5.10°". To avoid the loss of accuracy 

which may be caused by the conversion of Nj into N, 

and/or by the multiplication of logse by No, it is advisable, 

if N is large, to use the double precision binary representa- 

tions of log.e and N» in computing / and then continue a 

single precision computation. This will insure 21 —g correct 

digits, if 10°'<N< 10", provided M(k,m)> 410°, 

In what follows, we suppose that the double precision is 

used in computing /, so that the accuracy of the result will 

depend on M(k,m) only. 
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3. Number of operations 

To be able to choose among combinations (k,m) insuring 

the same accuracy we have to compare the number of 

operations and of precomputed constants involved in each 

of these procedures. Using (4) for m=2, 3, 4, 5, forming 

the corresponding expressions of quotients P,,(z)/P,,.(—z) 

and replacing in them z by its value z=/-In2=//g, where 

g=log,e=In '2, we finally obtained the following practical 

rules for computing the products II, = P,,(z)/P.(—z): 

 (*) 

Il; = —2*) f+d3-f) 

where 

a,=12g-2%™: be=12g?; co=6g; 

6;=12g; c3=50g?; ds=10g2; 

b,=42g7; cy=21g; ds=1.05; hy=102.9¢"; 5b; =30g; 

¢;=9240g°; d;=4116g?/11; h;=244, 944¢'/121; 

r;=504g"/11. 

Since 

eN~2M.20). The 

it is seen that the number of multiplications (divisions 

being counted as multiplications) for m= 2, 3, 4, 5 is equal 

to m+1 because one more multiplication is needed to find 

f. The factor 2” is accounted for by a shift. The number of 

additions in computing II,, is also equal to m+1. Adding 

k additions necessary for the determination of /, we have 

in all m+A-+-1 additions. The precomputed constants to be 

stored are: 2"! numbers of the type 2°’, as well as 2°"! 

numbers a,, for m=2, 3 and 4 and 2‘! numbers 2-2?" for 

m=5. This gives 2'+m constants necessary to compute 

for 2S while the computation of II; necessitates 

2*!+m constants. Adding to it the constant g, we sum- 

marize these results in Table 2. 

Table 2. Values of M, PC, Dg 

k=2 k=3 k=4 k= § 

M PCDg M PC Dg M PC Dg M PC Dg 

m=3 4* 8 10 4 12 12 4 20 14 4 36 16 

m= 6* 8 18 6* 10 21 6 14 24 6 22 28 

* Important Combinations 

The number of divisions for m=2, 3, 4 and 5 is equal to 

2, 3, 3 and 3 respectively. Using the rational approxima- 

tions it is not possible to eliminate divisions completely, 

but in some cases it is preferable to reduce their number. 

A simple algebraic transformation reduces the number of 

divisions for m= 3, 4, 5 to one, replacing a division by two 

t Suggested by Dr. George E. Collins, IBM. 

“ | 3 

: 

4 

AY 

2 

Wa 

% 

oy ‘ 



multiplications. Thus, II;, Il, and II, can be computed in 

4, 5 and 6 multiplications plus one division, using the fol- 

lowing equivalent expressions: 

y= Ay: (b*,+/?)- 

[e*s t+ (d*st+h*s-f*) (ks 

where 

a*3=a*,=a*;=}4; 

b*;=60g?, b*,=42g?, b*;=420g?; c*; = 120g", c*¥,=84g', 

c*;,=30,240g'; d*;, = d* = 9g, d* 33602"; 

h*,=(20g)", h*;=30g and k; =15,120g'. 

Two single precision subroutines for the computation 

of e’, based on (3), were coded a year ago for the IBM 

704. They yield ten correct digits, but only eight are needed 

in the floating point computation. Their characteristics 

are as follows: 

Table 3 \BM 704 Subroutines for e% 

fixed point floating point 

Combinations used k=i,m=4 k=2,m=3 

Multiplications 4 3 

Divisions 2 Z 

Precomputed constants 2 7 

Time (in milliseconds) 2.80 2.63 

Six combinations of Table 2 are important for single and 

double precision, fixed and floating point subroutines for 

the computation of e‘. They are given in Table 4. 

Table 4. Important Combinations 

Combination M FC Deg 

(lI) m=2,k =4 3 19 9 

(2) m=2,k =5§ 3 35 10 

(3) m=w3,k =2 4 8 10 

(4) m=4,k =4 21 19 

(5) m=5,k =2 6 8 18 

(6) m=z5,k =3 6 10 21 

Among them (1), (5) should be used in single precision 

floating point, double precision floating point and (4) or 

(6)—in double precision fixed point computations respec- 

tively. In single precision fixed point computations the 

combination (3) needs one more multiplication than (2), 

but it involves only 8 stored constants while (3) has 35 

constants. 

Part B—Decimal machine; 

polynomial approximations 

4. Reduction to small range 

Multiplying N in eS by g=logye, we have Ng=N-logye 

= M*+ F=M*-+-a(k)+/, where M* is the integral and F 

the fractional part of the product. Dividing the range 

(0;1) of F into 2 subintervals exactly as in Part A and 

using the same notations a(k) and /, we have 

eX =10"*. 10% -@ 

with <2°-*. Here the precomputed constants are 

equal to 10°, where a(k) takes the same 2° ' values 

(2j—1)/2*, 1 Sj as in Part A. 

5. Rational approximations 

Without repeating the analysis of Part A, we give (in 

Table 5) its results, which can be useful only in the case 

when division is not too slow an operation for a given 

decimal machine: 

Table 5 Values of M(k, m) 

m\k 7 3 4 3 

1.9 10-4 4.0 1.0 107 3.0 10° 

4 59x 7.8 K 107! 13x 16% 22x 

4.9 10718 16x 10°76 66x10 3.0 x 10°% 

6 29x 1076 24x 10° 24x 10% #£=2.7 

In the case m=6, e* is approximated by P,(z)/P.(—z), 

where the coefficients c¢; of 

P,(z)=1+2/2+ 2 
k=? 

are: C2= 5 44, '66, C4 =¢5/ 32, C5 >= c,/20 and ¢;/42. 

The quotient P,(z)/P.( —z) is computable in one multiplica- 

tion (necessary to form z*) and four divisions: 

P,(z)/ Ps(—z) 

where 

Q(t) =84—as: t+bet+ce: (t+de) 

with a,=43,344, b,=12294/43, dy= 

3960/43. 

Thus, for a decimal machine allowing the use of division 

the rational approximations yield the same results as for a 

binary machine, but the number of operations and of pre- 

computed constants, for the same accuracy, is somewhat 

greater. We cite some of them in Table 6. 

Table 6 Values of M, PC, Dg 

m ek Mult. Add. Prec. Const. Correct Digits 

2 3 3 8 35 8 

3 3 4 7 12 8 

3 4 4 8 20 10 

5 4 6 10 14 18 

6 3 7 10 12 19 

a 5 6 11 22 22 

The rational approximations should not be used for 

decimal machines in which the division is too slow. For 

such machines polynomial approximations deduced from 

the series (1) are much more economical. They are more 113 
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Table7 Values of M* (n, k) 

k\n 5 6 7 8 9 10 

3 2 X 5 xX 10°83 1 x 10° *2 X 10™" 3 X 1078 

4 5 10°78 6 X 10710 *6 x 10°" 5 X 10-4 4 xX 10716 3 10745 

5 x19 4x 10°44 2 X 1076 7 X 10719 3 X 107?! 

economical than the partial sums of exponential power 

series, even when the latter are shortened by relaxation 

of last terms. 

6. Polynomial approximations 

We study now the relative error R,(z)=e *- E,(a,x), where 

E,(a,x) verifies the inequality (2), z=ax, a=2~*-In10 and 

x <1. Therefore 

|R,(z)| = M*(n,k) 

Denoting the upper bound of R,(z) by M*(n,k), we 

have the result given in Table 7. 

It is interesting to compare M*(n,k) to the relative error 

made in approximating e* by the partial sum = z'/j! 
i= 

This relative error is essentially equal to e*-z"/n!-(1—z/ 

(n+1))', the maximum value of which (obtained for 

z= —In10/2') we denote by B(n,k): 

Thus, we have approximately B(n,k) = M*(n,k)- 2"! which 

shows that the rctative error made using the Maclaurin 

expansion cf ¢ 1s 2""! times greater than the relative error 

of our pelynomial approximation. For n=6, 8, 10 the 

factor 2”"' takes the values 32, 128, 512. 

Different combinations (n,k) insure the same number of 

correct digits in the final result. Thus, for instance ten 

correct digits can be obtained using either one of four 

combinations (6,5), (7,4), (8,3) and (10,2). 

The coefficients c, of the polynomial approximation 

Q,, 

m=1 j=0 

are obtained, replacing the Tchebychev polynomial T,,(x) 

by its expression 

2T,(x)=n- (—1)"- (a) 
m=(0 

The final result is 

n 1 

. 

e'=Q,_,(z)= (1-5, ;)z'/j! 
j=0 

where 4,, ; are small, so that our approximating polynomial 

Q,,_\(x) appears as the sum of the first terms of the ex- 

ponential series for e*” with slightly modified coefficients. 

We now illustrate the computation of coefficients and 

the relaxation of Q,_:(x) ona particular example of approx- 

imation giving ten correct significant digits. The combina- 

tion used in this example is n=6 and k=5, so that a= 
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(Inl0)/32. Replacing in the expression for Q;(x) the poly- 

nomials 7,,(x) by their expansions and omitting the 

argument a of the Bessel functions /,,(a), we have 

Q;(x) = (2x? — (4x°— 3.x) 

5x). 

Thus, 

e’=Q;(x)= 

where 

=],—3/;+5];; 

c3;=1;—5];; 

7. Relaxation 

The last term 2°-c;-x° can be replaced by an approximating 

polynomial of the fourth degree, the error made being less 

than 10 ''. In fact we will have two approximating poly- 

nomials: one in OS x31 and the other in —1S.xS0. The 

modified Tchebychev polynomial 

T(x) = 512x° — 1280x'+-1120.x* —400x°+50x—-1 (OS 

is less in absolute value than one, if OS <1. Changing the 

sign of its argument, we have another polynomial 

T* (x) = —(512x°+ 1280x'+ 1120x°+400x? + 1) 

(—Isx3s0) 

which is less than one in absolute value, if —I1<x<0. 

Therefore, in 0S x<1 we take 

= 5x'/2 —35x°/16+25x?/32 

(O<x<1) 

where g(x) for 0S x<1, while in —1<x<0 we have 

x°= —S5xt 2—35x5/16—25x?/ 32—25x/256—1/512+h(x), 

(—Ilsx<0) 

where again A(x) S2°° for —1Sx<0. Now, since a= 

(Inl0)/32, we have and therefore 

(x) and 2°-c;- A(x) are less than which 

proves that the absolute error made in dropping g(x) or 

h(x) is less in absolute value than 3.210". The corre- 

sponding relative error is less in absolute value than 

3.44 10°". Thus, replacing x° by a polynomial of the 

fourth degree we obtain 

2°: CX" = I, 

(+5 -(2x)'—35 -(2x)?/4425 -(2x)?/4 —25 -(2x)/16+ 1/16], 

so that the relaxed coefficients c*, become 

‘ 

i 

; 

3 

al 



In c*o, c*2 and c*, the plus sign should be taken, if / is 

positive, and the minus sign if / is negative. The relaxa- 

tion of the term in x‘ does not work, the resulting error 

being of the order of 10~. 

Thus, e* can be computed with the aid of two approxi- 

mating polynomials of the fourth degree in five multi- 

plications: 

\d, +f: (d.+/f- |\d;+d;-f|)| 

where 

d =64)-c*; 

Adding to the eight coefficients d;, the 2‘+1=17 pre- 

computed constants necessary for the reduction of the 

infinite range — » <N< x to f|<2~°, we obtain, in all, 26 

precomputed constants. The number of operations is: nine 

additions and five multiplications. 

This example, it is hoped, shows clearly the procedure 

which is to be followed in the computation of the coeffi- 

cients d; of a relaxed approximating polynomial Q,,_; (2), 

when n and k have fixed known values. 

The number of precomputed constants is equal to 2°! 

+n-+[n/2]+-1, [n/2] denoting the integral part of n/2. The 

number of multiplications and additions is equal to n—1 

and n+3. 

8. Briggs’ Method 

To conclude we describe a rather curious adaptation of an 

old method, used by Briggs in 1624 for compiling his table 

of logarithms, for the computation of e’ with the aid of an 

electronic computer. To fix our ideas let us consider only 

the case where first ten significant correct digits are re- 

quired, the computer being a binary machine. 

To compute the factor 2’ in e’ =2”-2", 0<F<1, with 

ten correct digits we will use 17 precomputed and stored 

constants c,=log1+2"), |1SAS17. Let fo=F and define 

recursively /,, a; as follows: f.4:=f; and a,.,=0, if 

17 

F= 2 a 
k=1 

where so that 4(/*-In2?< 

3.10" and Therefore 

17 

2F=(1+f*-In2)- (1+2-*)* (a =Oor 1) 
k=1 

The multiplications by factors 1+2-* are in fact per- 

formed as additions: 

A-(1+2)=A+2+-A 

In all only two multiplications are used: one to form F, 

another to compute the product /*-In2. The number of 

additions depends on N. It varies between 18 and 35. There 

are 19 precomputed constants: In2, log.e and seventeen c,. 

If first eight correct digits are required (floating point 

computation), then /* =f,,. Six correct digits are obtained, 

if f* 
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-BCF)* (8-23 

Diagram! Three-variable logical functions 
Graphic representation of three-variable logical 

functions which can be achieved without extra signal 

loads, using the Rutz commutator transistor. In 

Table | these functions require extra signal loads. 

An explanation of the labeling is found in the text. 

(17-46-BCFH) 

(22-56-ABCFH)* 

(26-61-BCDEF) 

(29-65-BCFGH) 
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B. Dunham 

The Multipurpose Bias Device” 

Part | 

The Commutator Transistor 

An article on the design and development of the 
Rutz commutator transistor will be included in 

a subsequent issue of the IBM Journal of Re- 

search and Development. 

Abstract: It is suggested that multipurpose devices 

will provide economy in both number and assort- 

ment of basic computer building blocks. A study is 

made of the Rutz commutator transistor largely in 

application to three-input, one-output logical situa- 

tions. A basis is thereby provided for a more 

general analysis to be published at a later date. 

General introduction 

In 1938, Shannon indicated a correlation of truth-func- 
tional expressions with electrical circuits. Since that time 

much effort has been made to devise general mechanical 

procedures for simplifying logical formulas. One major 

difficulty, however, is the limited application of pro- 

posed solutions. Techniques which minimize expressions 

formed from one set of functions may not prove rele- 
vant if another set is assumed. As a result, the primary 

logical problem is to decide which groups of truth- 

functional elements are desired rather than to formulate 

rules of simplification for a given set. 

The correspondent practical concern is to determine 

which types of physical device, correlative with logical 

particles, can be expected to serve as efficient building 

blocks for machines. Material considerations are espe- 

cially pertinent. It is, for example, quite advantageous to 

diminish the number of devices used. On the other 

hand, it is important to minimize the kinds of machine 

element required. 

If many different classes of devices are available, each 

type accomplishing a different truth-functional connec- 

tive, the number of devices requisite for a given situation 

should prove relatively small. If, however, the variety of 
machine elements is so limited that only a few logical 

particles are achieved directly, the number of devices 

needed may prove unduly large. 
The alternative we wish to suggest is that multipur- 

pose devices be used. A multipurpose logic device is 

*Portions of this paper were presented to the International Symposium 

on Theory of Switching at Harvard University, April 4, 1957. 117 
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one which can be adjusted to realize directly a diversity 

of truth-functional elements. Economy in both number 

and assortment of basic machine building blocks might 

then be obtained. Ease of adjustment is, of course, pre- 

requisite. 

A bias device is one which achieves its logical func- 

tions by on-and-off biasing of inputs. An input is said to 

be biased if it is so fixed as to be always on or always off. 
Since the latter method of adaptation is both direct and 

flexible, multipurpose bias devices are of much interest. 

A full adder can be regarded as a multipurpose bias 

device. Consider the following table: 

SUM CARRY 

1 1 
0 1 
0 1 
1 0 

0 1 
0 1 O 1 0 
1 0 0 1 0 
0 0 0 0 0 

‘p’, ‘q’, and ‘r’ may be thought of as denoting the 
three variable inputs. ‘SUM’ and ‘CARRY’ indicate the 

sum and carry respectively. The eight possible input 

states are shown symbolically by the three columns of 
1’s and 0’s on the left. For example, the top horizontal 

row signifies that all three inputs are on, since 1 is as- 

signed in every case. The next row down signifies that 

the first input is off and the other two on, since 0 is 
assigned to ‘p’, and 1 to ‘q’ and ‘r’. The columns 

under ‘SUM’ and ‘CARRY’, which indicate the resultant 
outputs, are functions of the three variable inputs. As 

the table shows, 1 is assigned to ‘SUM’ if and only. if 
one or three of the variable inputs are on. If exactly two 

or three of the variable inputs are on, | is assigned to 

‘CARRY’. 
It should be noted that the logic of the present dis- 

cussion is 2-valued, in that 1 and 0 are the only two 
values assigned throughout. Such terms as singulary, 

binary, ternary, quaternary, on the other hand, are used 

here to denote the number of variable inputs. 

Let us suppose the input represented by ‘r’ is so 

adjusted as to be always off. Then ‘ p’ and ‘q’ indicate 

the only variable inputs. Under such conditions, as the 

bottom half of the table shows, ‘SUM’ is assigned 1 if 
and only if 1 is assigned to either ‘p’ or ‘q’, but not 

both. The binary exclusive ‘or’ (symbolized ‘¥’) is thus 
achieved. Further, as the table records, ‘CARRY’ is 

assigned 1 just in that single case where 1 as assigned 

to both ‘ p’ and ‘q’. The connective ‘and’ (symbolized 

*+’) is therefore realized. 
Suppose, however, the input represented by ‘r’ is so 

regulated that it is always on. The top half of the table 
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reveals that 1 is assigned to ‘SUM’ just in those cases 
where both *p’ and ‘q’ receive like assignments of 1 

or 0. The binary function ‘if-and-only-if’ (symbolized 

* =’) is thus accomplished. On the other hand, ‘CARRY’ 
is assigned 0 just in that case where both ‘ p’ and ‘q’ 

are assigned 0. The inciusive ‘or’ (symbolized ‘V’) is 

therefore realized. 

The singulary operator ‘not’ (symbolized ‘—.’) is ob- 
tained by biasing two of the inputs. If constant 0’s are 

assigned to ‘q’ and constant 1’s to ‘r’, *‘p” will repre- 

sent the only variable input. Under such conditions, as 

the table indicates in the third and fourth rows down, 

‘p’ and ‘SUM’ will in every case receive opposite as- 

signments of 1 and 0. 

There is considerable advantage in generating ‘¥’ and 

‘=’. The two connectives can in many cases be substi- 

tuted into an already minimized expression assembled 
logically from *‘—’, ‘*’, and ‘V’ in such a way as to 

reduce the number of full binary functions required; a 

full binary connective is one which cannot be reduced to 

a singulary function. In fact, ‘¥’ and ‘=’ are the only 

two of all the possible binary connectives which can be so 

used. The expression ‘— (p*q) * (pV q)’, for example, 

can be written simply as ‘p¥q’; and the expression 

V—(pVq)’,as‘p=q’. 
An appropriate interchange of ‘¥’ and ‘ =’ will also 

enable many denial signs to be removed. Any expression 

or part of an expression in which ‘¥’ and ‘=’ are the 
only non-singulary functions found is equivalent to some 
expression of equal length from which ‘—’ has been 

eliminated. ‘(p ¥q) =r’, for example, is equivalent to 

‘(p=q) =r’. 
It should further be noted that the ternary connectives 

‘SUM’ and ‘CARRY’ can each be used to reduce in size 
many formulas assembled exclusively from singulary 

and binary truth-functional elements. For example, where 
‘p’, ‘q’ and ‘r’ represent the three variable inputs, 

‘CARRY’ is equivalent to the expression ‘(q*r) ¥ (ps 

(qV¥r))’. Consequently, it can be seen that devices 

which achieve directly functions involving more than two 

variable inputs are of substantial interest. 

R. F. Rutz, of these laboratories, has developed a two- 

collector transistor which not only operates as a full 

adder, but can also be adjusted to achieve directly the 
binary functions ‘neither-nor’ and ‘not-both’ (symbolized 

‘1’ and ‘|’ respectively). ‘|’ is assigned 1 just in that 
case where both component variables are assigned 0. ‘ | ’ 

is assigned O just in that case where both component 

variables are assigned 1. Since all of the full binary com- 

mutative connectives are obtained (‘*’,‘V’,‘¥’,‘=’, 

*“)’,*|°), we may suitably describe the device as an 
absolute binary commutator (see Fig. 1, p. 122). 

The addition of ‘|’ and ‘| ’ will in no case permit a 
reduction in the number of full binary connectives requi- 

site for an already minimized expression. Their use will, 

of course, in many cases permit a reduction in the num- 
ber of denial signs needed. The formula ‘ pf * (q V r) ’, for 

example, is equivalent to the expression ‘p 1 (qJr)’. 
The binary commutator is patently a versatile logical 

<2 

+ 

4 



element. Consequently, a careful study of its truth-func- 

tional potentialities will do much to indicate the capacity 
of multipurpose building blocks as such. Also, a basis will 

be provided for comparison with other devices. 

In Part I, which follows immediately, we examine the 

commutator, largely in application to three-input, one- 

output situations. We do not consider the transistor’s 

physical performance, since a separate paper will be 
published by Rutz in a forthcoming issue of this journal. 

Part! The commutator transistor 

It should be noted, however, that the adaptation to 

achieve ‘|’ or ‘|’ involves more than mere biasing of 

inputs. Load resistances, for example, may be modified. 

In Parts II and III, to be published later, we shall 

present a brief analysis of the relative logical efficiency of 

different types of many-variable functions. We shall then 

attempt to formulate a more general philosophy of “mul- 

tipurpose logic”, and to suggest possible lines of future 

investigation. 

Application to total three-varicble functions 

From the schematic letters ‘ p’, ‘q’, and ‘r’, an infinite 

number of different truth-functional formulas can be as- 

sembled. These can be broken down, however, into 256 

non-overlapping groups of equivalent expressions. A 

convenient way of labeling these groups, which we shall 

call basic groups, is needed. 

Consider the following expression and skeleton truth 
table: p (rV (p * 

& 

D 

G 

Part of the table is arbitrary and part not. Starting de- 
liberately with an assignment of 1 to each schematic 

letter occurrence, we have alternated | and 0 singly under 
‘p’, in pairs under ‘q’, and in fours under ‘r’. The 

column under ‘¥’, the main connective, shows that 

‘p¥(rV (p*q))’, taken as a whole, is assigned 1 in 
exactly three cases: first, where 0 is assigned to ‘ p’, and 

1 to‘ q’ and ‘r’; second, where 0 is assigned to ‘ p’ and 

“q’ and | to ‘r’; third, where 1 is assigned to ‘ p’, and 

0 to‘q’ and‘r’. 

The column of letters at the right of the table, that is, 

*B’,‘D’, and *G’, indicates the method of labelling to 

be used. ‘p’, ‘q’, and ‘r’ can be selected to represent 

the variables of any three-input situation. 1’s and 0’s 

can be assigned to schematic letters in the arbitrary man- 

ner just shown. Under such truth-table stipulations, an 

expression @ will be logically equivalent to ‘p¥(rV 
(p*q))’ if and only if ¢ is assigned | in just the second, 

fourth, and seventh rows down. The eight truth-table 

rows, in order from the top, can aptly be designated by 

The label ‘ BDG ’, then, will be understood to denote the 

whole class of expressions which, under the specific con- 

ditions, are assigned 1 in the three rows designated by 

‘B’,‘D’, and ‘G’. In such a manner, 255 of the 256 

basic groups can be provided with unique labels. The 
one remaining group, in which the resultant truth-table 

columns contain no 1’s whatsoever, can be appropriately 
labelled ‘— (ABCDEFGH)’. 

We shall now present as Table | an extended list of 

truth-functional expressions correlative with electrical 

circuits. As will be evident, no more than three, and in 
most cases one or two, Rutz binary commutators are 

needed to handle the purely logical ingredient of any 119 
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three-input, one-output situation. 
It should be emphasized that no prior inversion of 

signals is presupposed, since we wish every relevant 

logical operation to be patent. All 256 cases need not be 

considered, however. The 256 groups earlier described 

can be conveniently reclassified as eighty non-overlap- 

ping interchange groups. An interchange group is a 

collection of expressions which are said to be interchange 

equivalent. A formula ¢ is interchange equivalent to a 

formula y if and only if either of the following conditions 

is realized: (1) ¢ is truth-functionally equivalent to y; 

(2) there is a formula ¢’, truth-functionally equivalent 

to y, from which ¢ can be obtained by mere permutation 

of schematic letters. For example, the expression 

“p*qer’ is truth-functionally equivalent to the expres- 

sion ‘p1(q|r)’. From the latter, (p |r)’ can be 
obtained by permuting ‘ p’ and ‘ q’. Therefore, although 

In Table 1, the graphic symbols ‘ oe and ‘ ee 

are used in place of ‘SUM’ and ‘CARRY’, respectively. 

Unless otherwise shown, ‘ p’, ‘q’, and ‘r’ are under- 

stood to denote the three inputs of an unbiased commu- 

tator. 

A modified notation, such as p ——— 

stipulates that ‘p*q’, ‘p’ , and ‘r’ represent the three 

inputs. The inscription *‘ * merely signifies that 

both the sum and carry of a given transistor are utilized. 

For example, the expression ‘ indicates the 

application of two commutators. The sum and carry of 

the first, which is unbiased, serve as the two variable in- 

puts for the second, which is biased to realize ‘=’. 

The number of transistors requisite for the logic of the 

different expressions in Table 1 can easily be determined. 

One need simply count the occurrences of *—'’,‘+’,‘V’, 

example, the expression ‘(r= (pVq))*—(p*q)’ 

would require five transistors; , | (p*q)’, three. 

The column headed ‘MRCE’ (Minimum-Rutz-Commu- 

tator-Equivalent) records the smallest number of transis- 

tors determined for each guide basic group. It is assumed, 

of course, that the relatively trivial — (ABCDEFGHA) 

and ABCDEFGH require no commutators. 

One further point should be mentioned. The term 

‘three-input situation’ has been understood throughout to 

denote any situation involving no more than three types 

of variable input. The same variable input may be used, 

therefore, a number of times. For example, the expres- 

sion ‘(q*p) 1 (q¥r)’ shows that the input symbolized 

by ‘q’ is used twice. Since inputs are also needed for * p’ 

and ‘r’, a physical realization of the expression in ques- 

tion would require four signal loads. A signal load is 
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not logically equivalent, ‘p*q*r’ and ‘q!(p|r)’ are 

interchange equivalent. 

One addendum is necessary, however. To simplify the 

discussion, we assume that the formulas in question may 

contain vacuous equivalent parts. * p V q’, for instance, 

is taken as interchange equivalent to ‘p VF’, since the 

two can be represented in turn as follows: * (p V q) * 

(r VF)’ and ‘(pV F)*(qVq)’. 

Every interchange group is composed of one, three, 

or six of the 256 basic groups. Examination of any one 
of the latter will serve for the total interchange group of 

which that one is a part, since the results obtained can be 

adjusted by a straightforward permutation of schematic 

letters to the other basic groups involved. In each case, 

however, we shall consider only the guide basic group, 

that is, the basic group having the earliest label in alpha- 

betic order. 

merely one use of a variable input. For each guide basic 

group, the column headed ‘SLE’ (Signal-Load-Equiva- 

lent) records the signal loads necessary for the simplified 

expression demanding the least number of transistors. 

Reduction of signal loads and feedback circuits 

As Table 1 reveals, three commutators are required in 

only twenty-six of the eighty cases. The remaining fifty- 

four can be achieved with less than three. No tacit inver- 

sion of signals has been presupposed, and only one kind 

of logical device has been assumed. We have not weighed, 

however, the extralogical equipment needed. It is felt that 

the latter, by comparison with other approaches, should 

not prove too considerable, since the purely logical ele- 

ments involved are so few. In particular, we have not 

specified how the logic is accomplished in time, and have 

not indicated possible time delays. 

Several pertinent questions, however, still remain. In 
setting up Table 1, our chief concern was to minimize 

the transistors necessary for each guide basic group. Little 

attention was given to signal loads. As the table shows, 

thirty of the eighty minimal circuits require extra signal 

loads. In Schematic Diagram 1, therefore, no extra signal 

loads are permitted; and a re-examination is made of the 

thirty load-redundant situations. 

Some new notation must now be introduced. Consider 

the following inscriptions: ‘EL. EL 

and ‘ The symbol ‘ ’, designates 

a commutator biased to achieve ‘= and ‘V’. ‘=’ is 

realized at the output graphically portrayed by the upper 

horizontal arrow. ‘V’ is obtained at the other output. 

Should only one of the two outputs be required, the 

superfluous arrow need not, of course, be recorded. The 
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Figure 1 The Rutz commutator transistor 
Shown here is a “hook” collector version 

sae which will perform binary full addition and 

other logical operations. 

COLLECTOR 

COLLECTOR TWO} 
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symbol ‘ET’ indicates that ‘V¥’ is obtained at the 

upper-arrow output; is realized at the lower. ‘ 

on the other hand, delineates a transistor biased to 

achieve ‘—’. For example, where * p ’ represents the sole 

variable input, * f° is realized at the upper-arrow output; 

and the itself, at the lower. and 

as the two notations show, designate transistors adapted 

to achieve ‘|’ and ° | ’ respectively. 

Consider the following graphic expression: 

< ||| 

w 

From the discussion just concluded, it can be seen that 

‘q=p’.’r’, and ‘q’ represent the three variable inputs 

of the commutator denoted by * *, Simple truth- 

table analysis will reveal that, for such components, the 

ternary connective * 

the label ‘ABCF’. 

Next, let us examine a different formula: 

* generates an expression with 

< 

It is clear that’ and‘ p (q¥r)° represent the two 

Since * V * functions as the main connective, an expression 

with the label ‘A BH ° is obtained. 

One final point should be touched. The thirty expres- 

variable inputs of the transistor symbolized 

sions which comprise Schematic Diagram | are num- 

bered in consecutive order by the numeral preceding the 

first dash of their respective headings. The numeral and 

label following the first dash indicate which guide basic 

group of Table | is under consideration. 

It can be seen, that, if no redundant signal loads are 

allowed, three commutators are still sufficient for all but 

the five starred cases: that is, 8-23-BCF, 10-26-BDG, 

18-49-BDGH, 22-56-ABCFH, and 24-59-ABDGH. 

These five, insofar as we have determined, require four 

transistors. 

An additional problem of some interest concerns the 

applicability of Table 1 and Schematic Diagram | to full 

adders of a different type from the Rutz binary commu- 

tator. It is clear from the Introduction that the latter de- 

vice, although quite simple, is logically more versatile 

than the usual full adder in that it can be adjusied to 

achieve ‘|’ and *|’. Every expression in Table 1 or 

Schematic Diagram 1, however, which does not contain 

*!* or ‘|’ can be accomplished along the lines already 

indicated through the use of any kind of full adder. 

A direct examination of the two tables reveals that 

three full adders as such, not necessarily commutators, 

are sufficient to handle seventy-eight of the eighty guide 

basic groups. In fact, less than three are adequate in 

thirty-five cases. The two remaining groups, BDH and 

BCDFH, can be realized with four full adders. It might 

be noted, however, that, if either one of the conncctives 

‘| or‘ |’ were added, the two groups in question could 

be achieved with only three physical devices. Table 1 

records for BDH, and ‘p| (qV#)’ for 

BCDFH. The two groups can also be accomplished re- 

spectively by the unlisted expressions which follow: 

= qir 

q 

q\r 

q 

A further question of some importance concerns the 

use of commutator hookups involving feedback. These 

often possess unique logical properties. 

Consider the following expression: 

P 

If O is assigned to *‘ p’ and | to ‘q’, an oscillatory situa- 

tion arises. The graphic arrow Ss ‘symbolizing both an 

output and an input, cannot consistently be allotted either 

| or 0. If 1 is assigned, simple reflectior shows that 0 is 

generated at the arrow in question. If ‘ « assigned, | is 

obtained. There is thus a fluctuation between 1 and 0, so 

that any physical counterpart of the above expression 

would presumably oscillate. 

A great many commutator feedback circuits are of an 

oscillatory nature. The input conditions which lead to 
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oscillation vary from hookup to hookup. Consider, for 

example, the two graphic formulas below: 

| 

w 

> 

The first expression involves fluctuation just in that case 

where | is assigned to ‘ p’ and 0 to ‘q’ and ‘r’. For the 

second expression, two input states entail fluctuation: 

first, where 0 is assigned to ‘q’, and 1 to ‘p’ and ‘r’; 

second, where 0 is assigned to‘ r’, and 1 to‘ p’ and‘q’. 

Another somewhat distinctive characteristic of feed- 

back hookups can be seen from the following non-oscil- 

latory expression: 

s 
w 

w 

| 

If either ‘ p’ or ‘ q’ is assigned 1, clearly both of the con- 

necting oOutput-input arrows, that is, ‘ a and 

“~~L_,’, must be allotted 1. Should ‘ p’ and ‘q’ be 

assigned 0, however, an unusual circumstance arises. The 

two arrows in question can with full consistency receive 

like assignments of 1 or 0; 1 will tend to perpetuate 1, 

and 0, 0. Since the two output arrows (inscribed ‘ —> ’) 

are in part a function of ‘<°_>>’ and‘ L_,’, this 

formula, as against the formulas of earlier sections, is 

logically ambiguous. 

Let us imagine, however, a physical realization of the 

foregoing expression. The circuit may be so fixed that, 

before each new group of signals, all of the non-feedback 

inputs, including biases, are cut off, that is, reset-to-zero. 
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The two wires, graphically represented by —_— and 

‘*—~L_,’, will also cut off, and stay off for the trouble- 

some input condition correlative with the assignment of 

0 to ‘p’ and ‘q’. As a result, the suggested circuit can 

receive a definitive truth-table representation. 

There are many such ambiguous feedback expressions, 

some oscillatory and some not. As the circuit application 

varies, however, the need for zero-reset may Or may not 

prove disadvantageous. The formulas listed below are 

typical. We have indicated, after each output arrow, the 

basic group obtained on the assumption of zero-reset. 

The starred cases are of most interest. 

Pp =T ACDEFH 
V 

\_ > ABDFG* 
4 

| 

ADEFH 
V 

=T ABCFH* 
V 

| 

CDFG 
q 

r—fy] BCDE 

> —> ABCFG* 
qd 

q ABDGH* 
V 

=T ACDEH 

> DEFG 
r 

3 : 

> 

chee 

ay 

- 

¢ 

> 



It should be remembered that in Table | three commu- 

tators, as against two, were needed to achieve either 

ABDFG or ABCFG. In Diagram 1, where no extra signal 

loads were admitted, four commutators were necessary 

for either ABCFH or ABDGH. 

Ambiguous feedback circuits without zero-reset should 

not be disregarded, however. Such hookups are indeter- 

minate, but only insofar as their immediate condition is 

a function of more than the concurrent non-feedback 

inputs. The prior logical state of the circuit is also rele- 

vant. As a result, memory is involved. 

Let us suppose, for example, that the eight feedback 

formulas already encountered in this section represent 

eight circuits so operated that input signals follow one 

another without break. If a list of the temporally ordered 

signals correlative with assignments of 1 or 0 to‘ p’,‘q’, 

and ‘r’ were provided, it is possible that we might for 

each step determine the progressive logical states of the 

hookup. In some cases, a signal might be trapped in the 

feedback lines at one time step which would influence 

the operation of the circuit at another. The added prop- 

erty of memory might then be used to advantage. 

A somewhat analogous possibility can be seen from 

the following: 

If 0 is assigned to ‘ p’ and 1 to ‘q’, the feedback arrow 

< a must fluctuate between 1 and 0. Let us assume 

however, a physical realization of the above. The circuit 

as a whole might be so adjusted that a properly shaped 

input signal could activate the line symbolized ERD 

and terminate before oscillation begins. The line in ques- 

tion would then contain a self-perpetuating on signal. 

This signal, combined with a later on signal at either of 

the two external inputs would generate a positive signal 

at the output symbolized ‘—~’. Such a hookup, if it 

could actually be made to work, would function some- 

what like a flip-flop. The use of two variable inputs, as 

against one, however, might permit a more extended 

application. 

Consider, for example, the circuit indicated below: 

| 

Let us suppose that the positive input signals are regu- 

lated in the manner just described and that they occupy 

uniform time steps. For each time step, the inputs repre- 

sented by ‘p’ and ‘q’ might both receive a positive 

signal. Positive signals would then be generated at the 

output symbolized ‘——>’ three out of every four time 

steps. 

One further topic will be mentioned briefly in this 

section. The Rutz commutator is a single-emitter, ampli- 

tude-sensitive device. It has been described as having 

three inputs; and, in fact, three separate input wires are 

directed into the emitter when it is used as a commutator. 

The action of the transistor is a function of the amplitude 

of the input signal. Consider the table below, which is a 

variation of the table shown in the Introduction: 

p q r CARRY SUM 

0 oO O 0 0 

0 O 1 

0 1 0 0 1 

1 

0 1 1 

1 0 1 1 0 

1 1 0 

1 1 1 1 1 

It can be seen that the ‘SUM’ and ‘CARRY’ outputs, 

taken together, represent the first four binary numbers as 

a result of the superposition of the amplitudes of the 

input signals. Note that the three cases where only one 

input is on, which are distinguishable from a logical point 

of view, are lumped together as giving the same binary 

number output. This is also the case where exactly two 

inputs are on. 

Consider, then the following expression: 

N *< w 

The output denoted by ‘X’ will be on if and only if 

exactly one, three, five, cr seven of the external inputs 

(symbolized ‘e— ’) are on. The output denoted by ‘ Y’ 

will be on if and only if exactly two, three, six, or seven 125 
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of the inputs are on. The output denoted by ‘ Z’ will be 

on if and only if four or more of the inputs are on. This 

information is recorded in the table below: 

Inputs On Z Y X 

None 0 0 0 

One 0 0 1 

Two 0 1 0 

Three 0 1 1 

Four 1 0 0 

Five 1 0 1 

Six 1 1 0 

Seven 1 1 1 

It can be seen that the first eight binary numbers are 

accomplished. 

“Black-box”’ arrangements 

Another possible use of the Rutz transistor is in the fab- 

rication of larger building blocks which are themselves 

multipurpose elements. Consider the arrangement sug- 

gested below: 

(2) > x 
(2 6) 

® © ¥ 

©© 

The three symbolized full adders can be placed inside 

an imaginary “black box” with six wires entering and 

three coming out. An apt selection of input wires to carry 

biases and variable inputs will enable the box in question 

to accomplish numerous logical operations. In fact, as 

Table 2 will show, more than half of the eighty guide 

basic groups of Table 1 can be achieved without extra 

signal loads. 

In Table 2, the column headed ‘Code Equivalent’ re- 

quires some explanation. The six input wires are symbol- 

ized and ordered by the circled numerals above. The 

code designation ‘pq 1 r00 Y’, opposite the label ‘ A ’, 

signifies that guide basic group A is obtained at the out- 

put denoted by ‘ Y ’. The input conditions are also speci- 
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fied. ‘p’, ‘q’, and ‘r’ represent the variable inputs at 

the first, second, and fourth wires respectively. The third 

wire receives a positive bias; the fifth and sixth wires, a 

negative one. 

From Table 2 it can be seen that the fixed combination 

just shown (typical of many such arrangements) is ade- 

quate without extra signal loads for forty-five of the 

eighty guide basic groups. Thirty-three of the groups 

obtained represent full ternary functions. 

It should be noted, however, that the adjustments to 

achieve the various logical functions are external. Con- 

sequently, the Rutz transistor operates merely as a full 

adder, and is not alternatively adapted to realize ‘|’ or 

Next, let us examine a different expression shown 

graphically below: 

@—4 > Ww 

> xX 

Vv N 

The hookup indicated is adequate for all eighty guide 

basic groups, if extra signal loads are permitted in twenty- 

two cases. Table 3 will provide the particulars. 

The column headed ‘Code Equivalent’ is, of course, 

similar to that of Table 2. The twenty-two special cases 

are starred. We have not listed the concurrent outputs, 

but these can be easily determined by the reader. 

It is probable that even more effective combinations of 

three or four Rutz transistors can be worked out. Never- 

theless, the two examples taken do indicate the broad 

adaptability of such “black-box” arrangements. We have 

not listed the quaternary nor quinary connectives patently 

obtainable, but we have illustrated in some detail the 

cumulative way in which many-variable functions in- 

clude lesser ones. It is the latter logical phenomenon 

which underlies the great versatility of multipurpose bias 

devices. 

In closing Part I, the author wishes to thank R. F. Rutz 
for his generous assistance. A. Cobham, H. Fleisher, 

M. K. Haynes, L. P. Hunter, R. W. Landauer, and J. A. 

Swanson have made many helpful suggestions. 
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Table 3 Generation of Functions by Arrangement No. 2 

Guide Basic Group Code Equivalent 

(1) — (ABCDEFGRH) 100pqr00Z 

(2) A 100pqr00X 

(3) B O0O0piqrOxX 

*(4) D parrOpiqw 

*(S)H pqOpqril1w 

(6) AB O00g0pO0rx 

(7) AD pqir0000Y 

(8) AH pOO0qgrlOlWw 

(9) BC O0O00pqri0xX 

(10) BD 

(11) BG O00pliqriw 

(12) BH qrOp1llooy 

(13) DF qrip1l100Y 

(14) DH 100pq100Y 

(15) ABC O00pq10rx 

(16) ABD O00piqgOrx 

(17) ABG 100qrp11W 

*(18) ABH 100qrpO0pw 

(19) ADF 100qrpO1W 

*(20) ADH rO0Opqri1Ww 

*(21) BCD O00grp0qw 

*(22) BCE pl0qgrp10xX 

(23) BCF 

(24) BCH 

(25) BDF plolilqrOxX 

(26) BDG 

*(27) BDH qiOpirilqw 

(28) BGH 

*(29) DFG O00pqr0Orw 

*(30) DFH pl0Or0qgOrw 

(31) ABCD 

(32) ABCE pqar00000Z 

*(33) ABCF qiOpir0qgxX 

(34) ABCH 100pqrl0Y 

(35) ABDF p1l0qr000Y 

(36) ABDG ploqg1irlOY 

*(37) ABDH parqOptiryY 

(38) ABGH ql0r0000W 

(39) ADFG O00piqr0Y 

(40) ADFH O00grpl0Y 
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Guide Basic Group Code Equivalent 

(41) BCDE O00pqr00Y 

*(42) BCDF parq0roly 

(43) BCDH rlOpq1l00Y 

(44) BCEH pqir0000W 

(45) BCFG O00pOr0qgw 

(46) BCFH 000rlqg0pw 

(47) BDFG 100qrp00Y 

(48) BDFH p0O01LO000W 

*(49) BDGH pqrlOr0pw 

(50) DFGH pOd0grloly 

(51) ABCDE 

(52) ABCDF O0O0plqirx 

*(53) ABCDH 
*(54) ABCEH 

(55) ABCFG 
(56) ABCFH 
(57) ABDFG 
(58) ABDFH 
(59) ABDGH 

*(60) ADFGH 
*(61) BCDEF 
(62) BCDEH 

*(63) BCDFG 
*(64) BCDFH 

(65) BCFGH 
*(66) BDFGH 

(67) ABCDEF 

(68) ABCDEH 
(69) ABCDFG 
(70) ABCDFH 

(71) ABCFGH 

(72) ABDFGH 
(73) BCDEFG 

(74) BCDEFH 
(75) BCDFGH 

(76) ABCDEFG 

(77) ABCDEFH 
*(78) ABCDFGH 

*(79) BCDEFGH 

(80) ABCDEFGH 

100qrpiqw 

pP10qrp00W 

O00grplOwWw 

pl000qrl1xX 

rlOqglp1OWw 

pl0Oqrp10W 

O00grplpw 

L00pqr00W 

r00pqr00W 

100pqrl0W 

qrid00000Z 

100pqr01X 

pq0rloooy 

plorloooy 

qrOplloow 

qrip1lloowWw 

LOOpqlOOW 

O0O0plqrix 

pqarripO0qw 

paipqr00wWw 

110pqr00Z 
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W. W. Peterson 

Addressing for Random-Access Storage“ 

Introduction 

It is sometimes impossible to store information in an 

information storage system in such a way that the exact 

location of a record, or unit of information, can be deter- 

mined completely from the identification for that record. 

This is usually the case, for example, when names are 

used for identification in business files.1 Under these cir- 

cumstances, given only the identification for a record, 

some searching will be required to locate the record in 

the storage system. This paper provides estimates of the 

amount of searching required for several storage systems, 

including detailed data on one system which often excels 

commonly used systems both in flexibility and in speed 

of access. 

Although this study was motivated by an interest in the 

use of random-access storage systems of very large capac- 

ity for business application, the results apply to many 

other situations. The dictionary for language translation 

by a computer, the symbol table for an assembly program 

or compiler, and many other problems which are essen- 

tially table look-up require a system like those described 

in this paper. Likewise, the results are not restricted to 

storage systems of a certain size or speed, or even to elec- 

tronic systems. No attempt was made, however, to extend 

the work to include cross-refere' cing; each record was 

assumed to have only one identification. 

The next section explains the addressing problem in 

more detail. Following that are the descriptions of several 

addressing systems with methods for estimating length of 

search. Finally the application of these data is illustrated 

with several sample problems. 

*Portions of this paper were presented at the AIEE Winter General 

Meeting at New York, January 25, 1957. 
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Abstract: Estimates are made of the amount of 

searching required for the exact location of a record 

in several types of storage systems, including the 

index-table method of addressing and the sorted- 

file method. Detailed data and formulas for access 

time are given for an “open” system which offers 

high flexibility and speed of access. Experimental 

results are given for actual record files. 

The addressing problem 

In large files of records, a portion of each record is gen- 

erally used as identification. Usually this identification is 

a number, different for each record, such as the man 

number in some payroll and personnel files, the part 

number in an inventory file, or the policy number in an 
insurance file. The identification may consist partly or 

entirely of alphabetic characters, for example, names in a 

business file or words in a dictionary. Any identification, 

however, can be converted to numbers. One simple 

scheme for accomplishing this conversion would be to list 

in sequence all the permitted identification groups of 

characters and to number them starting with “one.” The 

numbers could then be used to replace the corresponding 

groups of characters as identification. * 

Although identification numbers may be chosen in a 

sequence in which every acceptable number is used, as in 

the case of the serial numbers on checks, more frequently 

only a small fraction of acceptable identification numbers 

are used, and these are chosen in some mathematically 

erratic way. For example, in a file in which names are 

used as identification, sixteen character positions might be 

allowed for the name, and any of 27 characters (the 

alphabet plus a blank) might appear in any column. 

There are (27)'", or about 8 x 10** possible 20-character 

sequences, but in an actual file at most a few million 

would appear. More typically, the ratio of the number of 

acceptable identifications to the number actually used 

ranges from about two to perhaps a million. 

*This is essentially the same as considering the sequence of characters as a 

representation of a number with the base equal to the number of characters 

permitted in each position, The conversion procedure described above is 

conceptually simple, but impracticable, although formulas or conversion 

schemes are not dithcult to derive. 
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Whenever a file of records is stored in a data-processing 

system, some procedure must be devised for deciding 
where to store each record and for locating a stored 

record, given its identification number. Such a procedure 

will be called an addressing system. The addressing sys- 

tem should make the average access time, i.e., the average 

time required for obtaining a record, as small as possible. 

At the same time, the system should be economical, and 

in particular the storage space in the random-access mem- 

ory should be used efficiently. 

When all possible identification numbers are assigned 

to records, the identification numbers, perhaps with slight 

modification, can be used as address numbers for the 
random-access storage.* One and only one record will be 
placed in each storage section, and the access time will be 

that inherent in the memory device. 

Addressing becomes difficult when only a small frac- 

tion of all possible identification numbers is used and 

these are chosen in some erratic way. If a memory section 

is assigned to each possible identification number, the 

access time would be that inherent in the memory device, 

but only a small fraction of the memory would contain 

records. (It would certainly not be economical to have a 

memory a thousand times larger in capacity than neces- 

sary to store the records.) The memory can be used effi- 

ciently by simply storing the records in the memory with- 
out trying to make memory addresses and identification 

numbers correspond. Then it would be necessary to 

search for the record, and the effective access time would 

be much greater than the inherent access time for obtain- 

ing a record of known memory address. 

Practical schemes are compromises between these two 

extremes; they set up a partial correspondence between 

identification numbers and memory addresses and also 

require some searching. Several such schemes are consid- 

ered in this paper. 

Use of an index table 

An often-suggested system for addressing is to store 

somewhere in the data-processing system a table which 

lists for each identification number corresponding to a 

record, the actual address in the random-access memory 

where the record is stored. But how should the table look- 
up be organized? 

Upon closer analysis, it becomes clear that the problem 

of table look-up is precisely the same as the problem of 

addressing for the random-access memory. The table 

entries can be considered to be records consisting of an 

identification number and the address at which the cor- 
responding real record can be found. These table entry 

“records” may be considerably shorter than the real rec- 
ords, however, and this may make the access time for the 

*Minor adaptations might be necessary in certain applications. For exam- 

ple, a file of 3000 100-character records with identification mumbers 

assigned in succession could be stored in a memory which has 1000 300 

character sections by placing the first three records in the first memory 

section, the next three records in the second memory section, and so forth. 

The calculation of memory address from identification number would 

consist of dividing the identification number by three and using the 

quotient as the memory address. 

table look-up, and e. -n the over-all access time, less than 

would be possible without the table look-up. 

It is simple to evaluate such a system if the memory 

requirements and access time for the table look-up system 

are known. The average access time is the table look-up 

time plus the time required to read one record from the 
random-access memory. Likewise the memory space re- 

quired is the space required for the file plus the space 

required for the table. 

Given an addressing system, then, it may be used 

directly on the record file, or for the table look-up oper- 

ation in an index file. The systems will be discussed in the 
remainder of this paper as applying directly to the file, 

although they could be used alternatively as table look-up 

systems in an index file. 

Addressing systems using a sorted file 

The most commonly used addressing systems depend 

upon having the file sorted so that the records are stored 

with the identification numbers in proper sequence. 

One common way of finding a record in a sorted file, 

given its identification number, is to proceed as follows. 

The identification number of the desired record is com- 

pared with that of the middle record of the file. This 

comparison tells which half of the file contains the desired 

record. The next comparison is made with the middle 

record of the proper half and it determines which quarter 

of the file contains the record. The procedure continues, 

narrowing the search by a factor of two until the record 

is found. For a file of N records, this “binary search” 

requires about log2N comparisons and as many accesses 

to the file. 
If the identification numbers for the file run from 0000 

to 9999 and record No. 1000 is desired, it would seem 

more reasonable to look first at a point about one-tenth 

of the way through the file. If it turns out that the record 
at that point actually has identification 1100, then the 

next place to check would be 1/11 of the way back 
toward the beginning of the file. In general, at each stage, 

one might estimate by linear interpolation or some other 

simple scheme where the desired record is and then look 

for it there. 

The effectiveness of such a system depends upon the 

statistical characteristics of the file. If the identification 
numbers are chosen with perfect uniformity, this system 

will find the record on the first access. For the case of 

randomly chosen identification numbers, a lower bound 

can be determined for the number of accesses to the file 
required by this modified binary search. This bound can 

be established by an argument which involves estimating 

the amount of information required to locate a record. 

The optimum point at which to enter the file at each 

stage is the point which divides the file into two parts of 

nearly equal probability. For large files, this probability 

will be very close to one-half. Entry at this point gives 

the most information regarding the record, very nearly 

one bit.” Thus the uncertainty, or entropy, of the location 

of the record, provides an estimate of the number of 

accesses required. 
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Consider a file of N records. It can be assumed without 
loss of generality that the identification numbers are 

between “zero” and “one,” for if they were not, they 

could be normalized. It will be assumed that the set of 
N numbers are independent random numbers with a uni- 
form probability distribution over the interval from 

“zero” to “one.” This approximates the situation in which 

only a small fraction of a large number of acceptable 

identification numbers are chosen randomly. 

For a search of the file, one of these N numbers would 

be known, and the required information is its position in 

the file. This is equivalent to knowing how many numbers 

are below it. Thus there are N possible events: no num- 

bers below p, one number below p, ... N — | numbers 

below p. 

Since the numbers are assumed to have a uniform 

probability distribution in the interval from “zero” to 

“one,” the probability that any one number falls below p 

is equal to p. The numbers are independent, and therefore 

the probability that k of the N — 1 other numbers falls 

below p is given by the binomial distribution,* 

P;,, = b (k; N — 1, p) (1) 

where q = 1 — p. 

When this expression for P;, is substituted in the for- 

mula for uncertainty or entropy, 

N-1 

H (p) = Px logs Pi, (2) 

k=0 

the resulting formula is useful for calculations only for 
very small values of N — 1. A few values, calculated on 

the IBM 704, are given in Table 1. 

For large values of N—1, an approximate formula for 

H can be found by approximating the binomial distribu- 
tion by the normal distribution and approximating the 

Table! Entropy of the binomial distribution — 
(Base Two) 

P= 0.0001 ~~ 0.001 0.01 0.1 0.5 

10 0.0114 0.0809 0.4809 1.8436 2.7064 

20 0.0208 0.1419 0.7714 2.4052 3.2077 

30. 0.0295, 0.1955 0.9957 =—-2.7245 3.5004 

40 0.0376 0.2442 1.1799 2.9445 3.7080 

60 0.0530 0.3319 1.4717 3.2475 =4.0005 

80 =0.0673 3.4595 4.2080 

100 0.0809 0.4813 1.8790 3.6229 4.3690 

120 0.0940 0.5472 2.0303 3.7561 

140 0.1065 0.6086 2.1590 3.8684 

160 0.1187 0.6663 2.2702 3.9655 
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sum by an integral. The resulting expression, derived in 
Appendix I, is 

H = 3 log. (N — 1) + 4 loge pge. (3) 

Unfortunately, it does not converge rapidly. Some com- 

parisons between the values computed directly from (2) 

and the approximation (3) are given in Table 2. For 

large values of N—1, the second term in (3) becomes 

negligible, and H is approximately 0.5 log.N. 

This quantity H represents the average amount of un- 

certainty as to the location of the record, or the amount 

of information required to find a record on the average. 

Since for large files each access to the file provides very 

nearly one bit of information (and on the average no 
more than one bit), the modified binary search requires 

on the average about 0.5 log,N (and on the average no 

fewer) accesses to the file, or about half as many as 
required by the ordinary binary search. 

Another way in which addressing with a sorted file may 

be modified, often to advantage, is to store, separate from 

the file, a table of key entries, like the thumb index on a 

dictionary. For example, with a file of 10,000 records, the 

identification and location of every 100th record might 

be stored in a separate table. A search of the table would 

narrow the search in the large file to a section of 100 

records. 

If the ordinary binary search is used in both the search 

of the key table and the indicated section of the main 

file, for a file of N records with a key table of k entries, 

the search of the key table requires roughly logsk com- 

parisons and the search in the main file log»N/k compari- 

sons. The total is then roughly log,N, the same as without 

the key table. This indicates that there is no theoretical 

advantage in having the key table. There may be practical 

advantages, however. For example, it may be possible 

to keep the entire key table in the fast memory of the 

Table 2 Entropy of the binomial distribution — 

Comparison of approximate formula and cal- 

culated values. 

N P Calculated Formula (3) 

10 0.1 1.8436 0.5694 

0.5 2.7064 1.3064 

40 0.01 1.1799 0.0349 

0.1 2.9445 1.6271 

0.5 3.7080 2.3641 

100 0.5 4.3690 3.0361 

175 0.01 2.3446 1.1137 

0.1 4.0307 2.7059 
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machine, making the key table search much faster than 
the search in the main file. 

The addressing systems which use a sorted file have 

several drawbacks. In the first place, the file must be 

sorted before storing, and sorting is a time consuming 

process. Secondly, they cannot accommodate the inser- 

tion of new records and the deletion of records no longer 

required, without resorting. With an “open” type system 

it is possible to overcome these drawbacks and gain other 

advantages. 

“Open” type addressing systems 

The typical open type addressing system is organized 

as follows: there is a set of rules which determines, for 

each acceptable identification number, a list of possible 
memory positions in which the record might be stored. 

Initially the record is normally stored in the first position 

on the list. If that is already occupied, the second listed 
position would be used. If that also is full, the third would 
be tried, etc., until an empty position is found. When a 

search is made for a record, the search starts with the 

first memory position listed and proceeds down the list 

until the record is found. 
Of all the possible variations to this procedure, the 

simple system to be described is superior to anything else 

which I have considered. It is the only open system 

which will be considered in any detail in this paper. 

This open system can best be described by example. 

Consider a file of 8,000 records. The memory is divided 

into 1000 “buckets.” From the identification number of 
each record a three-digit number would be derived, per- 

haps by using a certain three digits of the original identi- 

fication number. This three-digit number designates the 

bucket of memory in which the record should be stored. 

The average number of records per bucket of the mem- 

ory is 8,000/ 1,000 = 8. The buckets should have some- 
what larger capacity, perhaps 10, in order to take care of 

most of the upward deviations from the average. 

In those cases when a bucket is filled, additional records 

intended for that bucket are stored in vacancies in suc- 

ceeding buckets. For example, suppose that the three- 

digit number derived from the identification of a particu- 

lar record is 680. Then that record should be stored in 

bucket number 680. If that bucket is full, it would be 

stored in 681. If 681 is also filled, an attempt would be 
made to store it in 682. This procedure would be carried 

on until a space was found for the record. 

In searching for a record, a similar procedure would be 

used. For example, if the three-digit number derived from 
the identification of a record were 997, then the search 

for the record would begin at bucket 997 and proceed 

to 998, 999, 000, 001, 002, etc. until the record was found. 

The important parameters of this system are the bucket 

size, the total memory size, and the total number of rec- 

ords in the storage. Rather than to refer to the total 

number of records stored, it is usually more convenient 
to refer to the ratio of the number of records stored to 

the total capacity of the memory, i.e., the percentage of 

the memory being used. 

As long as there is a space anywhere in the memory, 

another record can be stored with this system. The search 

for a place to store the record will start from the point 

designated by the number derived from the identification 

and it will continue until a space is found. The access 
time for the last few records is so great, however, that it 

generally makes this type of operation impractical. There- 

fore, in evaluating this system, the most important char- 

acteristic is the average number of buckets through which 

one must search to find any given record, as a function of 

the bucket size and the percentage of the memory which 

contains records. 

It turns out to be very difficult to calculate the average 

length of search for this system. Therefore, it was simu- 

lated on an IBM 704 data-processing system, using 

random numbers in place of record identification num- 

bers, and also using several actual record files. The 

method of simulation is outlined in Appendix II. 

The results from a single simulation run with random 

identification numbers are presented in Table 3. 

Table3 Length of search for a record 

in a random-access memory with the open 

addressing system and random identification 

numbers. 

(Bucket capacity 20 records. 

Memory capacity 10,000 records, 90% full.) 

Length of Search No. of Records Length X No. 

l 8418 8418 
2 336 672 
3 111 333 
+ 70 280 

5 26 130 
6 9 54 
7 14 98 
8 7 56 
9 5 45 

10 | 10 
11 11 
12 0 0 
13 1 13 
14 l 14 

9000 10134 

For this file 8418 of the 9000 records would be found in 

the first bucket searched, while in 336 cases the search 

would continue to the next bucket and end there, etc. The 

average length of search is found by calculating the total 

number of buckets which would have to be searched to 

find every record in the file and dividing by the total 

number of records. For this case it is 10,134/9000 = 

1.126. 

Table 4 shows the average length of search at various 

stages during the loading of the random-access memory. 133 
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AVERAGE LENGTH OF SEARCH (BUCKETS) 

The table gives data for four separate runs with the 

simulated memory loaded with different random numbers 
on each run. There is a rather wide variation in the re- 

sults, especially when the memory was nearly full. This 

was typical of all the data obtained. 

Extensive data on the average length of search for a 

record are presented in Tables 5A and 5B. The data are 

also shown graphically in Fig. 1. These data are also 

results of the simulation of the 704 data-processing sys- 

tem, as described in Appendix II. Because of the large 

variations in results, as observed in Table 4, several runs 

were made for each case and the table entries are the 

averages of the results from the several runs. 

All the data obtained by simulation for a particular 

of being full, however, the last few records inserted are 

likely to be placed so far from the first address tried that 

the length of search for these records is an appreciable 

fraction of the memory size, and the average length of 
search does depend strongly on the memory size. 

Table4 Average length of search for a record 
in random-access memory with the open 

addressing system. 

(Bucket capacity 20 records. 

Memory capacity 10,000 records. 

Random identification numbers. 

individual data from four runs.) 

bucket size were also made with the same memory capac- % Full IstRun = 2ndRun = 3rdRun 4th Run 

ity. Except when the memory is almost full, the average 40 1.000 1.000 1.000 1.000 

length of search will not be greatly affected by the 60 1.001 1.002 1.002 1.003 

memory size. This is because the maximum length of 70 1.008 1.013 1.009 1.010 

search is very unlikely to be comparable with the memory 80 1.026 1.043 1.029 1.035 

size. When the memory is full or lacks only a few records 85 1.064 1.073 1.062 1.067 

90 1.134 1.126 1.138 1.137 

Figure! Average length of search for a record 95 1.321 1.284 ti 1,392 
in random-access storage with open addres- 97 1.623 1.477 1.512 1.797 

sing system (simulated system with random 99 2.944 2.112 2.085 2.857 
identification numbers). 100 4.735 3.319 3.830 4.279 
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Table5A Average length of search for a record 

in random-access memory with 704 addressing system (simulated memory with random 

identification numbers). 

Bucket Capacity (Records) 5 10 20 30 40 50 

Memory Capacity (Records) 2,500 5,000 10,000 10,000 10,000 10,000 

Number of Runs 8 7 4 4 3 3 

% Full 

40 1.015 1.001 1.000 1.000 1.000 1.000 

60 1.072 1.016 1.002 1.001 1.000 1.000 

70 1.131 1.042 1.010 1.003 1.001 1.000 

80 1.280 1.111 1.033 1.017 1.011 1.005 

85 1.443 1.172 1.066 1.038 1.028 1.015 

90 1.762 1.330 1.134 1.082 1.071 1.034 

95 2.467 1.755 1.334 1.231 1.185 1.110 

97 3.154 2.187 1.602 1.374 1.399 1.228 

99 4.950 R252 2.499 1.852 2.007 1.585 

100 6.870 4.889 4.041 2.718 2.844 2.102 

A rough quantitative estimate can be made as follows 

for bucket size 1: Consider a memory of size M in which 
there are R records. It can be shown that if the records 

are randomly placed in the memory, and if one enters 

the file at any given point and looks there and at succes- 

sive memory positions for an unused memory position, 

the length of search will be, on the average, 

M+1-—-R 

(Note that this agrees with the obvious answer Sr = 1 

for the first record, ic. R = 0, and Sp = (M+1)/2 

for the last record, i.e. R = M — 1.) 

Sr (4) 

Table 5B Average length of search for a record 

in random-access memory with 704 address- 

ing system (simulated memory with random 

identification numbers). 

Bucket Capacity (Records) l 2 

Memory Capacity (Records) 500 1000 

Number of Runs 9 9 

% Full % Full 

10 1.053 20 1.034 
20 1.137 40 1.113 
30 1.230 60 1.325 
40 1.366 70 

50 1.541 80 1.927 

60 1.823 90 3.148 

70 2.260 95 
80 3.223 100 11.389 
90 5.526 
100 16.914 

Now, storing random numbers using the open addressing 

system is not quite the same as storing records in a com- 

pletely random manner, and it turns out that the open 
system would require a somewhat longer search than 

this. This is close enough, however, to give an indication 

of the behavior to be expected. 

If formula (4) is used for the length of search for the 

(R + 1)st record inserted into the file, then the average 

length of search for a record in a file with Ro records in 
it would be: 

1 2 M+1 
(5) 

For files having several thousand records, it would be 

difficult to calculate this sum. It can be approximated by 

using the formula‘ 

> + = log.n + 0.5772157. (6) 
K=1 K 

Formula (5) can be rewritten 

] M+1 

(7) 
Ro jim K fa K 

and substituting from (6) gives 

= 
Ro 

provided M + 1 — Ro is not too small. 

Dropping the |’s in the terms M + 1, and denoting 

the percentage full by 

log. (M+ 1) — loge (M+1 | (8) 

Ss 

Ro P=—., (9) 

the approximation becomes 

_ log 
(10) P 

135 
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For a full memory, the second sum in (7) consists of 

only one term, equal to one, and the formula becomes 

Stun memory = ap E (M+ 1) - 0.5772157 — | 

= log.(M + 1) — 0.4227843. (11) 

Note that this approximation for a memory not full 

is independent of the memory size, but the formula 

for the full memory gives a result which increases as 

log.(M + 1). Even for the full memory, making it 

e(=2.718) times as large only increases the length of 

search by one record. 

Numerical calculations from these formulas are com- 

pared with the observed results for memory size 500 in 

Table 6. 
The results in Table 6 agree well only for 10% full. 

However, they do have the right order of magnitude, 

and, while this is not a sufficiently good approximation 

to use in engineering calculations, they indicate the type 

of dependence on memory size. 

It is clearly possible with the open system to insert new 

records, or to delete records no longer required, at any 

Figure 2(a) Average length of search 

for open addressing system with insertions 

and deletions. Bucket size 1. 

Table6 Comparison of simulation results 

and calculations from formulas (10) and (11). 

Average Length of Search 

Calculated from Simulation 

Percent Full (10) and (11) on 704 

10 1.054 1.053 

20 1.116 1.137 

30 1.189 1.230 

40 1.277 1.366 

50 1.386 1.541 

60 1.527 1.823 

70 1.720 2.260 

80 2.012 3.223 

90 2.558 5.526 

100 5.792 16.914 

time without disturbing the rest of the file. This feature 
is important, since insertions and deletions are neces- 

sary in many applications, particularly in business data 

processing. 

The effect of insertions and deletions on average access 

time was studied by simulation on the IBM 704, as de- 
scribed in Appendix II. During the run, first the memory 

was loaded to a certain fraction of its capacity, and the 

average length of search was recorded. Then a random 
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number was inserted and one deleted, one inserted and 

one deleted, etc., until a certain number of these inser- 

tion-deletion cycles had taken place. Again the average 
length of search was printed. Another batch of insertion- 

deletion cycles was made, and another line printed, etc., 

until the file appeared to reach an equilibrium. 

Some of these data are presented in Figs. 2(a) through 

(f) for memories 70%, 80%, 90% and 97% full, re- 

spectively. There was, in every case, a rather large in- 

crease in average length of search. The increase took 

place gradually and rather steadily as the processing 

continued, and it seemed to approach an equilibrium 

when the number of insertion-deletion cycles was in the 

order of several times the memory capacity. 

Effects of rearranging records before storing them 

An interesting fact about the open addressing system is 

that when there are no deletions, and when records are 

all used with equal frequency on the average, the average 

number of accesses required to find a record is inde- 

pendent of the order in which the records are stored. The 

proof will now be shown. 

Figure 2(b) Average length of search 
for open addressing system with insertions 

and deletions. Bucket size 2. 

Suppose that a and + are two records in the file and 

that 6 is the next record following a in the process of 

storing the file in the random-access memory. Consider 

the effect of storing b and then a. There will be no effect 

if the records go into the same places as they would have 
gone in their normal order. This will be the case, unless ) 

goes into the space occupied by a in the previous case. 

But then a will clearly go into the space previously oc- 

cupied by b. The length of search for 5 is reduced, but 

the length of search for a is increased by an equal 

amount, and hence the average is unchanged. 

Any rearrangement of the file can be achieved as a 

combination of (perhaps many) transpositions of two 

adjacent records, as described in the previous paragraph. 

Since each transposition leaves the average the same, so 

would the entire rearrangement. 

It is interesting to note also that if the file were sorted 

initially, the records in each bucket will be in sequence 
after they are stored. 

If some records in the file are used more frequently 

than others, and if the relative frequencies are known, 

then this knowledge can be used to reduce the average 

access time with the open addressing system. This could 
be done simply by storing the records in order by fre- 

quency of use, with the ones most frequently called for 

stored first. For example, consider the open addressing 
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system with bucket capacity 10, and capacity 10,000 

records. Referring to Table 5, we find the average length 

of search when the memory is 40% full, i.e., contains 

4000 records, is 1.001. This would also be the average 

length of search for the first 4000 records, no matter how 

many other records are stored in the memory, because 

storing additional records will not affect the locations of 

records already stored. Thus, if almost all transactions 

involve only the first 4000 records stored and very infre- 

quent accesses are made to other records, the average 

length of search would be very little more than 1.001 

buckets. 
The average length of search for the next 2000 records 

can be calculated as follows. The average length of search 

for the first 6000 records is given as 1.016; since this is 

the average of access times for the first 4000 and the next 
2000, the average for the next 2000 could be found from 

the formula 4000 (1.001) + 2000X = 6000 (1.016), 

which gives X = 1.046 as the average for the 400Ist 
through the 6000th records. Similarly, the average length 

of search can be calculated for each stage of the storing 

Figure 2(c) Average length of search 

for open addressing system with insertions 

and deletions. Bucket size 5. 

process, and a new average weighted according to fre- 

quency of use can be calculated. 

Table7 Average table length of search 

for the open system.* 

Length of 

Search (Buckets) 

Length of 

Bucket Size Search (Records) 

| 5.526 5.526 

3.148 5.796 

5 1.762 6.810 

10 1.330 8.830 

20 1.134 13.180 

30 1.082 17.96 

40 1.071 23.34 

50 1.034 27.20 

*The data in the first and second columns were taken from Table 5. In 

calculating the last column, it was assumed that the search involved the 

record which was found and half the capacity of the rest of the last 

bucket as well as all of the previous buckets. The formula used is 

B 1 
L.=(L — 1) B+ 

B +1 

where L, = length of search in records 

L, = length of search in buckets 

B = bucket capacity in records 
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Choice of bucket size 

In many random-access memories, there is a natural unit 

of memory such as a track on a drum or on a disc, and 

the access is always made to the beginning of one of these 
units. In such a case, there appears to be no advantage 

in making a bucket any smaller than this. 
On the other hand, in general there will be no advan- 

tage in using bucket size greater than one track (or one 

record, if a record is larger than a track). The advantage 

of small bucket size is shown clearly in Table 7, where 

average length of search is expressed in “records” as con- 

trasted to “buckets” in the previous data. Exceptions to 

this rule might occur when there is considerable advan- 

tage in shortening the index number, or when the statis- 

tical properties of the identification numbers are such 

that access time would be shorter with a larger bucket 

size. 

Other addressing systems 

As an alternative to the open system described here, 

the memory might be divided into separate main store 

and overflow parts. A record would normally be stored 

in a main store bucket, but after a main store bucket is 

full any further records designated for that bucket would 
go to an overflow bucket according to some system. 

The difficulty with a system of this sort is that it pro- 

vides no way of using the space in buckets in the main 

store which happen to have received few records. The 

overflow sections may, and indeed almost certainly will, 

be filled while there are still unused and unusable spaces 

in the main store. One such system was simulated on the 
704. It was never superior to the open system described 

here. Although it was almost as good when the bucket 

size was large and the memory not too full, with small 
bucket size and a nearly full memory, the open system 

described here was far superior. 

There is a system often used in business applications 

with insertions and deletions, which has features of both 
the open addressing system and addressing with a sorted 

file. A typical variation might be organized as follows. 

First the file would be sorted. The storage would be 

divided into buckets. Let the number of buckets be N. 

Then the sorted file would be divided into N nearly equal 

parts. The first part would be stored in the first bucket, 

the second part in the second bucket, etc. A table of the 

identification numbers of the first record in each bucket 

Figure 2(d) Average length of search 

for open addressing system with insertions 

and deletions. Bucket size 10. 
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Figure 2(e) Average length of search 
for open addressing system with insertions 

and deletions. Bucket size 20. 

would be kept, preferably in the fast memory of the data 
processing machine. So far this system is just a variation 

of addressing with a sorted file. 

In order to make handling of insertions and deletions 

possible, the buckets are made larger than necessary. 
When a record is to be inserted, the bucket in which it 

logically belongs is found from the table of identification 

numbers for the first record in each bucket. The record 
is stored in that bucket if there is space for it there. If 

that bucket is already full, an attempt is made to store 

it in the next bucket, etc. In other words, insertions are 

handled just as with the open addressing system. 

With this system the inserted records would not gen- 

erally be placed in the file in sequence. They would, how- 

ever, be near their proper place, and this fact could be 

used to reduce the time required for re-sorting the file. 

The average access time for this system depends upon 
the statistical properties of the identification of the rec- 

ords being inserted. It seems reasonable that in some 

situations, an inserted record is as likely to go in any 

one bucket as any other. On the other hand, buckets in a 
sparsely used region of identification numbers span a 

longer range of identification numbers than buckets in a 

densely used region, and it might be more reasonable to 

assume the probability is proportional to the number of 

identification numbers associated with a bucket. In still 
other situations, certain regions will receive more inser- 

tions than others because of peculiarities of the file. For 

example, the section of a parts file associated with a new 

machine would receive more than its share of insertions. 
The most favorable of the above mentioned possibilities 

is the first. The other two would have a greater tendency 

to overflow certain buckets. 
This addressing system with insertions and deletions 

was also simulated on the 704. All buckets were assumed 

equally likely to receive each inserted record. This is the 

first and most favorable of the possibilities mentioned in 
the preceding paragraph. The data taken are exactly 

analogous to that taken for the open addressing system. 

The results are presented in Fig. 3. 

The length of search for this system, excluding sorting 
time and the table look-up, is less than for the open 
addressing system with the same bucket size and percent 

full when the number of insertions is small. But, when 

the number of insertions reaches the size of the file, the 
length of search for the two systems is roughly the same. 
With the assumption that all buckets have the same prob- 
ability of receiving each inserted record, this system is 

mathematically the same as the open addressing system 

during the insertion-deletion processing except for the 

Figure 2({) Average length of search 

for open addressing system with insertions 

and deletions. Bucket size 40. 

initial condition of the file. Therefore, agreement would 

be expected after so many insertions and deletions that 

the files have reached equilibrium. This can be seen 

for the 70% full files, but for the others, the system with 

the initially sorted file still shows some advantage at the 

end of the runs. 

Experimental results with the open addressing 
system and actual record files 

The identification numbers for four business record files 

were stored in the simulated random-access storage with 

the open addressing system. Though the experiments 

were limited in scope, they brought out some important 

points regarding the use of the open addressing system. 

The method of simulation is described in Appendix II. 

In all of the experiments a bucket size of 10 numbers was 

used. The memory size was 5,000 or 10,000 records, 

depending upon the size of the file being stored. Some of 

Table 8 Performance of the open addressing system 

with actual files (bucket capacity 10). 

File Description Capacity Per- Average 

and Method Memory cent Length 

of Indexing Full of Search 

Random Numbers 5,000 80 1.111 

90 1.330 

100 4.889 

IBM Parts Numbers 

Columns 7-6-5 10,000 90 1.227 

100 4.749 

Columns 5-6-7 10,000 90 

100 13.776 

First Account Numbers File 

Columns 2-3-4 5,000 80 

Columns 4-2-3 5,000 80 ~=—:1.075 

Columns 3-2-4 5,000 80 11.086 

Second Account Numbers File 

Columns 2-3-4 5,000 90 1.780 

100 30.965 

Columns 4-3-5 5,000 90 11.780 

100 5.320 

With Random Permutation 

Columns 2-3-4 5,000 100 4.206 

Columns 4-3-5 5,000 90 1.172 

100 4.578 

Names File 

Method A 

(See Appendix II) 10,000 80 

90 2.960 

100 14.945 

Method B 10,000 80 11.888 

90 32.559 

100 10.080 

Names File (Edited) 

Method A 10,000 80 1.241 

90 1.647 

Method B 10,000 80 1.279 

90 ~—s-:1.792 141 
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the results are presented in Table 8. The average length of 

search for random identification numbers is included for 

comparison. 

In the description of the open addressing system it was 

stated that an index number designating the bucket to be 

tried first should be derived from the identification 

number. The experiments described here consisted essen- 

tially of comparing average length of search for various 
methods of deriving the index numbers. 

The first file consisted of the first 10,000 records of 

the IBM parts file. The identification was a seven-digit 

decimal number. The last three digits were each found to 

have at least as uniform a distribution as would be ex- 
pected if they were randomly chosen. When they were 

used in reverse order as the index numbers, the average 

length of search was less than that found for random 

identification numbers. Note, however, that these same 

digits in their normal order resulted in considerably 

larger average length of search. 

The second file consisted of a file of 4000 account 

numbers from an insurance agency. The identification 

consisted of five-digit numbers. The middle three digits 

Figure 3 Addressing with sorted file (solid curves) 

Open addressing systems (dashed curves) 
Memory capacity 10,000 records. 

were found most nearly uniform: the index number was 
found by halving a three-digit number found from the 
middle three digits. Of the three arrangements tried, the 
normal order for the digits gave the poorest results, only 

slightly poorer than those for random numbers. 

The third file was also a file of account numbers from 

an insurance agency. All digits except the first were 
found to have at least as uniform distribution as would 
be expected with random numbers. Yet of about eight 

arrangements of these digits, none resulted in as short a 

length of search as was found with random numbers. A 

further modification of the identification numbers, con- 

sisting of applying a fixed randomly-chosen permutation 

to the 1000 possible three-digit numbers, resulted in 

marked improvement, giving results better than those 

found with random identification numbers. 
Neither the rearrangement of digits nor the random 

permutation could have been successful if the digits had 

not already been quite uniformly distributed, as was the 

case with all three of these files. If certain digits pre- 

dominate in each digit position, some more drastic modi- 

fication of the identification numbers would be required. 

Schemes such as adding digits (dropping the carry), or 

using digits from the center of the square of the identifi- 
cation number have been tried with some success. 

The fourth file consisted of about 10,000 last names 
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of IBM employees. The index numbers were derived from 

the names by doing mathematical operations on the 

binary numbers which represented these names as they 

entered the IBM 704 during the simulation. A number 

of schemes such as squaring the number and using the 

center digits were tried. Those corresponding to the data 

in the table are described in Appendix II. Experiments 

were tried also with an edited version of this file in 

which nearly all duplications of names were eliminated. 

With this edited file, length of search was somewhat 

shorter. 

In no case with this file was the length of search as 

short as with random identification numbers. I know no 

reason why these names should result in longer access 

times. In fact, it would seem that with non-random iden- 

tification numbers one always ought to be able to use the 

non-randomness to his advantage to reduce length of 

search to a value less than that for random numbers. At 

the very least, one would expect to be able to “randomize” 

the identification numbers by some mathematical pro- 

cedure to approach the length of search found for random 

identification numbers. The facts of the matter are, how- 

ever, that though I tried diligently with this file, I did not 
succeed in finding a way of achieving results as good as 
were obtained with random numbers. 

In summary, it appears that with some files it is pos- 

sible to achieve, quite simply, an average length of search 

as good as or better than that found for random numbers. 

In other cases this can be achieved only after trying many 

schemes for deriving index numbers from identification 

numbers, or it may not be possible at all. The scheme 
which is good for one file is not necessarily good for 
another. Even though it may not be possible to achieve 
results as good as with random numbers, the onen addres- 

sing system will frequently perform more efficiently than 

systems using a sorted file. 

Applications 

In this section the application of the data of previous 

sections is illustrated by the calculation of average access 
time for two problems. For simplicity, neither the prob- 

lem nor the characteristics of the data-processing system 

will be considered in detail, and hence the results will 

not be precise. The average length of search found for 

random identification numbers will be used in these 
calculations. The data presented in the previous section 

indicate that the average length of search for actual files 

may deviate either up or down from average length of 

search for random identification numbers. 

For the first problem, suppose that 18,000 250-charac- 

ter records are to be stored in an IBM magnetic disc 

random-access storage unit. What type of addressing 

system should be used, and what would be the average 

access time? 

The following characteristics will be assumed for the 
disc unit: 

50 discs 

200 tracks per disc 

500 characters per track 

50 msec. to read a track 
100 msec. access to adjacent track 

200 msec. access track to track on same disc 

600 msec. access track to track on different discs 

These are roughly the maximum access times, but they 

will be used as average access times in the calculations. 
Computer instruction times relating to addressing will 

not be considered. In general, they will probably be small 

in comparison with the actual access times for the disc 

unit, and probably could be overlapped with disc unit 

access times in many cases. In a thorough analysis of an 

application, they would certainly have to be accounted 

for. 

Consider first the open addressing system. As has been 

pointed out, the smaller the buckets are, down to a single 

track, the lower the access time will be. This indicates a 

bucket of size | track, or 2 records. For this problem, 

there will be 10,000 buckets, 90% full. Table 5 gives 

3.148 buckets as the length of search, with no insertions 
or deletions. This corresponds to reading on the average 

3.148 successive tracks. 

The initial access is generally to a new disc and 

requires 600 msec. Occasionally it is to a new track on 

the same disc and requires only 200 msec. For simplicity 

the average will be considered to be 600 msec.; the cor- 

rected average is about two percent smaller. Likewise 

going from one track to the succeeding one generally 

requires 100 msec. Occasionally, however, the succeeding 

track is on a different disc face, and requires more access 

time. This fact will also be neglected; it results in an 

increase in the average of about 3%. 

The total time for a search of length n tracks is the 

sum of the initial access time to the other (n—1) discs, 

and the reading time for the n discs. The total is 

T I 600 + 100+ (n—1) + 50n 

= 500 + 150-n 

For average length of search, 3.148 successive tracks, the 

time would be 

T = 500 + 150- 3.148 = 972 msec. 

When there are insertions and deletions, the average 

length of search increases gradually, finaily reaching an 
equilibrium when the number of insertions and deletions 

is One or two times the number of records in the file. For 

this problem the equilibrium value, as seen from Fig. 2, 

is about 10. Thus after many insertions and deletions 
the average access time would be about 

T = 500 + 150-10 = 2000 msec. 

If the file is sorted and the binary search is used, the 
number of accesses to the file would be the next integer 

larger than log218,000, or 15. Each access would require 

an average of 650 msec. Clearly the time required would 

be many times that of the open addressing system. 

If the file is divided into “buckets” and a table is kept 
in the fast memory of the machine which gives the iden- 143 
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tification number of the first record in each bucket, the 
number of the bucket which contains any desired record 
can be found by searching this table. Then the contents 
of this bucket can be brought into the main memory and 

searched for the desired record. 

When the contents of a bucket are brought into the 

main memory, they could be searched one track at a 

time. If the desired record is in the first track, the search 

could end there. If it is not, the second track would be 

searched, then the third, etc. until the whole bucket had 

been searched. If each bucket contains enough records 

to fill m tracks, then a fraction 1/m of the records are in 

the first, likewise in the second, the third, or say the ith. 

The records in the ith track require that i tracks be read. 

Hence the average number of tracks which have to be 

read is 

n= > i= 
Mm iz1 m 2 2 

m(m+l) m+ 1 

It follows that the average access time is 

T= 500 + 150. "21. (11) 

This, of course, does not include time required for table 

look-up. This system certainly could not match the open 

system if this time, exclusive of table look-up, is greater 

than 972 msec., the average time for the open system. 

The critical value of m can be found by solving 

972 — 500 +150 —— 

and m is found to be 5.293 tracks. Thus for this system 
to excel the open system, the bucket size would have to 

be five or fewer tracks, i.e., ten or fewer records. It would 

require a table of 1800 entries or more, which would 

probably be prohibitive with present memories. 
Now consider the possibility of using an index table. 

The records for this problem require 4,500,000 of the 

5,000,000 characters of storage, leaving 500,000 charac- 

ters for an index table. The table entries would require, 

let us assume, 8 digits for the identification number and 

4 digits for the track number, or 12 digits per record. 

This makes 18,000 x 12 = 216,000 characters. Therefore 
the table requires less than half the remaining space. Each 

track could hold as many as 40 table entries, and this 
would make a good bucket size. With the table organized 

according to the open system of addressing and less than 

50% full, the probability that a record would not be 

found in the first track searched would be so small that 

it would have a negligible effect on access time. The 

access time to the table would be 

T = 500 + 150-1 = 650 msec. 

and a like amount of time would be required to get the 

record after the exact location of the record is found. 

Thus the total access time would be 

T = 1300 msec. 
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This would hold even with insertions and deletions. 

Therefore this system would be somewhat poorer than 
the open system with no insertions and deletions, but 
would be better for a problem in which many insertions 
and deletions occur. More uniform distribution of identi- 

fication numbers would favor the open system, while this 
system would be much less sensitive to poorly distributed 

identification numbers. 

Similar calculations made assuming 180,000 25-char- 

acter records and 1800 2500-character records clearly 

indicate the use of the open system for the former, and 

an index table using the open system for table look-up 

for the latter case. 

As a second example, consider a table look-up opera- 

tion completely in the core memory of a 704 computer 

such as might be required for an assembly program or 

compiler. Assume that 2048 words are available for 

storage, and that each item or record requires one word 

of storage. An estimate of average access time is required 

for the binary search and for the search using the open 

addressing system described in this paper, with bucket 

size 1. 

I found it possible to do the binary search on the IBM 
704 with a program requiring Cyinary = 4 + 3n instruction 

executions, where n is the number of comparisons re- 

quired, i.e. the smallest integer as log.N for an N record 

file. For the open addressing system, Coy.. = 7 + 2” in- 

struction executions. This time n is the average length 

of search for bucket size one, from table 5B, assuming 

that the records in this problem store as efficiently as 

random numbers. It was assumed in both cases that the 

comparison is made on the entire word—to mask part ot 

the word would require about 2n additional instructions 

in either case. In the case of the open system three instruc- 

tions were allowed for the formation of the nine-bit index 

number which designates the first word to be compared: 

this is probabiy a bare minimum. On the other hand, no 
account is taken of the fact that the binary search re- 
quires the file to be sorted, while the open addressing sys- 

tem does not. 

For the example being considered, for a file of any- 

where from 1025 to 2048 records, n for the binary 

search is nine, and the search requires thirty-one instruc- 

tions per search on the average. For the open address- 

ing system, the results are summarized as follows: 

Table9 Average length of table search 

for sample problem (open addressing system— 

704 computer). 

No. of No. of Instructions 

Percent} Comparisons — Executions 

No. Items Full per Search per Search 

1024 50 1.2 9.4 

1229 60 1.325 9.65 

1434 70 1.517 10.03 

1638 80 1.927 10.85 

1843 90 3.148 13.30 

1946 95 $.442 17.22 

| 

of 



The third column in the table was taken directly from 

Table 5B. At 100% full, the average access time for the 

open system would probably exceed that for the binary 
search, but not by a great amount. At 70% full the 

open addressing system is three times as fast as the 

binary search. 

Conclusion 

Several systems of addressing for random-access storage 

have been described in this paper. For each, data and 

formulas have been presented which enable one to esti- 

mate average access time for records in the storage. Two 

simplified examples of the calculation of average access 

time for specific problems have been included. 

While the best system to use will depend in general 

upon the problem, the “open” addressing system de- 

scribed in this paper does seem to offer advantages in 

flexibility, simplicity, and speed over commonly used 
systems based upon a sorted file or index. 
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Appendix | 

In this appendix, an estimate of the entropy of the bino- 

mial distribution is found by using the normal approxi- 

mation’: 

P, = b (k; N—1, p) = (Xx), 
where 

h = [((N~—1) 

X; = h[k — (N — 1) ph, 
- xX? 

and (X) = | 

Then, 

H (p) 

V1 N-1 

py logep, = S — ho (Xx) loge (Xx)] 
k-o k=0 

N-1 N-1 

=— (Xx) logeh S hd loge & (Xx) 

= — logeh 

N-1 
— Sho thk —h(N — 1) pl log. [hk — h(N — 1) 

k=0 

The last sum can be approximated by an integral, 

H (p) = — logeh OP) (X) logs (X) dx. 
h(N-1) 

= — logeh — logze f  (X) log, & (X) dx. 

The last step is possible for large N, since the integrand 

becomes very small for large positive or negative values 

of X. 

The integral can be found in many tables of integrals; 

its value — 42. Thus 

H (p) = — logeh + 4 loge = 4 logs (N—1) + 4 logepge 

The average value of H (p) for all values of p is 

1 

log, (N—1) — 4 logue. 

The maximum of H (p) occurs when p = 3}, and then 

logs (N—1) + 4 loge — 1. 

Appendix Il 

In this appendix the method of simulating the open 

addressing system on an IBM 704 data-processing system 

is described. 

Nine bits of memory (one-fourth of a 704 word) were 

used for each record position in the simulated random- 

access memory. The program was set up to allow any 

memory size up to 10,000 records. This could be divided 

into buckets of any size, provided the memory was an 

integral multiple of the bucket size. A “zero” in any 

record position (9 bits of memory) indicated that no 

record was stored in that position. In storing a record, 

the machine would calculate the proper bucket number 

from the record identification, go to the first record posi- 

tion in that bucket, and start from there to search each 

record position until a position containing a zero was 

found. At the same time count was kept of the number 
of buckets which had to be searched. When an empty 

record position was found, this number was stored, to 

indicate that a record was stored there and to store the 

access time for that record. Note that while this model 

is very similar to the open addressing system, only the 

necessary information is kept. Neither the actual records 

nor even the record identification is of interest. The only 
important data are the presence of a record and its 

access time. 

There was, in some cases, a possibility that a record 
would be more than 511 buckets from where it was 

entered. Whenever this occurred, the number 511 was 

entered, since no larger number could be stored with 9 

bits. If this happened more than a few times, it would 

affect the accuracy of the calculation of average access 

time. Therefore, the number of 511’s was checked in 
cases where they were at all likely to occur, and if they 
occurred, the run was repeated with smaller memory 

size. 145 
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Deletions were handled as follows: a random number 
between zero and the random-access memory capacity 

was generated, and the corresponding nine-bit record 

position was inspected. If it was not zero, it was made 

zero, i.e. this record was deleted. If it was already zero, 

another random number was generated and another 

position inspected, etc., until a record was deleted. 

The average length of search is obviously the sum of 

all the 9-bit numbers, divided by the number of records 

in the file. 

The random-number generator used was the currently 

popular one, successive powers of 5'° mod 2*° (Refs. 5, 

6). The right-hand 18 bits of each 35 bit “random num- 

ber” were dropped by shifting the number to the right 

18 places in the computer. A number between zero and 

M— 1 was required, where M was the number of buckets 

in the memory for an insertion, and the capacity of the 

memory in the records for a deletion. This number was 

obtained by dividing the remaining 17 bits of the “random 

number” by M, and using the remainder. The remainder, 

which was in the accumulator, was used as the random 

number. 

The first three actual record files were stored on tape 

and read by a subroutine which translated any specified 
three or four columns into a binary number. This sub- 
routine simply replaced the random-number generator 

subroutine. 

Simple permutation of the digits did not sufficiently 

randomize the identification numbers in all cases. A more 
thorough randomizing was accomplished as follows: one 

thousand cards were numbered with punches from 000 

to 999, and were punched with random numbers in 

fifteen other columns. Then they were sorted on six 
columns of random numbers in order to put them in 
random order. Then they were stored in the 704 memory 

in random order. When an identification number was 
read from the tape, it was converted by table look-up 
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in this table before being stored in the random-access 

memory. 
The names file and the edited-names file were also 

stored on tape. The names consisted of at most twelve 

characters, which were brought into the IBM 704 in a 

binary code in two 36-bit 704 words. They were read 

and processed by a subroutine which replaced the ran- 

dom-number generator. 

A number of methods for transforming this identifica- 

tion into an index number were tried. The two best 

methods correspond to the data in Table 8. Of those, 

method A consisted of adding the two binary words com- 

prising the identification, squaring, shifting to obtain the 

center 36 bits of the 72-bit square, and finally, dividing 

the center by 1000 and using the remainder. Method B 

consisted of dividing each of the two 36-bit words into 

two 18-bit words, adding these four 18-bit words, divid- 
ing by 1000, and using the remainder. 
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P. J. Price 

The Lorenz Number 

Abstract: The theory of the Lorenz number of a conducting crystal is developed for the common models 

of the electron assembly. For the one-electron model it is shown that, provided scattering is elastic to 

an approximation which is examined, the Lorenz number is equal to the square fluctuation of the thermo- 

electric power. For the phenomenological band model an equivalent result is obtained. It is hypothesized 

that these results are special cases of a more general one. Some applications, including the theory of 

the bipolar anomaly for semiconductors, are discussed. 

Contents 1. Introduction 

DD. 555 si ondacneewweamacbemetes 147 The law of Wiedemann and Franz (1853) states that all 

2. Phenomenological Theory for Several Con- metals have the same ratio of thermal conductivity to elec- 

148 trical conductivity, at any given temperature. At ordinary 

3. Theory for the One-Electron Model....... 149 temperatures it holds quite well, except for a few metals, 

4. Comparison of the Two Models; the Recipro- over a range of about two decades in the values of K and o. 

151 The law was refined by the conclusion of Lorenz (1872) that 

5. Further Discussion and Applications....... 153 the ratio is proportional to the absolute temperature. Thus, 

6. Possible Generalizations. ..............004: 155 if we write 

K=<AoT, (1) 

where K and o are the thermal and electrical conductivities 

respectively, then the Wiedemann-Franz-Lorenz law states 

that the ““Lorenz Number” \ is the same for all metals at 

all temperatures. 

There is at present a growing interest in the application 

of the law to semiconductors,’ partly as a natural conse- 

quence of the revelation of failures of the law by recent 

measurements, partly of technological origin and because 

the efficiency of conversion of thermal to electrical energy 

by a thermocouple is proportional to o/K. For these sub- 

stances, which are poor electrical conductors, an appreci- 

able part (Ky, say) of the thermal conductivity originates in 

transfer of energy in ways other than by motion of the con- 

ducting electrons. The proper form of the Wiedemann- 

Franz-Lorenz law is then* 

K=Ky+AoT. (2) 

The non-electronic part, Ky, of K normally arises from 

transfer of energy by moving lattice vibration quanta. 

It will be convenient in this paper to discuss the value of 

the dimensionless magnitude x defined by 

A=x(k/e)’, (3) 

where & is Boltzmann’s constant and e the charge of the 

electron, rather than that of A itself. The theoretical value 

of x for metals, in conditions where the Weidemann-Franz- 147 
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Lorenz law holds, is 7?/3: this fact was first established by 

Sommerfeld For metals even where the value of x deviates 

distinctly from the Sommerfeld value it remains of this 

order of magnitude. For semiconductors on the other hand 

it may be shown,’ on the basis of the band model, that 

values of x large compared to one should occur; and at 

least one of the cases' of anomalous dependence of K on 

T which have been found may evidently be accounted for 

by the predicted anomalous values of x: this is the so-called 

“bipolar” effect. 

The main part (Sections 3 to 5) of the present paper deals 

with the theory of the Lorenz number, and the possible 

anomalous values of x, according to the single-electron 

(self-consistent field) model. It is shown that normally 

(kT)*x is equal to the mean square fluctuation, over all pos- 

sible energies, of the electron energy, with the contribution, 

at each energy, to the electric current due to an electric 

field as weighting factor. That is to say, (kT)*x is the mean 

square fluctuation of the Peltier heat. (The exception to this 

result occurs where the changes in electron energy on scat- 

tering are not small compared with thermal energy 47.) 

Essentially the same result is obtained for the phenomeno- 

logical theory presented in Section 2; and it is suggested in 

Section 6 that the result may be quite general, rather than 

depending on certain approximations for the collective 

states of the electrons of the substance, and may even have 

an extension to the totality of thermal excitations of the 

substance 

2. Phenomenological theory 

for several conducting bands 

Before examining the theory of electronic thermal conduc- 

tivity on the basis of the one-electron model, it is worth- 

while to discuss the theory in terms of the phenomeno- 

logical model in which conduction is supposed to be the 

sum of contributions from a number of distinct conducting 

“bands,” for each of which there is a distinct range of 

energy for the current carriers. This model originated from 

the results of the one-electron model for crystals but it is 

possible, and expedient here, to introduce the “band” 

model in phenomenological terms not depending on the 

concepts from which it originated. Actually the phenome- 

nological band model is, for semiconductors at least, prob- 

ably of more general validity. The analysis of the electronic 

thermal conductivity of semiconductors in terms of a single 

effective conduction (electron) band and a single effective 

valence (hole) band originally led to the prediction, by 

Davydov and Shmushkevich,* of anomalously large values 

of x for a semiconductor in which both valence and 

conduction bands contribute appreciably to o. In this 

section the phenomenological theory of this phenomenon 

is generalized to apply to a homogeneous conductor with 

any number of conducting bands.” 

For convenience, we assume isotropic or cubic symmetry : 

then the linear phenomenological equations for simultane- 

ous electrical and thermal conduction may be written in 

the form 

J=o(E+Qgrad7), (4) 
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W =(L+¢)J — KgradT. (5) 

Here J and W are the electric current density and energy 

current density respectively, E is the electric field and ¢ the 

potential. We generalize these equations by expressing J 

and W in terms of the individual contributions from the 

bands: 

J=2,J,, (6) 

where 

(7) 

W, =(L,+9)J.— K.gradT. (8) 

The subscript s=1, 2, ... labels the band. By making use 

of the first of (6), (7) may be written in the form 

042, —Q,)gradT}. (9) 

On substituting (9) into (8), and the result in turn into the 

second of (6), we obtain an equation of the form of (5) with 

L=2Z,L.o,/o (10) 

and 

K=Ko+2,| K.—(¢./0) (2;—-Q)}. (11) 

If we write 

K,=x.0.T(k/e) (12) 

for the individual contributions of the bands to the elec- 

tronic thermal conductivity, then comparison of (11) with 

(2) and (3) yields the formula 

o 

The phenomenological coefficients L and © are related to 

the Peltier heat II and the thermoelectric power Q by the 

formulas’ 

ell=(+eL, (14) 

where ¢ is the chemical potential of the electrons (the Fermi 

energy in the one-electron model). In virtue of (10) and the 

corresponding relation for 22 in terms of the 22, we may 

therefore write 

Q=X, Q.a,/o, (15) 

defining 

ell,=¢(+eL,, eQ.=d¢/dT—eQ,. (16) 

Then (13) becomes 

v 0.01 

i ir) OVI, (17) 

Thus the anomaly in x is proportional to the correlation 

between the band contributions to Il and to 7Q. If the 

Kelvin relation 

(18) 

if 

a 
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is satisfied for each band separately, 

(19) 

then this correlation is at its greatest, and we have 

xX X 
s<t kT 

Is e(II,—H)\? (20) 

kT ) 

Since the right-hand side of (17) may be written, taking 

(18) into account, as 

the correction to (20) is proportional to the squares of 

deviations from (19). (See Section 4.) 

In terms of (20), the origin of the bipolar anomaly in x 

for semiconductors’ is a large contribution to the right- 

hand side from the conduction (s=1) and valence (s=2) 

bands. Then 

0; 0» 

Since ¢—ell, is the average, weighted by the electron ve- 

locities in the presence of an electric field, of the electron 

energies in the band, the factor e(I11,—II,) must be not less 

than the forbidden energy gap A. Since normally A>&7, 

there will hence be a large anomaly when o, and o» are 

comparable. Actually e(Il,—Il,)—A~&AT,’ and so the 

anomaly in x cannot be very much greater than (eA/2kT)* 

in practice (but see footnote 7), Normally x, and x» will 

not be anomalously large. 

The question naturally arises whether other combina- 

tions of bands may give rise to such an effect. Another kind 

of combination does actually exist, and may in principle be 

realised in p-silicon: as in germanium the valence band is 

split by spin-orbit coupling so that the band-edge is double, 

but in silicon the separation of the two valence band edges 

(i.e. at the zone center) is thought to be only 0.035 ev °*. 

Thus this separation (A,o, say) is of order AT at around 

400° K. In this case the contributions from thermal excita- 

tion of holes to II, and to II, (where “a” refers to the de- 

generate upper valence band and “*h” to the split off lower 

valence band) are both positive, and tend to cancel in 

Il,—I!,. Then for p-silicon 

Ca 

In practice we will also have 

= ma)’ exp(— Avo/kT), (22 

where m,, m, are the density-of-states masses and 

the mobilities of the bands (in case ‘‘a”’, for the degenerate 

sub-bands in combination). From present knowledge* it 

appears that #m,—~0.3m,. Then the condition for the value 

of (21) at the temperature of its maximum to be large is 

that u»>pu.. In contrast to the situation for the bipolar 

effect, for the effect being discussed the contribution to K 

may be monotonically increased by doping and is propor- 

tional to «. However, for the contribution to K to be com- 

parable to Ko, in silicon at the temperature of the maximum, 

ao would need to be some thousands of inverse ohm-cm; 

and this leaves the possibility of observing any anomaly 

in this case somewhat in question.’ The situation should be 

improved by alloying the silicon with germanium, which 

would presumably increase A.o, and hence increase the 

temperature for the maximum of x, and hence both increase 

A and decrease Ky at the maximum, and at the same time 

further decrease the competing lattice conductivity Ky on 

account of the decrease with alloying at fixed temperature;! 

but all this can be expected to result in only a modest re- 

duction in the values of o needed. More favorable cases, 

among other semiconductors, may possibly exist.'” 

By the first of (16), the right-hand side of (20) is propor- 

tional to the square fluctuation of L., and hence essentially 

of the band energies, over the phenomenological bands, 

with o,/o as weighting factor. The question naturally arises: 

can this result be generalized (to represent x rather than 

just the anomalous part) by including the fluctuation of 

carrier energy within each band? We shall see in the follow- 

ing two sections that if conduction is treated in terms of the 

one-electron model then, subject to a certain restriction, 

this idea is right. The generalization is expressed by eq. (43). 

3. Theory for the one-electron model 

According to the one-electron (self-consistent field) model, 

the possible wave functions for all the electrons partici- 

pating in transport phenomena in a conducting crystal are 

Slater determinants specified by occupation numbers, 

“(p,),q) =9 or 1, of single-electron states, which in turn are 

specified by the pseudomomentum p(p// is the wave vector 

of a Bloch function), a spin component J = +4, and the 

band index g. The word “‘band” is here used in the strict 

sense which it has in the Bloch-Brillouin theory. For each 

band there is an energy function which in the absence of a 

net magnetization may be taken to depend only on p. Then 

€=e(p,qg). Corresponding to each single-electron state there 

is also a particle velocity v= 0¢e/dp=v(p,q). A homogeneous 

stationary condition of the crystal may be represented by 

an ensemble of quantum states for all the electrons, each 

characterized by one such wave function and hence by a set 

of occupation numbers »(p,,q). For the present purpose 

this ensemble is sufficiently characterized by the mean 

values, / (p,,q), of the v. In the case of thermal equilibrium 

at absolute temperature 7, / is a function of «€ only: 

\ e—¢ 
(23) = filo = }1+exp( kT 

In a non-equilibrium steady state, fis caused to differ from 

fo by disturbances due to the external “driving forces.” 

The transport phenomena arise when the disturbance orig- 

inates in a space gradient: for example a gradient of tem- 

perature, grad 7, or of electric potential, grad ¢= —E. 

These are treated by supposing the distribution function 

to depend also on position in the crystal: f/=/(p,’,q; r). 149 
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Then the fundamental equation describing the steady-state 

distribution function for the system is the Boltzmann 

equation” 

—f —f | 

(24) 

where F is the Lorentz force acting on each electron and 

S(p’,3’,q’; —f (p,d,q))d*p is the probability per unit 

time for an electron to be scattered from the state charac- 

terized by (p’,)’,q’) to any of those belonging to the volume 

element d*p of p-space about the state characterized by 

(p,0,q). 
The present section is concerned with the solution of 

(24), to first order in the deviation of f from fi, when the 

driving forces are an electric field and a temperature gra- 

dient and when it may be assumed that the scattering 

function S of (24) represents scattering by a crystal “sub- 

strate” which does not deviate appreciably from its thermal 

equilibrium state. In virtue of this last assumption, it follows 

at once from the principle of detailed balancing" that the 

function 

(25) 

is symmetric with respect to the primed and unprimed 

variables: 

= R(p,0,q; (26) 

The left-hand side of (24) then vanishes when (23) is satis- 

fied. To obtain the equation for the deviation of f from fp 

to first order in the driving forces (i.e. the Boltzmann equa- 

tion for the /inear transport effects), (24) is linearized by 

substituting f=/o+/i into it and equating the terms on the 

left which are of first degree in f; to the terms on the right 

which are linear in the “driving forces.” In the present 

case the driving forces are the space gradients of ¢ and 7, 

introduced by the term in 0f;/dr on the right of (24), and 

the electric field E in the Lorentz force F= —eE. Then the 

contribution of the right-hand side of (24) to the linearized 

Boltzmann equation is 

g(p.q)= —v-(A+e B) fill (27) 

where 

_ —eE+(¢/T—d¢/dT)gradT gradT A= —, Be (28) 

Before writing down the complete linearized Boltzmann 

equation for f,, and proceeding, it is convenient to simplify 

the notation by letting a single symbol, I’, stand for the set 

of variables p,J,g specifying an electron state, and to let 

KT) stand for the sum-integral operator 

Then the linearized Boltzmann equation for /; is 

KT) AT YTA"’; T’)} = (29) 

where g is defined by (27) and 

TP; M=ST; +f LP). (30) 
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In virtue of the relation (25), (26), an alternative form of 

(30) is 

(1 

(1—f(T) 

The form of (29) suggests the definition of a collision re- 

laxation time 7 by: 

I). (32) 

M=ST; 1) (31) 

7(T) 

We wish to find expressions, in terms of the driving 

forces, for the flux of electrons and flux of electron energy, 

which are given respectively by 

vf, (33) 

Wetec. I vof (34) 

(where / is the sum-integral operator defined above and 

here operating on the electron state variables for the mag- 

nitudes v, e, fon the right). To obtain a formal solution for 

N and Welee., With fon the right of (33) and (34) replaced 

by fi, we make use of the following theorem: Let YW) be 

any one-electron function and let a “conjugate” function 

w* be defined by the relation 

WT) OTL; Wie) (35) 

Then, by (29) and (32), 

Ifw=—Igry. (36) 

Egns. (27), (28) and (36) at once yield the formal linear 

macroscopic transport equations, with v, ve, etc. for y. It is 

convenient to make the further abbreviation 

(37) 

Then the linear transport equations are’ 

N=A.[rv v‘]+B-[rev v*], (38) 

= A-[7v(ve)t] +B: [rev(ve)*]. (39) 

From (38), the electrical conductivity tensor has compo- 

nents 

(40) 

The electronic thermal conductivity is given by the value 

Of Welec. in the presence of a temperature gradient when 

the electric field is such that the current density J= —eN 

is zero. Thus we have to solve for A in (38), for N=0, and 

substitute the result in (39). It is expedient at this point to 

specialize to the case of cubic crystal symmetry. Then, for 

J=0, 

3kT*[rVvV- ]Welec. 

= |[rv-(ve)t][rev- v*] —[rv- v*][rev-(ve)*]! grad T 

and hence, if we identify —Wetec. with (K—Ky)grad T, by 
(2) and (3) 

[rv-v*] [rv-vt] [rv-v*] 

If the scattering were perfectly elastic (i.e. connected 

initial and final states only with the same value of ¢) then 

. 

; 

ry 

. 



we would have 

(ve)* =vte. (42) 

(For the proof of this statement, see the beginning of 

Section 5.) On substituting (42) into (41) the latter reduces 

to 

[rv-v*] 

Thus x(kT)? becomes simply the square fluctuation of ¢ 

over the levels, with rv-v‘f,(1—f,) (proportional to the 

contribution per one-electron state to the conductivity) as 

weighting factor. The Sommerfeld value, x =7°/3, for 

metals results from (43) in special conditions which are dis- 

cussed below (Section 5) together with the conditions for 

(43) to be a good approximation to (41). The result (43) 

itself is the generalization of (20) which was proposed in 

the last paragraph of Section 2. 

4. Comparison of the two models; 

the reciprocal relations 

In this section we examine the correspondence of the results 

for the one-electron model to those for the phenomeno- 

logical band model. Eq. (41) may be rewritten as 

_ [r(ve—vw) -((ve)’ 

x= rv-v*] (44) 

where w and w’* are defined by the relations 

(45) 

On comparing (45) with (4), (5), (14), (38), and (39) it is 

found that 

w=(—eTQ, wt=¢-—ell. (46) 

An analogy between (44) and (17), with =(0,/c) ... cor- 

responding to fi . . . , is then 

evident. [It makes no difference to the result (44) if « is 

replaced by e—¢ in both (44) and (45).] 

We have to assure ourselves that the Kelvin relation (18) 

holds for the model of a conductor studied in Section 3. 

Eq. (46) shows that what is required is to verify that 

w=wt, (47) 

It is expedient to deal with this question at the present point 

in the discussion, and to do so by proving the following 

theorem: If ¢ and y are any two functions of I’ (of course, 

such that the double sum-integral in (49) is uniformly con- 

vergent), then 

(48) 

The proof entails writing out the left-hand side according 

to the definition (37) and then substituting for y in terms 

of ¥* by (35): 

= fol —fo) 

Now, by (25) and (31), 

Hence 

h{roty) fl —fr) 

The first term on the right of (49) is symmetrical in ¢* and 

v*. By (26), the second term on the right is also symmetrical. 

Hence we arrive at (48). It is a significant property of the 

theorem that it is true in virtue of the principle of detailed 

balancing as expressed by (26), and hence depends on the 

assumption that the crystal substrate—the agent of the 

scattering—is in thermal equilibrium. It is not true when 

there is an appreciable phonon drag effect.'® Eq. (48), 

applied in conjunction with (36), embodies the Onsager 

reciprocal relations” for the transport effects of the system 

of electrons considered here. With @ and y set equal to two 

components, v; and v,, of v, it follows at once from (40) 
that o;;=0;;. This result is, of course, one of the Onsager 

relations for a crystal in zero magnetic field. Similarly the 

coefficient of B in (39) is a symmetric tensor. Finally, the 

(i,j) component of the coefficient of B in (38) is equal to 

the (j,i) component of the coefficient of A in (39). This last 

result is just the Onsager relation for the thermoelectric 

coefficients in zero magnetic field." For a cubic crystal it 

reduces to (47), which we set out to prove. The Kelvin 

relation (18) is thus verified." 

We may now examine how the results of the one-electron 

model, (41), (43), and (44), may be explicitly reduced to 

(13), (17) and (20) of the phenomenological model. The 

natural expectation is that a one-one correspondence be- 

tween sets of one-electron states in “I-space’” and the 

“bands” of the phenomenological band model should be 

found. An implicit idea of the latter was that the corre- 

spondence would be between the phenomenological “bands” 

labeled by the index s of Section 2 and the Bloch bands, of 

one-electron states, labeled by the index gq of Section 3. It 

is more enlightening, however, to proceed by arbitrarily 

dividing up the entirety of states over which I ranges in the 

formulas of the preceding section into sets “1,” “2,” ... 

“a,” ... which cover the whole range without overlapping, 

and which are otherwise quite general except that for con- 

venience we require that each set still constitute a system 

with cubic symmetry, and simply rewriting (41) in terms of 

magnitudes for each set analogous to x, w and w’. We write 

h 1 Whol —fo) = Was (50) 

where /,,(I°) stands for summation and integration over the 

set “a,” and define 

(S51) 

Ja, 

(52) 

(KT Ja 63) 

By the above definitions, 151 
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te 
c= w= Was (54) 

Then (41) transforms to 

_y Ya (wawla—ww') 
(kT)? 

Ta (55) 
The substitutions 

wia=f—ella, (56) 

which are consistent with (15), (46) and (54), and whose 

relation to (46) is analogous to the relation of (19) to (18), 

complete the formal analogy between (55) and (17). 

So far, however, the partitioning of the one-electron 

states into sets, each to be identified with one of the phe- 

nomenological bands of Section 2, has been arbitrary, and 

so the correspondence between (55) and the results of the 

theory developed in Section 2 may be expected to be in 

general formal rather than physical. For example, one can 

imagine the states to make up each set chosen from all over 

the whole range of values of €, so that all the w, (or alter- 

natively all the w*,) are equal. In this case (55) vanishes. 

The value of x has of course not been changed by this pro- 

cedure. Rather this choice of the sets makes the x, larger, 

since by (53) they essentially measure the dispersion of 

energies € in each set. We expect the sets to be chosen rather 

SO as to partition the scale of electron energy into ranges in 

a physically natura} way. A further reasonable criterion of 

the suitability of the sets to correspond to what is usually 

had in mind by the phenomenological band model is that 

the relations (19) snould hold, to a good approximation, 

for them. We are therefore interested in the condition for 

the relations 

Wa=wre (57) 

to hold to a good approximation. These latter relations 

are, as is evident from the definitions (52), satisfied for any 

choice of the sets if (42) is satisfied; but in that case (41) 

reduces to (43), and then the partitioning of y into the con- 

tributions from the x, and the “inter-set” contributions on 

the right of (55) is indeed arbitrary. (What is of concern in 

this case is just the distribution, over the range of electron 

energy ¢, of contributions to o, without regard to the classi- 

fication of the contributing electron states: see Section 5.) 

Here we are concerned with the conditions for (57) to hold 

when (42) is not in general satisfied. 

The conditions for (57) to hold may be studied by adapt- 

ing the proof of (48), and hence of (47), given above. By the 

same process as yields (49), one finds 

where the operator /* stands for summation and integra- 

tion over all states except those belonging to the set a: 
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The right-hand side of (58) vanishes if there are no tran- 

sitions between the set a and other sets (so that R vanishes 

when I’ belongs to a while I’ does not), and is otherwise 

proportional to the probability of inter-set transitions. In 

fact the fractional difference between and [ty *¢]a 

is of the order of magnitude of the fraction of the transitions 

given by R which are inter-set transitions. 

On the other hand, if an appreciable fraction of the 

transitions for the set a are to or from the other sets then 

Wa and wt,, defined by (57), no longer respectively give 

precisely the current contributed by the set a in the presence 

of a temperature gradient and the energy flux contributed 

by the set a in the presence of an electric field. The identi- 

fication (56) has still a formal validity in that (17) is satis- 

fied, but it is inappropriate physically in that (16) is then 

not consistent with (7) and (8). To see that the values of 

w, and wt, deviate, in proportion to the probability of 

inter-set transitions, from those corresponding to the physi- 

cal meaning (56) which we would like to attribute to w. 

and w*,, we observe that the generalization of (36) for an 

arbitrary set a of states is 

Ta fi btlagt = 

The right-hand side of (59) vanishes for the same condition 

as for the vanishing of the right-hand side of (58). Thus if 

we carry through the argument leading to the equations, 

corresponding to (38) and (39), for the contributions from 

the set a to N and Wetec. we will find additional terms on 

the right originating from the right-hand side of (59) and 

proportional to the probability of transitions into and out 

of the set. Consideration of the forms of the right-hand 

sides of (58) and (59) indicates that there is not a general 

condition for them to cancel each other out so that (19) is 

satisfied. If inter-set transitions occur then in general (19) 

is not satisfied. The situation disclosed is similar to that 

concerning the calculation of the thermoelectric coefficients, 

and the formulation of the Kelvin relations, when the pho- 

non drag effect is appreciable.” The further analysis of this 

situation is beyond the scope of the present paper. The 

conclusion we note for the purposes of the present paper 

is that the convenient relations (19) for the phenomeno- 

logical theory are approached closest when the sets into 

which the one-electron states are divided are such that 

transitions between them have the least probability. 

The criterion which we have arrived at, for choosing the 

sets of electron states to be treated phenomenologically as 

acting together in “bands,” is the one which would be sug- 

gested by intuition. It is, also, likely to be satisfied when the 

sets chosen coincide with the Bloch bands of the one- 

electron theory, since transitions within these bands are 

normally more probable than transitions between them. 

The selection rules and matrix elements for transitions are 

governed by the symmetry of the wavefunctions of the 

initial state and the final state, and the classification of the 

one-electron wave functions into Bloch bands is actually a 

classification by symmetry. Generally the intra-band tran- 
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sitions entail emission or absorption of a phonon. On the 

other hand, transitions between bands separated by a for- 

bidden gap of more than the maximum lattice-mode 

quantum energy will entail emission or absorption of a 

photon, and be much less frequent. Inter-band transitions 

by phonon absorption or emission are thought to occur 

between the degenerate pair of valence bands in ger- 

manium, and to amount to an appreciable fraction of the 

relaxation processes for either band.*! However, since they 

have a common band-edge point it should anyhow be more 

reasonable and convenient to combine these bands for the 

present purpose, treating the states belonging to them as a 

single set which is to be identified with one of the phenom- 

enological bands of Section 2. On the other hand, it would 

be natural to divide up the states of the conduction band of 

germanium into sets each belonging to one of the “valleys” 

of the energy function” and to treat each set as a phenom- 

enological band. Each such band taken separately does not 

have cubic symmetry and hence their contributions to the 

thermoelectric crossterms of the fluxes (38) and (39) in the 

direction of the electric field and temperature gradient would 

not be all equal, and hence there should be a contribution 

to the right-hand side of (17) in spite of the equivalence of 

the valleys. It is believed that inter-valley transitions are an 

appreciable fraction—though not the majority —of all re- 

laxation processes for any one of the valleys,” so that (20) 

would not be valid and allowance should be made for the 

departure from (19). 

5. Further discussion and applications 

We consider first the condition for validity, and the conse- 

quences, of (43). Eq. (41) may be rewritten, making use of 

(47), as 

[t(e—wyv —v*e)] (60) 

X~ (kT){rv-vt] , 

where the second term on the left is the expression (43) and 

the right-hand side is the possible correction in which we 

are now interested, (The second term of the factor e«—w on 

the right is arbitrary, in the sense that, by (45) and (47), 

adding any constant to this factor would not change the 

value of the numerator. The motive for the choice of the 

form ¢—w is to facilitate the reasoning leading to (63).) In 
discussing this correction it is convenient to adopt an 

abbreviated notation for the operator acting on y* in the 

second term on the left of (35), such that (35) reads 

(1—O)t 

Then, for arbitrary functions #(1), YL), 

In particular, 

(1 —O)((ve)* —v*e) 

If the scattering is elastic, the right-hand side of (61) van- 

ishes. Then (ve)* and v‘e can differ only by a vector function 

of T which is nullified by the operator 1—©. In general 

such does not exist, and so we arrive at (42). If the scatter- 

ing is not quite elastic, the order of magnitude of (61) is 

v’ times that of the average change in energy on scattering 

from the state I’. This should then also be the order of 

magnitude of —v'e. Consequently, if we define 

by 

v-((ve)’ —vte) =e*v-v", (62) 

then €* should be of the order of magnitude of the changes in 

energy on scattering, Let us consider now the situation 

where (as normally in a metal or extrinsic semiconductor) 

substantially all the contributions to the sum-integrals of 

(60) come from a single range of allowed values of «, and 

hence from a range ~AT in extent. The numerator on the 

right of (60) vanishes if e* is constant, and otherwise will 

be of order of magnitude (KT)*[7v-v*] times the order of 

magnitude of de*/de in this range, where the bar over «* 

signifies averaging in the usual way over all values of I for 

a given electron energy e«. Hence 

de* 

de ~ KT a 

the right-hand side being understood to be evaluated in the 

range of « contributing substantially all the conduction, 

The condition for the correction to (43) to be small is evi- 

dently that e*<<kT. 

The single type of scattering process whose consequences 

it is the most important to understand in the present con- 

nection is absorption or emission of a Debye phonon. If the 

velocity of these is s, the change of electron energy is 

+ |p’—p|. For a metal normally the lengths of the wave- 

vectors, p/h, of the electron states contributing to conduc- 

tion are of the order of magnitude of the inverse of a lattice 

constant. The change in electron energy on scattering is 

hence ~k@, where @ is the Debye temperature, unless 

T<#@. Since scattering with a change in energy large 

compared with AT is in general improbable, if 7<0@ the 

change in energy is ~A7. (What then happens is that for 

nearly all the scattering the angle between p’ and p is small.) 

Hence if 7<@ the right-hand side of (63) is of order unity 

and cannot be neglected (except compared to an anomalous 

large contribution, which is not in question here), but if 

T>6 it is ~6@/T and may be neglected. Similar considera- 

tions for an extrinsic semiconductor with a non-degenerate 

band ( f;<<1 or | —f,<1) lead to the conclusion that in this 

case (63) is small except at the very low temperatures of 

order ms*/k or less (where anyhow other types of scattering 

process will be dominant). Evidently anomalously /arge 

values of x are likely to arise as a consequence of (43), and 

hence are to be explained in terms of it rather than by devia- 

tions from it. 

We now consider the possible values of x predicted by 

(43) for various cases, It is useful to write the sum-integrals 

as simple integrals with ¢ as the variable, by introducing a 

factor G(e) such that Gée is the number of electron states, 

per unit volume of the crystal, in the infinitesimal range 

de, and detining 153 
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nle)=rv-vt. (64) 

Then 

(65) 

eQ\? 
(66) 

where the integrals extend over all accessible levels for the 

electrons included in the system of one-electron states. If, 

as in metals, the range of energy € contributing appreciably 

to the integrals of (65) and (66) is from many times kT less 

than ¢ to many times kT greater than ¢, and if nG does not 

vary appreciably over this range, then we may cancel out 

nG from the integrals and take them from —~ to +“. To 

this approximation 

(e/k) O=0; 
f —fadde f fal —fade (67) 

== = 3.29, 

Thus we obtain the Sommerfeld value for x. If the above 

conditions are relaxed to the extent that small but finite 

derivatives (d"nG/de"), — care admitted, then the right-hand 

side of (65) becomes a power series in the odd derivatives 

times (KT)", the right-hand side of (66) in the even deriva- 

tives times (K7)". With a few exceptions (such as bismuth 

and some metal alloys) even the leading terms of these 

series (of course excluding the term of (66) with n=0) are 

small at ordinary temperatures. Normally (but see the next 

paragraph) the term of degree n is of order (KT |¢—€ |)", 

where €) is a band-edge energy and |(—e)|~ an ev, but 

exceptions can occur where the Fermi energy ¢ is very near 

the sharp minimum in G which occurs when the allowed 

energy ranges of two bands just slightly overlap. 

Appreciable values for the right-hand side of (66) can be 

foreseen to occur for metals when 7<@, though of course 

in this case (66) is not accurately true. As explained above, 

in this case the change in energy for phonon scattering is 

~kT. Consequently the second factor on the right of (31) 

will in general differ appreciably from unity when the first 

factor is nonzero. It is possible to infer qualitative features 

of the function (1), defined to be such that the value of 

(32) is 1/A times what it would have been if this second 

factor on the right of (31) had not been present, from the 

order of magnitude of the changes of electron energy on 

scattering. As «—¢ increases from minus a few timec 

kT to plus a few times kT, \ increases from a value less 

than one to a maximum greater than one (for e—(~+kT) 

and finally tends to one for «—¢ several times k7. Thus 

the effect on the integrals of (65) and (66) is to tend to cut 

off the half of the range of integration for which e<¢, and 

to make 7G a maximum, with d%(nG)/de~—(kT), at 

e— (kT. Consequently the contribution to x on the left of 

(60) is reduced below the Sommerfeld value. The right- 

hand side of (60) is negative, according to the discussion 

of it above, and hence acts in the same direction to decrease 

x below the Sommerfeld value. 

From the foregoing discussion it may be concluded that 

in metals for 7<6, if the scattering is by emission and ab- 

sorption of phonons, x should in general be substantially 

less than 7?/3, This result is a long-standing one of the 

theory of metals, and is confirmed by experiment.” The 

purpose of the discussion here was to give an insight, from 

the point of view of the present paper, into the origin of the 

result, and to suggest—though of course on a far from 

rigorous basis—that it is generic to inelastic scattering 

rather than an “‘accidental’’ outcome of the mathematically 

elaborate theories for specific actual metals. At still lower 

temperatures the dominant relaxation process in practice 

is scattering by impurities. It is customary to assume that 

this scattering is e/astic. Then (a), Eq. (66) is rigorously 

correct (provided the phonon drag effect is negligible); and 

(b), the second factor on the right of (31) is rigorously equal 

to unity, and we may hence again expect 7G to vary very 

little over a range ~kT about e=¢ and in any case, so far 

as the one-electron model itself is a good approximation, 

to vary at a rate independent of 7. Hence 

= (kT/A))*, (68) 

where normally, as for T>>0, Ai~|{—eo|. This prediction 
(68) of the standard theory is also confirmed by experi- 

ment.” It is found that as T decreases from values ~@ the 

value of x decreases to a minimum and increases again 

towards 7°/3. 

For semiconductors, so far as the phonon drag effect 

may be neglected, (43) or (66) is the general result of the 

one-electron model except at the very lowest temperatures.” 

However, the results (67) are not valid, even for an ex- 

trinsic semiconductor, because G and 7 vary strongly over 

the states contributing to conduction. For an extrinsic 

semiconductor it is convenient to write (43) in the form 

_ nG fil — fide eo nG full 
X= (kT) [nGfdl —fode KT —farde , 

where €, is the band-edge energy, rather than in the form 

(66). The value of x depends altogether on the particular 

dependence of 7 and G on e—e». It is normally—not al- 

ways—correct to take G to be proportional to (= (¢—€»)). 
The standard theory of the scattering leads to the result” 

that 7 is also proportional to (+(e—€))%. Then 7G is 
proportional to +(e€—€,): this dependence is assumed in 

deriving (70) and (71). If the Fermi level is many times kT 

beyond the band-edge on the “forbidden” side, the distri- 

bution is non-degenerate, 

fl = =(¢ —e0)/kT}, 

and (69) gives the standard result 

x =3!—(2!)2=2, (70) 

As the Fermi level moves into the band, the value of x 
changes from that given by (70) to that given by (67). At 

the intermediate point where ¢=€ 9, we have from (69) 
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€ 2.36; 
n2 (71) 

~\in2 ) 

(Here (() is the Riemann function.) 

From the account given by loffé! of the results of Dev- 

yatkova’ on n-PbTe, x was 1.9 in the non-degenerate state 

and increased to a limit of 2.7 on doping to the degenerate 

state.’ These results, when compared with (67), (70) and 

(71), indicate that in the “degenerate” state (—e) was of 

order kT (perhaps several times kT) rather than > AT. 

This conclusion is consistent with the figure quoted by 

loffé for the electron density and the assumption that G 

was roughly equal to 22(2m/h?)'/*(¢—e)4. It is necessary, 

however, to account for the evident tendency (see Fig. 8 

of loffé, reference 1) for x to approach a limiting value, 

for high doping, substantially less than the Sommerfeld 

value. Now, provided the donor states, because of the 

strength of the mutual interaction of donor electron orbi- 

tals, form part of the system of one-electron states, so that 

(even if there is no compensation) they can by themselves 

accomodate twice as many electrons as the donors intro- 

duce, the Fermi level cannot rise above the uppermost of 

these donor-derived levels. It is a plausible assumption, in 

these conditions, that the resulting contribution (G,(e), say) 

to the density-of-states function should overlap the con- 

tribution (G—G,=G,(e), say) of the undoped substance, 

so as to form a single continuous spectrum, If the energy 

range of G, were of order AT, the condition ¢—ey)~kT 

would then be realized. It might not be reasonable, how- 

ever, to assume that the curve of G would be thus “fattened 

up” without being distorted. It may be, on the other hand, 

that there was only a small overlap of the G, and G, 

spectra, so that the donor-derived levels formed a tail to 

the main distribution, with d(nG,)/d-< 1. It would be in- 

teresting to know whether the thermoelectric power did or 

did not become small compared to k/e in the high-conduc- 

tivity limit. 

In terms of (65), (66), the conditions for the bipolar 

anomaly are that there be a “forbidden” energy range in 

which 7G is zero or very small, separating two ranges of 

finite »G by an energy large compared to kT, and that the 

Fermi level lie in the middle of the forbidden range so that 

the contributions to the conductivity come not from ener- 

gies e~¢ but from the “wings” of the curve of f\(1—/f)) 

where |e—({|>>AT. The second moment of the function 
nGf(1 —f,) of € is then large compared to (KT)? if the actual 

position of the Fermi level is such that the two contribu- 

tions to the conductivity o are comparable. It is possible, 

at least in principle, for this situation to be inverted so that 

x according to (66) is small compared to one. The require- 

ment is for the conduction to arise from a.single range— 

of width A, say—of finite »G, with forbidden gaps of width 

>kT above and below it. Then x must be less than(A/k7T)?, 

and hence if these conditions can be maintained when 

T>A/k then x must become <1. The point which the fore- 

going discussion is intended to bring out is that determina- 

tion of Q and A may serve as a crude “spectrometer” in 

giving information about the distribution of electron levels 

with n, the measure of their contributions to a, as weighting 

factor. 

6. Possible generalizations 

In the one-electron theory of Sections 3 and 4, the Lorenz 

number was related to the mean square fluctuation of « 

over the levels, with the mobility factor » giving their 

relative weight. This result failed to hold just in the condi- 

tions which might have been expected—when the magni- 

tude of the energy change on scattering was great enough 

for the resulting loss of definition of the energy of the 

electrons taking part in conduction to be appreciable rela- 

tive to the root mean square fluctuation of the energy. The 

form of the result suggests that it is not just a special one 

for the one-electron model but has a “thermodynamic” 

generality; and this suspicion is somewhat born out by 

the fact that the result of the same form arrived at in 

Section 2 does not depend on the one-electron model for 

validity, but only on the Kelvin relations (19) for the 

phenomenological “‘bands” of the model. Many-electron 

correlations within these would not in themselves make (20) 

fail. If, however, the result (43) derives from one of such a 

generality then at least it ought to refer, in terms of the 

one-electron model, to averages over y-space rather than 

over u-space.* That this is a reasonable interpretation of 

the actual result is shown by the following consideration: 

Let us label the levels in u-space by subscripts i, j, etc. and 

set z;=exp}(¢—e,)/AT|. If v;=0 or 1 is the occupation of 

the 7th level, then 

(72) 

where the double bracket (( )) denotes an average over the 

grand canonical ensemble. Let A and B be two magnitudes 

of form 

A=2 B= (73) 

Then it is easily shown that 

((AB))—((A))((B)) 
((v,)) = —fo). (74) 

Thus the substitution of the factor f,(1 —/f,) for the factor 

fi, in the averages /f((1 —fo) ... which give the relation of 

fluxes to forces in the linear transport theory, is just the 

change which appears, for Fermi statistics, in going from a 

correlation in u-space to one in y-space. We cannot apply 

this result literally to (43), to justify the proposed interpre- 

tation, because the factor r*=rv-v‘/v? is by its nature 

defined for u-space, not for y-space. 

The same considerations apply to the remaining part of 

the thermal conductivity, Ko, where this comes from 

phonons, excitons, and plasmons which do not interact 

appreciably. These are localizable “particles” (with crystal 

momentum p, energy ¢ and velocity v=0e/dp) which are 

bosons whose number is not conserved in certain allowed 

transitions which occur among the relaxation processes, 

The equilibrium distribution function No(e) is therefore 

the Planck function; and there will be a Boltzmann equa- 155 
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tion, for the effect of a temperature gradient, which can be 

linearized to an equation corresponding to eq. (24) but for 

N,=N—WNp rather than for f\. If, to save trouble con- 

sistently with the present purpose, we write the rate of 

relaxation of N,, corresponding to the left-hand side of 

(24), as — N,/7, then we find 

Ky =(1/3kT’)h t|ve|?No(1 + No). (75) 

Here the operator / stands for integration over p-space 

and summation over indices specifying the nature of the 

excitation (phonon, etc.), and direction of polarization, 

mode of vibration, spin state, etc. The result (75) differs 

from the corresponding one for electrons in that the factor 

No) replaces —f). The fluctuation formula cor- 

responding to (74), on the other hand, differs from (74) in 

just the same way: N(1+ Np) replaces fi(1—fo) on the 

right-hand side. Thus the right-hand side of (75) also may 

be interpreted as expressing a contribution to the thermal 

conductivity in terms of the square fluctuation of the energy 

flux for the “‘y-space’’ ensemble, except that there is the 

same difficulty over the factor r. 

Presumably this difficulty could be resolved by formu- 

lating a Boltzmann equation for the localized many-particle 

distribution function, instead of for the localized reduced 
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one-particle function, and solving it for thermal conduc- 

tion. If interactions between the particles need not be ex- 

cluded,” it might be possible to establish in its general 

form the conclusion suggested here: that the thermal con- 

ductivity can be expressed—by a formula corresponding 

to those arrived at here but involving the complete set of 

microscopic variables of the whole system—in terms of the 

square fluctuation, weighted by the relaxation time for the 

energy flux as a function of the microscopic variables, of 

the energy flux.” Kubo*' has given a formula for the e/ec- 

trical conductivity which seems to satisfy just this prescrip- 

tion, and he remarks that a formula similar to his exists 

for thermal conductivity. Kubo’s formula involves a time 

correlation rather than a relaxation time, and hence, as he 

points out, recalls the general theories of noise and Brown- 

ian motion, 
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R. W. Murphy 

A Positive-Integer Arithmetic for Data Processing 

Introduction 

This report describes some exploratory work on an arith- 

metic intended to be more useful for accounting and data 
processing. The report deals with the question, “What 

would be the effects of using only positive numbers in 

accounting?” Effects that would interest us especially are 

reductions in the number or in the complexity of steps of 

computation and, possibly, a closer correlation between 

data processing and that which it represents. 

Certain operations are performed by accountants and 

bookkeepers in order to avoid having to count the ob- 

jects of their interest. These are the common arithmetic 

operations of addition, subtraction, multiplication and 

division. The unrestricted use of subtraction gives rise to 

negative numbers and necessitates the further operations 
of testing for negative balances. 

It can be contended that negative numbers do not 

occur “naturally” in accounting: that quantities can be 

expressed only by means of the counting numbers and 

zero. If “credit” is taken as a positive quantity of some- 

thing, then “debit” ought to be thought of as a positive 

quantity of something else. The practice of maintaining 
separate totals of debit and credit is an instance of this 

concept. 
In postulating a positive-integer arithmetic for book- 

keeping,* new operations must be devised to work within 

this number system. We will employ an operation, called 

diminish, instead of subtract. In terms of diminish, we 

can define add, take the lesser, and take the greater. The 

body of this report discusses some properties and uses of 

these operations. 

*The author has not been able to discover any published work dealing with 

a non-negative system of arithmetic in data processing. Some of the com- 

putation techniques described in this paper, or variations such as those 

using absolute-value operations, are known to programmers, but, to the 

author’s knowledge, have not been developed extensively or reported. 
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Abstract: It is hypothesized that positive numbers 

suffice for the expression of quantities in account- 

ing. New arithmetic operations are devised that 

yield non-negative results in computation, and the 

applicability of these operations to data processing 

is studied. These operations permit a wide variety 

of functions to be computed with fewer and less 

complex steps and imply the feasibility of construct- 

ing less complex data-processing machines. 

As this report shows, a wide variety of functions can 

be computed with the diminish operation. In particular, 

the kind of function that is ordinarily described by a 

number of conditional statements (e.g.—if x is positive, 

multiply by r) becomes a single, non-conditional arith- 

metic expression. This observation has some important 
implications with respect to the design and use of data- 
processing machines: 

1. Data-processing-machine programs are straight-line 

rather than branched. This fact implies that: 

a Fewer selectors are required for machines with 

control panels. 

b Stored programs can be retained in sequential- 

access memories rather than in random-access 

memories because program control transfers are 

not required. 
c The construction and assembly of stored programs 

is simplified. 

. The total number of program steps is reduced, thus 

conserving space. 

3. The number of program steps executed in performing 

a computation is sometimes reduced, sometimes 

increased. 

4. Equipment for the storage and control of number 

signs can be eliminated from data-processing machines. 

tN 

Definition and elementary properties of diminish 

Diminish is a primitive recursive function, and has 

been studied as a topic of mathematical logic.* In that 

context the operation has not been given a specific name, 

but is designated by the symbol “ =”. Because this symbol 

might be confused with the divide symbol, we prefer to 

*See, e.g., S. C. Kleene, Introduction to Metamathematics, D. Van Nostrand 

and Co,, New York, 1952, p. 217, Chap. IX, 
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use “©” to stand for the diminish operation, which we 

define* to be: 

xOy=x-y ifx >y 

= 0 ifx<y 

Diminish, therefore, produces the quantity of objects 

remaining after as many as y have been removed from x. 

Diminish can be associated with other operations: 

The sum of x and y: 

x+y=GO[(GOx) Oy] 

G is any number large enough so that making it larger 

does not alter the value of x + y. 

The lesser of x and y: 

xNy=xO(xOy) =yO(yOx) 

The greater of x and y: 

xUy=x+ (yOu) =y+ (xOY) 

In the same manner that we use the phrase “the add 

operation,” we will use the phrases “the lesser operation” 

and “the greater operation.” 

The four operations, diminish, add, greater, and lesser, 
represent directly certain simple data processes. For ex- 

ample, suppose we have two sets of objects, X and Y, 

and x and y are the counts of the two sets. If we withdraw 

one of X for each of Y, certain derivative quantities 

appear: 

x © y = number of unmatched X objects 

y © x = number of unmatched Y objects 

x | y = number of matched X or Y objects 

Interpretations like these are helpful in working out 

expressions of more complicated processes because di- 

minish, unlike subtract, does not have the cancellation 
properties which allow the reduction of long expressions. 

Miscellaneous identities 

xOy<ex (1) 

(xCy)Ox=0 (2) 

(xOy) O(yOx) =xOy (3) 

(xOy) Oy = xO (y + 2) (4) 

(x+ ifxS (Sa) 

*Dr. R. R. Seeber Jr. of IBM has pointed out in a note that calculators 

with absolute-value instructions can perform the diminish operation as 

follows: 
(x— + — JI] 

Comparable relations hold for x U y and x y. Thus the procedures 

for evaluating various functions, worked out in this paper in terms of 

diminish, can be translated into procedures using absolute-value oper- 

ations. 

= 

=yO(zOx) ifx<z (5b) 

= + (zO2x)] (Se) 

=[(x62z) 4 yJO(zOx) (5d) 

xO(zOy) =(x+y) Oz ifzSy (6a) 

=[(x+ y) (ySz) (6b) 

=(x+y)O(yU2z) (6c) 

An instance of the use of diminish 

The computation of income-tax and FICA deductions in 

payroll processing illustrates the use of the diminish 

operation. These are two separate computations which 

usually are done together in practice. 

(1) An income-tax deduction, D, is made only if the 
gross pay, G,, exceeds the exemption allowance, E. The 

tax is computed on the difference between gross pay and 

exemption. 

Written in conventional arithmetic, this relation is: 

D=r(G,-E) ifG,>E (r= tax rate) 

=0 ifG, <E 

The diminish operation permits the same function to 
be written as: 

D=r(G, CE) 

(2) The FICA deduction, F, is based on gross pay if 

gross earnings-to-date, {"G;, are less than $4200, based 

on the difference, 4200 — "Gi, if gross earnings-to- 
date go over $4200 in this pay period; and zero if $4200 
has already been exceeded. 

More briefly, these conditional relations are written in 

conventional arithmetic as: 

F = sG, if X"G; <4200 

§(4200 — if <4200 < 3"G; 

0 if X""'G; > 4200 

Using diminish and lesser, these relations become: 

F = s[G, 9 (42008 or 

F= 8 [Gn 8 (4200 =""G;)]} 

If we assume an instruction set, such as that of the 

IBM 705 computer, plus the additional instruction to 

perform the diminish operation, we can contrast the 
programs performing these functions in the two ways. It 

is convenient to define the diminish instruction as, 

“Diminish the quantity specified by the address part of 

the diminish instruction by the quantity in the arithmetic 

register.” A comparison of the two types of programming 
is shown in Program 1. 159 
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me Program | Comparison of conventional 
programming* steps with use of “diminish” 

operation. 

Conventional Using Diminish 

l R ADD (G,) l R ADD (E) 

SUB (E) DIM (G) 

TR + em MPY (r) 

R ADD (0) STORE (D) 

TR 2.2 

MPY (r) 
STORE (D) 

R ADD (4200) 
SUB (S"-1G;) 
SUB (Gn) 
TR+ 41 

m+ 42 
R ADD (0) 
TR 4.3 

R ADD (G,) 
MPY 
STORE (F) 

*R ADD (G,) means “‘reset the arithmetic register to contain the number 
G ” 

n . . . 

SUB (EB) means “subtract from the number in the arithmetic reg- 

ister the number E”’ 

TR 2.2 means “perform next the operation 2.2" 

MPY (r) means ‘“‘multiply the number in the arithmetic register by 

the number r”’ 

STORE (D)~ means “put the number in the arithmetic register into 

storage and refer to it as D”’ 

TR+ 4.1 means “‘perform next the operation 4.1 only if the num- 

ah 

AR WN 

tN 

tN R ADD 
DIM (4200) 

DIM (Gr) 
DIM (G,,) 

MPY (s) 
STORE (F) 

ber in the arithmetic register is positive, otherwise per- 

form the next operation in sequence” 

In the instance of Program 1, diminish provides: 

(1) A saving of eight out of eighteen instruction spaces; 
(2) A saving of an average of three out of thirteen in- 

structions executed; 

(3) A straight-line program 

y Characteristics of the operations greater and lesser 

> Quite often in data processes, it is necessary to obtain a 
: quantity which is in a certain relation to other quantities; 

oe for example, the least of three quantities. The operations, 

Ee greater and lesser, will be used exclusively in expressions 

for performing such processes and therefore are of special 

interest. Moreover, these two operations can be associated 

directly with the theory of sets. There are a number of 

useful relations involving these two operations that can 

be presented, either by proving them from the definitions 

of greater and lesser in terms of diminish, or by making 

the association with set theory and using that theory to 

eA provide us with ready-made relations. This second way is 

briefer and will be given here. 

The quantities, denoted by x, y,..., express the count 

of certain physical or conceptual objects. The objects can 

be represented by any tokens, such as points on a plane, 

160 for arithmetic purposes. A boundary, drawn around x 
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Figure! Graphic representation 

of arithmetic boundaries between sets of 

points in a given plane. 

points, segregates a set of points. The set, designated X, 

is isomorphic to the quantity x. Another boundary, drawn 

either wholly within or wholly without the boundary 

around x, produces another set, Y, isomorphic to the 
quantity y. X or Y will be void sets if the corresponding 

quantities happen to be zero (see Fig. 1). 

The union of two sets, X¥ U Y, is defined as the set 

having elements in either X or Y. Therefore the set-theo- 

retic union for the special construction of sets just defined 

is isomorphic to the value, the larger of the quantities x 

and y. Similarly, the intersection of two sets, X 9 Y, is 

defined as the set having only the elements common to 

X and Y. Thus the set-theoretic intersection is isomorphic 

to the value, the lesser of x and y. These isomorphisms 

account for the use of the standard symbols U (cup) and 

(cap) for the greater and lesser operations. 

Having established these isomorphisms, we can trans- 

late certain relations, proved in set theory, into the fol- 
lowing: 

xUy=yUx 

xNy=yNx (commutative relations ) 

xU(yUz)=(xUy) UZ 

xN(yNz)=(xNy)N (associative relations) 

xU(yNz) = (xUy) N(x U 

XO (y Uz) = (xO y) U z) (distributive relations) 

xU(xUy)=xUy 

xU(xNy)=x 

xN(xUy)=x 

| 

“4 

: 



The calculability of any ordinal of a set of quantities 

Suppose we are given an arbitrarily-ordered set of num- 

bers (a, b, c,...n). There will be another set (a, B, y,... 

v) containing the same numbers but ordered in increasing 

magnitude. 

(a, b, c,...) could be numbers stored in memory, in 

order of memory address. (a, 8, y,...) are the ordinals 
of this set: i.e., a is least, 8 is the next, or second least, 

etc. 

Every ordinal, a, 8, y,...A, , v, from either end 
is calculable from (a, 6, c,...) using only the operations 

greater (U) and lesser ( ). This implies that the ordinal 

is also calculable with only diminish. Using greater and 
lesser, the calculability is shown in the following manner: 

(1) The least and the greatest quantities, a and v, are: 

a=anbncn... 

v=aUbucu... 

since U and € are transitive. 

(2) Consider the n different subsets of (a, b, c,...), 

each containing n—1 elements. Each subset will contain 

all but one of a, b, c,..., and, by (1) will have a calcul- 
able least element a’; a’2 a's a’. One subset will not con- 

tain a, and will therefore contain f as a least element. 

All other subsets will contain a which will be the least 

element. Therefore, the next to the least element of the 

original set will be the greatest of the leasts of these sub- 

sets: 

(bnendn...)U(anendn...) 

(3) By (2) the next leasts of the same subsets are 

calculable. The subset not containing a, and the subset 

not containing £ will contain y as the next least. All 

other subsets contain both «a and f, and £ will be the next 
least in these. The next-next least, y, of the original set is 

therefore: 

(4) By induction, it can be seen that any ordinal from 

least on up can be calculated. This is done by taking the 

subsets, each not containing one of a, b, c, .. . and there- 

fore not containing one of a, 8, y,... and calculating the 

previous ordinal for each, then calculating the greater of 

these previous ordinals. 

(5) In exactly similar fashion, the second greatest, 

third greatest, etc. are calculable. 

As an example, suppose we want the second least of 

the four quantities a, b, c, d. By the above rule, this will 

be the greatest of the leasts of the four subsets (abc), 

(abd), (acd), (bed): 

B=(aNbNec) VY (anbnd) (anecnd) 

U(bnNcnad). 

Applying the formulas of the preceding section to the 

first and second parenthetical terms and to the third and 

fourth: 

B=((anb) (ceUd)) (lend) N (aU b)). 

The machine program for evaluating this expression, 

or others of the type described in this section, would be 

straight-line, and would not require the use of compari- 

son operations to determine one of several alternate 

programs. 
When dealing with the inner ordinals (second least, 

next-to-greatest, etc.) there is an important distinction 

that must be made to avoid misinterpreting the verbal 

description of an operation. An operation such as “Take 

the second least of the quantities a, b, c,...n,” means 

that if all the quantities are rearranged such that 

the operation gives 8 as a result, regardless if a = 8, 

B= y,... 

A different function might be defined as “Take the 

second least, not counting equals.” That is, if we have 

the result of this operation is a quantity between the first 

and second < symbols. Such a function can not be con- 

structed with the diminish operation or its derivatives for 

reasons that will be considered in connection with the 
continuity properties of expressions using diminish and 

its derivative operations. 

Functions constructable with diminish 

Diminish is being discussed as it applies to accounting 

arithmetic. In this application, the counting numbers 

serve as measures of quantity. We wish now to find out 

what functions can be formulated as expressions using 

diminish. This can be done most easily by permitting the 

quantities to take on all real positive values, rather than 

just integral values, and analyzing the continuity prop- 

erties of these expressions. Later on, it will be shown that 

we have more variety in the functions that can be calcu- 

lated by machine if we restrict quantities to integers, or 

at least to numbers that can change only in discrete steps. 

We use the conventional operation of subtract only as 

a convenient means of defining diminish. If we set up 

the function 

f(x,y) =xOy=x-y ifx>y 

ifx<y 

f (x, y) is single-valued and continuous for all values 
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x < y, and x > y, because both x — y and 0 are continu- 

ous. If x = y, f (x, y) = 0; moreover, this is the limit of 

f (x,y) as x and y approach each other from either 

ee direction. Thus f (x, y) is a single-valued and continuous 

{a function of both variables. 
Terms like (x © y) will appear in more complex ex- 

pressions. As all the variables in such expressions change, 

each term of the form (x © y) will vary continuously, 

and thus can be considered to be a single dependent vari- 

aor able. That is, in an expression like 

g (x,y,z) (xOy) Oz, 

where x, y, and z may be varied simultaneously, we can 

treat (xO y) as a single variable, recognizing that 
g (x, y, Z) is a continuous function of all variables. 

Assuming that any finite assortment of variables, di- 

minish operation, and parentheses in an expression can be 

decomposed by stages into terms like (x © y), any such 

expression must be a continuous function of all the vari- 

ables. Because the operations add, greater, and lesser are 

all definable in terms of diminish, these operations also 

4 provide continuous functions. 

~ We may be given any function in the form of a table, 

or graph, or statement in words. In order to determine if 

oP: the stated form of the function can be replaced with an 

ae expression of terms like those just discussed, it is neces- 

sary first of all, to determine if the function is continuous. 

: If it is not, then some other method of computation must 

5 be used. Two methods will be considered later, one using 

; the additional operation of multiply, the other being an 

a algorithm for computing functions given as tables. 

: If the stated function is continuous, however, we can 

conjecture that the function can be replaced by an ex- 

ea pression using the diminish operation. In the next section, 

the continuity properties of certain functions of data 

processing will be examined. 

Configuration functions 

An important class of functions includes such relations 

as: 

fi (x, y, 2) the second least of x, y, z. (1) 

fe (x, y, z) = the lesser of x and y which is greater 

than z, or else z. (2) 

. These are representative of a class which we call con- 
‘ figuration functions, and characterize as follows: 

(1) They are single-valued functions of n variables. 

(2) The function value is the same as the value of one 

of the variables. 

(3) The function value depends on the relative values 

of the n variables. 

ic The nature of (1) and (2) suggests that the functional 
¥ statement, in words, might be replaced by an expression 

employing the operations greater and lesser. However, 

this possibility does not exist if it can be determined that 
162 the function is not continuous. The process of finding out 
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if a given function is continuous is the primary concern 

of this section. 

The notion or concept “relative values of variables” is 

fundamental to the definition of configuration functions 

and requires elaboration before proceeding to the con- 

tinuity properties of these functions. What will be done 

is to classify the domains of the variables into sub- 

domains, in each of which the relative values of the 

variables are different. Therefore, by definition, a con- 

figuration function assumes a single value which is also 

the value of one or more of the variables, but which of 

the variables it is, depends on the sub-domain where the 

function is evaluated. 

The classification of the domains will be done in two 

stages, the first stage resulting in sub-domains called 

configurations which are characterized by such relations 

as 

The second stage takes apart the configurations and 

results in the sub-configurations 

BS 

x=y=2z<... ete. 

In general, it is necessary to evaluate a configuration 

function for each sub-configuration of the variables in 
order that there may not be an ambiguity as to the value 

of the function in the sub-domains where two or more 

variables assume equal values. However, it is only with 

the discontinuous functions that an ambiguity can occur, 
as will be seen. 

A function of n independent variables is an explicit 

expression of certain variable symbols..., x, y, z. To 

evaluate the function, a schedule of substitutions is 
needed: 

For x substitute 5 

For y substitute 4 (3) 

For z substitute 3 

The numbers (5, 4, 3) can be put into the relation 

3<4<5 (4) 

by the method described previously. Now, if we interpret 

the substitution relations (3) as reflexive, we have from 

(4) 

z<yex (5) 

We define the relation (5) as a configuration of the vari- 

ables x, y, z. The configuration defines a closed region, 
or domain, of the variables x, y, z, for which the relative 

= 
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values of the variables are fixed. It is obvious that there 
are portions of the total domain of x, y, z that belong to 

more than one configuration. For example, if 

2) = (5, 3, 3), 

then both of the following are true: 

y<z 

ten<ele... (6) 

is used to indicate any permutation of the variables 

x, y, Z,... in the configuration relation. Since all real 

numbers have the properties: 

(1) Either a < bor b < a, or both; and 

(2) Ifa < bandb < c, thena < c, 

we require all permutations of x, y, z,...in (6) to cover 

the domains of x, y, z,.... 

Within the configuration there are 2"! conditions, 

termed sub-configurations, that can be established by 

appropriate choices of values for the variables. There are 

n—1 symbols <, and each may have either of two mean- 

ings, = or <. The sub-configuration 

(7) 

belongs to one and only one configuration (6), while of 

the sub-configurations, 

E<n=0<... (8) 

E=n=C<..., ete., 

each belongs to more than one configuration. 

Sets of continuous functions of a parameter ¢ can be 

used to provide values for the variables, £, n, ¢,... Thus, 
if f(x, y, Z) is continuous everywhere, it must be continu- 
ous along the curve described by the parametric functions. 

In particular, a typical set of parametric functions is in 

Table 1 Function f: (x, y, z) 

= the second least of x, y, z. 

x€y€z y x=y y=2Z x=y=2Z 

yex Sz x x=y x=2Z x=y=zZ 

yezex Zz y=2Z x=2Z x=y=2Z 

Zz x=2Z y=2 x= y=2Z 

the relation: 

+ [y+ (e Oy) K<...<e<...9) 

and gives values in the sub-configuration 

for ¢ < 1, and in the sub-configuration 

when t¢ 1. The existence of (9) thus proves that, if 

f(x, y, Z,...) is continuous, it is continuous within a con- 

figuration. 

This theorem has the important implication that a 

continuous configuration function can be described, in 

full, by listing, for each configuration, the variable whose 

value is taken by the function in that configuration. In 
other words, it is unnecessary to consider conditions of 

equality if the function is continuous. 

It is also true that if a function is discontinuous at some 

point, it must be discontinuous within at least one con- 

figuration. This is because every point of the domains of 

x, y, z,...has all its neighboring points in the same con- 

figuration, although the neighboring points may them- 

selves belong to more than one configuration. 

In testing the continuity of specific configuration func- 
tions, one way of proceeding is to list all n/ configurations, 

and for each configuration, all 2"-' sub-configurations. 

The function in question is then analyzed, and the vari- 

able whose value is assumed by the function is put in 

correspondence with the sub-configuration. If the same 

variable appears in each sub-configuration of each con- 
figuration, the function is continuous. For example, the 

two examples given earlier are put in this form in Tables 

1 and 2. 

Examination of the tabulation for f;(x, y, z) shows 

that the same variable appears throughout each configu- 

ration and differs only in different configurations. On the 

other hand, f2(x, y, z) has the value of y in the sub-con- 

figuration z < y < x, and x in the sub-configuration 

z = y < x. Thus f; is continuous while fs is not. 

This method of analysis is interesting in that it suggests 

a way of defining continuity, or rather a property analo- 

gous to continuity, for functions whose variables are 

discrete rather than continuous. That is, we might say that 

a configuration function is “connected,” if the variable 

Table2 Function fz (x, y, z) 

= the lesser of x and y 
which is greater than z, or else z. 

Zz Zz x=2Z 
yez<ex x x x=y=z2Zz 

z<y<ex y x x=y 
2¢x< x y x=y x=y=2z 

y y y=zr x=y=2Zz 163 
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whose value is assumed is the same for every sub-con- 

figuration of a configuration. This concept might be ex- 

tended to a larger class of functions by jetting the variable 

be dependent, in the sense that a dependent variable is an 

expression using only the elementary operations. How- 

ever, this conjecture is presented as interesting, but is 

apart from the major objective of exploring the properties 

of diminish and its derivative operations. 

Instead of going through the tedious process of evalu- 

ating a configuration function for every sub-configura- 

tion, it is easier to discover a lack of continuity by using 

some test function. The test function provides a set of n 

values as a function of a parameter f, each value being 

applied to one of the n variables of the configuration 

function being tested. Each value of the set is a continu- 

ous function of ¢, and as ¢ is varied, the test function 

places the variables in every configuration. In the next 

section we will describe a suitable test function graph- 

ically. 

A test function for determining continuity 

configuration functions 

Any set of values of three independent variables can be 

plotted as a point in three-dimensional space. The positive 

octant, to which the values of the variables are restricted, 

is divided into six regions by the planes x = y, x = z, 

y = z, as shown in the left diagram of Fig. 2. Each region 

corresponds to a configuration of the variables. 

Looking down into the octant along the line x = y = z, 
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Figure2 Values of three independent variables 
plotted as a point in three-dimensional space. 

the planes of equality would appear as lines at 60° to one 

another. This line of view establishes a plane of projection 

on which we can trace out, in projection, the path de- 

scribed by any variation of the three independent vari- 

ables. The right diagram of Fig. 2 shows this projection of 

the planes of equality and of an arbitrary path (the 

circle) described by the set of the three independent 

variables. 

We can put a two-dimensional figure, which shows the 

variation of the individual variables, on the above pro- 
jection plane, using angular position along the projected 

path as a parameter. In Fig. 3 the radial distance from 

the intersection x = y = z is the value of the individual 

variable. 

It is evident that the only situation which can not be 

plotted is x = y = z #0. Since we are concerned espe- 

cially with the lack of continuity of functions, any arbi- 

trary path over which the function is discontinuous is 

sufficient to show the discontinuity of the function. There- 

fore, we can choose a path not including the condition 

x = y = zand avoid the difficulty in representation. 

The configuration functions, by definition, will consist 

of segments of the above figure; that is, if we choose one 

line segment in each sector, we have a representation of 

a configuration function. It is evident that most of 

3°! = 729 combinations of segments of three variables 

will be discontinuous, in that they contain a jump, for 
example, from x to z at the plane x = y. 

The number of continuous paths in this figure can be 

counted, and gives us an upper limit to the configuration 
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functions that might be written as expressions using di- 

minish. This number is 18 in the case of three variables, 

and, in fact, these can all be written as expressions using 

only the operations greater and lesser, as shown in Table 

3. The method of counting continuous paths is to establish 

a starting point on some line segment, then pass to the 

next sector and count the number of ways of getting to 

each line segment from the previous sector in a continu- 

ous manner. This process is continued around, and the 

number of ways that provide a return to the starting point 

is the number of continuous configuration functions con- 

taining the starting line segment. The numbers on the 
above diagram are the different ways in which each seg- 

ment can be traversed from the indicated starting point. 

The total number of continuous configuration functions 

is obtained by counting paths for each line segment in the 

starting sector. 

Table Continuous configuration functions 
of three variables. 

XYZ YXZ Zyx zy xzy 

xUy y x x 

Zz x x a z 

x x x 

x x z x 

y y y z 

x (y Uz) z x Zz y x x 

yU (xN z) y & 
yN (x Uz) 

zN(xU y) z z Zz z 

rN (xUy) (x VU 2) 

=xU(xNy)etce. x x x 

zN (y Uz) z z z z z 

xUyUZ Zz Zz x y 
Sry x y y z x 

(xUy)N(xUZ)N 

The advantage of this graphical construction is that it 
provides an easy visual method of testing if a function is 
continuous. The two functions, given previously as ex- 
amples, can be presented as in Figs. 4(a) and 4(b). 

The figures show that /; is continuous, while fs is not, 
and therefore f2 can not be expressed only in terms of 
diminish. 

The method of testing continuity just described can 
be extended to any number of variables and to functions 
which take on values which are derivative from the inde- 
pendent variables. To do this, we simply draw on the 
same figure the additional variables which the function 

might assume. In the event that there are more than three 

independent variables, we assume that the two-dimen- 

sional projection plane can also be interpreted as a pro- 

jection of multi-dimensional space. Figure 5 represents 

the configuration functions of four variables, and is 

drawn by superimposing the fourth variable, w, letting it 

assume all possible configurations with respect to the six 

configurations of x, y, z. The continuous configurations 

have been counted on this type of diagram and found to 

be 6993. 
Several observations can be made about these dia- 

grams: 
(1) Regardless of the number of variables, a test func- 

tion exists which passes through every configuration. 

(2) Within each configuration, the test function passes 

through the sub-configuration §<»<¢€<...and 
through only two of the degenerate sub-configura- 

tions, each containing one equality. Thus, the test 

function can be used only with configuration func- 

tions in which equality conditions are not singled out. 

Multiplication 

In addition to the operations so far treated (diminish, 

add, greater, lesser), most data processing requires the 

use of multiplication. Multiplication is distributive with 

respect to diminish and its derivative operations: 

x(yOz) =xyOxz 

x(y +z) =xy+4xz 

Azx 

Figure Two-dimensional plot 

on the projection plane of the right diagram 

of Fig. 2 showing variation of individual 

variables. 
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Figure 4(a) Function f;, the second least of x, y, z 

Figure 4(b) Function fz, the lesser of x and y, 
which is greater than z, or else z. The figures 

show that f, is continuous, while fz is not. 
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x(yNz) =xyN xz 

x(y Uz) = xy U xz. 

The operation of multiplication, along with diminish, 

permits expressions to be written which represent func- 
tions containing discontinuously-varying rates. For ex- 

ample, a public-utility rate schedule is: 

$1.90 for the first 24 kwh or less 

5.3¢/kwh for the next 120 kwh 

3.7¢/ kwh for the next 136 kwh 

2.2¢/kwh for more than 280 kwh, 

This function is represented by the expressions 

f(x) = 1.900 + .053[(x © 24) (x © 144)] 

+ .037[(x 9 144) © (x © 280)] + .022(x+ 6 280) 

= 1.900 

+ {.053xO[1.272 + .016(x+0 144) + .015(x+6280)]}. 

The single-address stored programs, compared on the 

same basis as the example titled “Program 1” are shown 

in Program 2. 

Program 2 Comparison 

of single-address stored programs. 

Conventional Using Diminish 

1.1 R ADD (x) 1.1 R ADD (x) 

.2 SUB (24) 2 MPY (.053) 

a+ 3 STORE 99.1 

4 R ADD (1.900) 

4.3 

2.1 SUB (120) 2.1 R ADD (280) 

3.1 .2 DIM (x) 

3 ADD (120) 3 MPY (.015) 

4 MPY (.053) 4 STORE 99.2 

5 ADD (1.900) 

.6 TR 4.3 

3.1 SUB (136) 3.1 R ADD (144) 

2 R+ 4.1 .2 DIM (x) 

3 ADD (136) 3 MPY (.016) 

4 MPY (.037) 4 ADD 99.2 

5 ADD (8.260) 5 ADD (1.272) 

.6 TR 4.3 .6 DIM 99.1 

4.1 MPY (.022) .7 ADD (1.900) 
2 ADD (13.292) 

In the instance of Program 2, diminish provides: 

(1) A saving of five out of nineteen instruction spaces; 

(2) A loss of approximately four in additional instruc- 

tions executed; 

(3) A straight-line program. 
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Figure 5 Configuration functions of four variables 
The fourth variable, w, is superimposed, and 

assumes all possible configurations with respect 

to the configurations of x, y, Z. 167 
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The simulation of discontinuous functions 

in digital computation 

Diminish, by itself, only permits the construction of con- 

si tinuous functions, or functions that would be continuous 

= if each quantity could assume any real positive value. 

ze The use of multiplication makes possible expressions 

if which simulate discontinuous functions in digital data- 
a processing machines. Consider the function 

f(x) =10(aSGx)=0 ifl+x<a 

=] ifx>a. 

If x can vary continuously, the graph of f(x) consists 
of the two line segments f = 0 and f = 1 joined by a 

segment (x + 1) Ga. To a digital machine computing 

this function, the joining segment will not be accessible 

when the quantities are scaled such that the incremental 

change in x is unity, so f(x) can be considered to simu- 

a late the unit step function. 

The function 

g(x) = 106[(aSx) + (x0 

has the value 1 only if a < x < b. A more general 
function, h(x), can be set up to be | only if any number 

of conditions are met: 

h(x) =1N (wOx) 

= lifw < xandy < z,and.... 

= 0 otherwise. 

s Having a function which is unity only when a pre- 

scribed set of order relations are met, and zero otherwise, 

it is possible to simulate, on a digital computer, any func- 

tion with a finite number of discontinuities. This is done 

by multiplying one of the above types of unity functions 

by the appropriate value, and taking the sum of a number 

es of such products. 

: Calculation of the ordinal number of 

7 a number in a set 

Previously it was shown that the first, second, ... mth, of 

a set of numbers could be calculated. This calculation 

might be described as: “Given the ordinal (first, second, 

etc.), which number of the set is it?” The preceding sec- 

tion now provides a method for the inverse operation: 

: “Given a number which is one of a set, which ordinal 

is it?” 
If the original set is (x,, x2, x3,...) which contains n 

distinct integers, there will be a corresponding set (a, f, y, 

...) in which 

a<B<y<... 

ef 168 To the set (a, 8, y,...) there corresponds a third 
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set (1, 2, 3,...) which we call the ordinal number set. 

Any number, x, among the original numbers, %;, X2, Xs, 

... 1s the same as one of a, f, y, . . . and therefore corre- 
sponds to some i of 1, 2,3,...The correspondence is 

unique provided that all the x; are different. 

Let x be the number in the set (x;) whose ordinal, 

i, is to be found. Then 

Me i= 
j=1 

because for each x; <x, 

19 (x.Ox) = 1 

while for the x; = x, 

190 =1 

and for each x, > x, 

19 (%mO x) = 0. 

The numbers in the set (x;) need not be integers, 

provided that there is some number, s, such that 

xis = integer. 

If this is so, then 

i= Os 
j=1 

As an additional point, if equalities are permitted 

among the x;, there arises the question as to what is meant 

by the ordinal number of x if x = x, where {x} is a 
subset of the original set of numbers (x;). 

We can define the following: 

imax = (x; x)] 

imin + 1 ext (xO x;)], 
j=l 

which amounts to defining the ordinal of a number in 

terms of an upper and lower bound. 

It is interesting to note that computing the number 

whose ordinal is given is performed by expressions which 

are continuous, while the inverse process of finding the 

ordinal number of a given number is performed by simu- 

lating a discontinuous process. 

Computation of tabular functions 

The basic problem of computation might be described 

in this way: 

(1) Given once, a statement of a functional relationship, 

and, 

(2) Given repeatedly, various numbers to apply in the 

function, determine, repeatedly, a new number in 

accordance with both (1) and (2). 

$ 

| 
| 

| | 

n 



Up to now, we have been treating statements which 

employ such words as “the lesser of,” “if x is less than 

y” to express the functional relationship. We have shown 

that there exist mathematical expressions which are 

equivalent functional relationships, and that these ex- 

pressions are translatable into very simple, unconditional 

steps of computation. 

Perhaps the most specific way of describing a func- 

tional relationship is to use a succession of statements: 

If x1<x<¢ x; take f,(i = 2,3,...n), 

where x;.1, Xi, f; are all numbers, given once as the 

functional relationship, while x is one of the numbers 

given on repeated occasions. The shorthand way of repre- 

senting this functional relationship is by means of a table: 

f= fi fe fi fn 

The table is arranged so that x; < x;,:, but f need not 

be a monotonic function of x. 
There are several ways in which a computer can get fi, 

if given x; using well-known table-look-up procedures. 

The purpose of this section is to describe another method 

for computing tabular functions. Basically, the method 

consists of two stages: converting the tabular entries to 

coefficients, and performing an algorithm, which uses the 
coefficients to build up the value f(x). The first stage is, 

of course, a one-time operation: once determined, the 

coefficients are available for any future determination of 

f(x). The algorithm, which is performed for each value 

of the argument x, will be described first, in order to show 

what coefficients are obtained. 
We first define an adjoined number x;\a; to be the rep- 

resentations of x; and a; placed side by side and manipu- 

lated as a single number. For example, if x; = 212 and 
a; = 1907, the adjoined number x;|a; = 2121907. If the 

radix is r, and the number of digits of a; is s, then 

Operations and calculations can be performed on ad- 

joined numbers, just as on ordinary numbers. Thus 

x|0 = x1, O ifx; >x 

if x;<x 

The purpose of this maneuver is to use the diminish 

operation to wipe out a; if x; < x, but leave a; available if 

With this definition as a basis, we can now set up a 

sequence of functions, P;, which will be the procedure 

for computing tabular functions. The functions are shown 

with the value which they assume under the indicated 
conditions: 

Py = Ox|0) + x|0 

Pz = Pi) + x\0 x|0 

P; = (X3|ag P2) + x|0 X3 O + ay x+ x30 xela3 ae 

where a; < de < ay <. 

This process is carried on for n steps (until x, is Since 

reached), resulting in a quantity x' g,. Disregarding the 

x! part, which can be readily removed in a machine, we a < az < a3 S... <n, 
have for g,: 

If x < X15 

= anO (....0 (as (a3 (a2 Oai))) «..). 

If x < Xe, Gn? = anO (....9 (a4 9 (a3 0 ...). 2n° = An 

If x < xs, = An O(....8 az) = an. 

8n" = The upper signs are taken if n is even. 
Because we get a different value of g,' for different 

ranges, x;.1 <x < x;, and because the coefficients a, are 169 
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arbitrary (except for the condition a, < a,,,), we can set 

g,' equal to the table entries /;. There is a preliminary 

step, however, because 

< <...<g,*?* <g". 

If f; should conform to this order, we can set fj = gn‘ 

and solve for the coefficients a,. Most of the time, f; will 

be in different order, but we can set 

hi hi (mod m). 

In general, m is conveniently a power of the number 

radix (10 for decimal numbers), so that after P,, = x' |g, 

is computed, both x! and the excess digits of g, can be 

removed in one operation. 

To summarize, we have a computational procedure, 

as shown in Program 3. 

Program 3 Computing procedure. 

1.1 R ADD (x!0) 

2 DIM (x1\a1) 
3 ADD (x!0) 
4 DIM 
5 ADD (x!0) 
6 | | 

1.2n DIM an) 

1.2n+1 SET L 

The procedure indicated in Program 3 leaves in the 

accumulator the value f; corresponding to x;_, <x < x). 

The method, as described, requires two program steps 

for each entry of the table plus some preparatory steps. 

In general, it is not as rapid as direct look-up or search 

methods of obtaining table values, but will require 

smaller storage space, particularly for small tables. A 

typical example is that of an insurance company which 

retains in each policy record the month and year to which 

the premium is paid. Premiums may be paid annually, 

semi-annually, quarterly, or monthly, the mode of pay- 

ment being coded with a single digit in the policy record. 

As each new premium payment is made, the premium- 
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paid-to-date must be revised. In this instance the code is 

adjoined to the month to which the premium is paid to 

give a number which will be used as the argument to 

determine the year-month increment. 

Detailed programs have been written, and show that 

this method, in comparison to conventional table-look- 

up procedures, resulted in (1) a saving of 10 out of 

32 instruction spaces; (2) a loss of approximately 10 in 

additional program steps executed; and (3) a straight- 

line program. 

Conclusions 

Positive-integer arithmetic, with its appropriate opera- 

tions, provides a basically different method of computa- 

tion. Conventionally, tests on the signs of numbers are 

used to determine the later course of computations and 

are stated explicitly in the computation. In positive-integer 

arithmetic, the tests are contained implicitly in the funda- 

mental operations, and the course of computation is fixed. 

A very wide range of functions can be written as 

simple expressions. This includes functions which other- 

wise require verbal descriptions or tables to express, as 

well as non-analytic functions. 

In the application of positive-integer arithmetic to 

data-processing and computing machines, this study dis- 

closes the following: 

(1) It is possible to build efficient machines with less 

equipment than is now used. The reduction in equipment 

appears in the storage requirements for machine pro- 

grams; the elimination of equipment for the control of 

signs; and the use of sequential, instead of random, 

program storages. 
(2) The addition of the diminish operation to existing 

equipment offers the programmer means of reducing 

requirements On machine capacity, either in program 

storage or in control panel functions. 

(3) The programmer, in thinking through a complex 

computation, may find it easier to follow a single line of 

reasoning rather than to keep in mind the branchings of 

alternate procedures. Besides this subjective considera- 

tion, it appears that automatic programming and program 

assembly are simpler when only linear procedures occur. 

(4) In some types of computations, the disadvantage 

of this system of arithmetic is that it requires more pro- 

gram steps to be executed and therefore would be a 
slower machine operation. 
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M, J. Ghazala* 

Irredundant Disjunctive and 

Conjunctive Forms of a Boolean Function 

Introduction 

Since C. E. Shannon’s' work on the analysis and synthesis 
of relay and switching circuits, the simplification (min- 

imization) of the Boolean expression symbolizing the 

operation of a binary system has become a major prob- 

lem. W. V. Quine* has treated the problem of obtaining 

the simplest normal equivalent of a Boolean function. 

More generally, we define “Quine’s problem” as the 

problem of finding the complete set of irredundant nor- 

mal (or alternational or disjunctive) forms of a given 

function. 

In the present paper, we describe a general method for 

the solution of Quine’s problem. We also consider the 

problem of finding the complete set of irredundant con- 

junctive forms of a given function, and we show that 

this problem can be reduced to Quine’s problem, through 

a set of transformations which we fully describe. Any 

solution to Quine’s problem is therefore a solution to this 

problem, including the method we describe. 

Definitions and symbols 

Consider n binary independent variables. These are rep- 

resented by the letters 

Vn-1 Vn-2°°° Vo V1 Vow 

The complement (inverse, or negation) of the variable 

v; is written 

The symbol + represents alternation (disjunction, in- 

clusive union, logical sum, inclusive OR). | 

The symbol « represents conjunction (intersection, logical 

product, AND). 

A binary function will be generally denoted by f. 

f implies /' is written f > f'. 

*Also Gazale. 

Abstract: A thorough algebraic method is described 

for the determination of the complete set of irre- 

dundant normal and conjunctive forms of a 

Boolean function. The method is mechanical and 

therefore highly programmable on a computer. 

f is equivalent to f! is written f = f'. 

Single variables or inverses of single variables are re- 

ferred to as literals. 

It is always possible to replace a conjunction of literals 

where a given literal appears more than once by an 

equivalent conjunction where this literal appears only 

once, by virtue of the idempotent law. Such a conjunction 

will be referred to as conjunctional term, or simply term. 

(This is actually Quine’s “fundamental formula.”) Sim- 

ilarly, an alternation of literals where a given literal 

appears only once will be referred to as alternational 

term, or alterm. 

A normal form (or alternational, or disjunctive form) is 

an alternation of terms. 

A conjunctive form is a conjunction of alterms. 

An implicant of a given function is a term which implies 
that function. 

An implicate of a given function is an alterm which is 

implied by that function. 

An implicant of a function of n variables where all n 

variables appear will be called canonical implicant. 

An implicate of a function of n variables where all n 

variables appear will be called canonical implicate. 

Following Quine, a term ¢; is said to subsume a term 

2 if and only if all the literals whereof 2 is a conjunc- 
tion are among the literals whereof ¢; is a conjunction. 

Similarly, an alterm y; is said to subsume an alterm yz if 

and only if all the literals whereof 2 is an alternation are 
among the literals whereof y; is an alternation. 

It is clear that if ¢; subsumes do, 6: — de, and that if 
Subsumes Yo, > 

If oi, etc....are implicants of a function 

the alternation (¢1 + ¢2 + 3) is also an implicant of f. 

Similarly, if Yi, Y2, Ys are implicates of a function /, the 17? 
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conjunction .) is also an implicate of f. 
Also if ft — f, we have ff! = fiandf +f! =f. 

An irredundant alternation (or conjunction) is an 

alternation (or conjunction) of terms (or alterms) such 

that none of the terms (or alterms) involved is superflu- 

ous, and none of the literals within any of these terms 
(or alterms) is superfluous. 

Quine defined a prime implicant of a function f as an 

implicant of f which subsumes no other implicant of f. 

We define a prime implicate of a function f as an impli- 

cate of f which subsumes no other implicate of f. 

The set of prime implicants and the set of prime 

implicates of a given function f are finite. Quine has 

proved that any simplest normal equivalent of f will 

necessarily be an alternation of prime implicants of f. 

This is easily extended to any irredundant normal 

form. In an identical manner, any irredundant conjunc- 
tive form will necessarily be a conjunction of prime 

implicates. 

The set of irredundant normal forms 

Given the complete set of implicants of a function f 

Gn 

Consider an irredundant solution 

fi = de + dit dm 

Any ¢; such that j # k #1 + m is superfluous with 
respect to f; and satisfies the relation 

Gi 

The problem is to determine the complete set of irre- 

dundant combinations of the prime implicants of the 
function f. 

The set of irredundant conjunctive forms 

Given the set of prime implicates of a function f 

any irredundant conjunctive solution will necessarily be 
a conjunction of prime implicates of f. 

The problem is to determine the complete set of irre- 

dundant combinations of these prime implicates of f. 

Theorem 

Given the complete set of prime implicates 

of a function f, any irredundant conjunctive form f; of f 

is the dual* of an irredundant normal form /;! of an aux- 

*Every literal is replaced by its inverse, every conjunctive sign by an 

alternation sign, and vice versa. 
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iliary function f whose prime implicants are 

obtained from the set of prime implicates by the trans- 

formation = 

Proof 

Consider an irredundant conjunctive form f; given by 

fi = 

Regarding this solution, any such that Ak #AlA~Am 
is superfluous, i.e., 

= Wi ALFA mM) 

This gives 

WG F k F l m) 

i.e., any prime implicate implied by the conjunction f; is 

superfluous with respect to this conjunction. 

Again, this gives 

tht FKALAM) 

Introducing the functions 

suchthat 4; = ¥; 

we get 

> dk + di + Fk ALAM) 

Now, since every y; is an alterm, it follows that every 
¢; is a term. Again, since no alterm ¥; subsumes another, 
no term ¢; will subsume another. We can therefore con- 
sider the set of ; as being the set of prime implicants of 

an auxiliary function which we shall denote /'. 

Now, since 4; — x + o: + $m, One irredundant nor- 

mal form of f! will be 

= dr + di + bm 

and we have fi = Pi 

In other words, given the set of prime implicates y;, 

first obtain the set ; such that ¢; = ¥;. Then consider 

this set as being the set of prime implicants of a function 

f’. Obtain the set of irredundant normal forms f;! of this 

function /'. The set of irredundant conjunctive forms will 

be derived from it by the simple transformation /; =f;', 

i.e., replacing each ¢ in the solution f; by the correspond- 
ing W, and alternation signs by conjunction signs. 

The problem of finding the complete set of irredundant 

conjunctive forms is therefore reduced to Quine’s prob- 

lem, by the use of the above transformations. Any 
method providing a solution to Quine’s problem, includ- 
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ing the method we are about to describe, is therefore 
valid in this case. 

Remark 

The set of prime implicates of f can be obtained by 

simply applying the distributive law 

ab + cd = (a+ c)(a+d)(b+c)(b+ d) 

to the alternation of the complete set of prime impli- 

cants or to some normal form of /, and suppressing any 

alterm subsuming another alterm. 

Conversely, the set of prime implicants of f can be 

obtained by simply applying the distributive law 

(a+ b)(c + d) = ac + ad + be + bd 

to the conjunction of the complete set of prime impli- 

cates or to some conjunctive form of /, and suppressing 

any term subsuming another term. 

The method 

Let us first introduce the following fundamental opera- 

tion: We define the ratio of a function f to a literal / as 

the binary function which is equivalent to f whenever 

/ equals 1. The ratio of f to / is written 

(1) 

Examples 

= wis ViV3 
V2 V2 

vive¥s _ ete 
V3 Vi ViV2 

In other words, the ratio of f to / is obtained by form- 

ing the conjunction of f and /, and suppressing / from 
this conjunction. 

It is easily shown that 

(2) 
1 

It follows that the ratio of a function f/ to a term which 

implies f is valid. 

Proof 

Let this term be ¢. We have ¢ > f 

therefore 

of 

Consider now the list of prime implicants of a func- 

tion f 

According to Quine, a given prime implicant is dis- 

pensable if it implies the alternation of the remaining 

prime implicants. In other words, a given prime impli- 

cant ¢; is dispensable if the alternation of the ratios ¢;/ ¢; 

for all values of j except j = i, is valid. 

Construct a chart as follows: 

$1 $a $n 
oi 

. . . 

& & & 
$i pi $i 

. . . “ee 

\ 

“ee . a. 

\ 

dn gn gn 

The general term, on Row i and Column j is ¢;/ ¢i. 

The diagonal is the locus of ¢;/¢; = 1. Nothing should 
be written upon it. 

A given prime implicant ¢; is dispensable if the alter- 

nation of all the ratios on Row i is valid. Let us consider 
an example: 

The prime implicants of a function f are the following: 

xy xy XZ yz wz 

The ratio chart is as follows: 

xy xy XZ By 4 wz 

&y . z wz Not dispensable 

. y y w Dispensable 

4 yz w  Dispensable 
5 

wz| xy = xy x y + Not dispensable 

The prime implicants ¢;, $2 and ¢;5 are not dispensable. 

os is dispensable since § + y + w= 1. 

#4 is dispensable since ¥ + x + w= 1. 

Consider now ¢;. From the chart, we can see that the 
alternation § + y + w is valid, which gives 

But also the alternation § + y is valid, which gives 

ds > + (4) 173 
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This shows that ¢5 is not necessary to make ¢; dis- 

pensable. Relation 3 is therefore redundant in ¢; and 
Relation 4 is irredundant. 

Similarly, Row 5 gives us the irredundant relation 

Let us now introduce what we refer to as presence 

factor and denote o;. A presence factor o; is a binary 

coefficient, attached to ¢; such that the presence of prime 

implicant ¢; in a given irredundant normal form of f 

corresponds to o; = 1, and its absence to o; = 0. 

Considering the relation ¢; — ¢2 + 4, it follows that 

the absence of prime implicant ¢; from a given irredun- 

dant normal form of f implies the presence of both ¢2 
and ¢, in that same normal form. In logical symbols, 

this gives 

Note that the redundant relation $3 — ¢2 + $4 + ¢5 

would yield the relation @; — o2-0;: 05 which is not 

irredundant, since the absence of $3 does not necessarily 

imply the presence of ¢s. 

In a similar way, we can write the set of irredundant 

relations: 

0 

al 3 —> 0204 

We know, from the properties of implication that if 

a — b, then d+b = 1. This gives the set of equivalences: 

o, = 1 

+ 3 w 

Any. irredundant normal form of / has to satisfy all the 

above equivalences. In other words, we have an irredun- 

dant normal form every time the above equivalences are 

simultaneously satisfied. So that if we write: 

S = 01+ 02+ (03+ 0204) (04+ 0103) (6) 

We have an irredundant normal form of f whenever 
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S = 1. Sis called presence function of f. Computing (6), 

we get 

S = o1020305 + 01020405 (7) 

The two irredundant normal forms of f are therefore 

F, = $1 + $2 + + for 01020305 = 1 

and Fz = gi + $2 + da + os for ojo20,05 = 1 

These are 

Fi, = xy + xp wz 

and = xy + xf + yz + wz 

In general, if the number of prime implicants of a 

function f is n, the chart yields n equivalences of the type 

Ti- Si, that is, 

o+ = 1 (8) 

Where §; is a function of the presence factors o; for all 

values of j except j = i. The presence function S is there- 

fore of the form 

n 

It involves no inverses of o; and therefore if the re- 

peated conjunction is computed throughout, the only 

simplification which is necessary consists in suppressing 

any resulting term which subsumes another term. 

An essential condition is that S; be irredundant. In the 
above example, these S$; were rather obvious. It can hap- 

pen, however, that the situation be more complicated, as 

the following example shows: 

Consider the following chart of ;/¢;. (Such a chart 

will be called ¢ chart.) 

1 3 4 5 6 8 

de cdé@ abd ahe hed bce 

1 de . . . dc . ab . be 
cdé . a . ab . b . 
acd é . e b be 
ace d d . bd Bb 

cé e c ce 

abe d . . . d . cd c 
9 a 

bce d . ad a d 

The first row yields @, 0 S, = 0 o, = 1 

The second yields 

The third yields 0204 S3 = 6204 63 + = 

— i 

aN 

| 
} 

| 

ore | 

03 —> 02° 

Ne 

a S = JJ (0: + Si) (9) | 
| 

| | 

| 

| 
04 0103 
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The fourth yields Ss = 

The fifth yields a - 0 Ss = 0 os = 1 

The sixth yields Sg = + = | 

Now S; and Sx are not obvious. To determine them, we 

resort to a procedure which we call cracking. First con- 

sider Row 7. Construct a ratio chart whose horizontal 

and vertical entries are the ratios on Row 7. (Such a 

chart will be denoted ¢/ ¢; chart.) 

> 

34 é e . e 

5 a é . . e e 

6 ae . . . l . | 

8 e . . a a a a . 

Now, we can say that ¢; implies the function consid- 
ered, whenever the alternation of one of the lines in the 

above chart is valid. This gives us 

(02 + o305) + + (a4 + o3 + og) 

(05 + + (og + o5 + og) 

(og + 0305 +0306 + O45 + o406) 

that is, 

> 6305 + + G20306 + G20405 + 

Similarly for Row 8, if we construct the / ds chart, 
we get: 

Og > 0107 + O406 + 010305 + 010405 + 010306 

Finally, we can write an expression for S: 

S = (01) (02) + o204) (04 + o103) (05) (og + 

+ o305 + + + G20\405 + G20406) 

(og + o107 + + 10305 + + 10306) 

Computing, we get 

S = 01020305 + 01020405 

The two irredundant solutions are thus: 

Fy de + cdé + acd + abd and 

F., = de + cdé + dce + abd 

In other words, a presence function S is given by (9) 
where i is any row of the ¢ chart, and S; a corresponding 

In turn, S; is given by 

n 

S; = [J (ox + Six) (10) 
k=1 

where k is any row on the ¢/¢; chart, and Sj, a corre- 

sponding function of o;, FiF k). 
Similarly S;, can be given by 

Six = T] (or + Sixt) (11) 
l=1 

where / is any row on the (¢/ (¢x/¢;) chart and Six; 

a corresponding function Of 

(jFIFKF |)... ete. 

If this method is used by a computer, cracking can be 

achieved in an exhaustive manner. But, for pencil and 

paper work, cracking is seldom needed, and the reader 

can check that even when the number of variables is very 

high, it is easy to obtain any function S;. For instance, 

Row 7 of the ¢ chart shows 

| that 6; + os because d + a= 

also — + os because + e = 1 

also 6; d2 + + oe because + ae= 1 

also d2 + + because é + de + a= 1 

also + + because + de + ae = 1 

This gives 

0305 + G20g + G20306 + G20405 + O20406 

Conclusion 

The present method is thorough and yields a complete 

list of all the irredundant forms of a given function. Of 

these, the simplest will be retained if desired, according 

to whatever criterion of simplicity is chosen. The pro- 

cedure itself involves no choice and can therefore be 
entirely mechanized. 

The main idea in this method is that whenever it is 

stated that a prime implicant is dispensable, this state- 

ment is, of course, true but often involves redundancy. 
To be irredundant the statement has to involve the com- 

plete list of reasons which are necessary and sufficient to 

make this prime implicant dispensable. Any reason im- 

plying another reason would appear in the S function as 

a term subsuming another term and would therefore be 

rejected. When such a list is not obvious, systematic 175 
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“cracking” is used, if the problem is actually cracked into 

a number of minor problems of standard type. 

This method can therefore be highly mechanized. 

However, if the solution is to be manual, it is consider- 

ably simpler than other existing ones, because the only 
difficulty would lie in writing the function S with a mini- 

mum of cracking, and this difficulty is actually of a very 

limited character. 

Interesting papers on this general subject have been 
published by various authors, and especially R.H. Urbano, 

E. W. Samson, R. K. Mueller*:*° and S. R. Petrick,® of 

the Air Research and Development Command. Petrick’s 

paper presents a method for the direct determination of 

the irredundant forms of a Boolean function from the set 

of prime implicants, in which it is necessary to obtain 

the set of canonical implicants. In the present method 

however, only the set of prime implicants is necessary. 
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M. Schatzoff 

W. B. Harding 

A Mathematical Model for Determining 

the Probabilities of Undetected Errors 

in Magnetic Tape Systems 

Introduction 

In electronic computing systems utilizing magnetic tape 

units, it is desirable to have validity checks at points where 

information is being exchanged between the tape units, 

computer, and printer, in order to insure the correct trans- 

mission of such information. It is also desirable to accom- 

plish this as economically as possible. 
A magnetic tape has seven channels running horizontally 

across it. A character is stored on the tape as a combination 

of bits in one or more of six of the channels, aligned ver- 

tically. On a binary-coded-decimal tape, a checking bit is 

added in the seventh channel if the other six channels con- 

tain an odd number of bits. This is the so-called redundant 

bit. On a binary tape, the checking bit is added if the 

character has an even number of bits. Although the argu- 

ment presented here is derived for a binary-coded-decimal 

tape, the logic used to develop the argument for either case 

would be the same. Figure | shows the seven-channel code 

representation for all digits, letters, and special characters. 

In addition to the vertical checking it is possible to have a 

longitudinal checking bit for each channel, at the end of 

a record. In either case, the odd-even condition can be 

checked by means of switching circuitry which can be im- 

plemented much more easily than the circuitry which would 

be required for a count check. Choice of the former in- 

volves the risk of certain configurations of bit errors slip- 

ping through the system undetected. It is the purpose of 

this paper to derive the probabilities associated with this 

risk, 

Abstract: Mathematical models for evaluating the 

relative efficiencies of vertical and longitudinal 

redundancy-bit checking in magnetic tape systems 

are derived. Although these types of validity check- 

ing have been in use for some time, this is, to the 

authors’ knowledge, the first quantitative statement 

of the probabilities associated with them. 

We may think of a magnetic-tape error as falling natu- 

rally into one of the following four categories: 

No Apparent Apparent 
Error Error 

No Machine 

Machine 
Check IV 

This paper deals specifically with Type I and Type II 

errors. An apparent error is one which can readily be 

detected visually on a print-out. For example, substitution 

of a letter or special character for a digit would be classified 

as an apparent error. However, even this type of error 

would not be detected if transmitted from a tape unit to 

the computer. A word should be mentioned at this point 

concerning Type III and Type IV errors. Although a ma- 

chine check indicates an error condition, it does not locate 

the error, or errors, as the case may be, nor does it indicate 

the number of errors. Thus, it is possible to have undetected 

errors even though there is a machine check. This is to 

some extent counter-balanced by the Type II errors which 

are sometimes detected despite the fact that there is no 

machine indication of an error condition. 

A tape error may take the form of a lost or added bit 

in a character. For all intents and purposes it is not neces- 177 
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0123456789 ABCDEFGHIJKLMNOPQRSTUVWXYZ &e[]-$*/ 

Figure | Seven-channel code representation 

for all digits, letters, and special characters. 

sary to distinguish between these since the occurrence of 

either will have the same effect, that of changing the odd- 

even status. TF :s, we will deal only with errors that do not 

cause a machine check, without regard as to whether they 

result from lost or added bits. 

Mathematical derivations 

There are two basic probabilities involved in determining 

the chances of Type I and II errors occurring. First, there is 

the probability of having (x) errors in a record of length (L). 

Let us call this p,.. Given p., we also have the probability 

(p,) that the (x) errors will be arranged in such a manner 

that an error will not be detected. The conditional proba- 

bility of having (x) errors, none of which are detected, is 

given by (pz pu)=(p:) (p.). 

pis given by the (+ 1)st term of the binomial expansion 

of (¢+p)", where p represents the bit failure rate and n is 

the sample size, or in our case the number of cells. If 7 is 

large, but p is very small, then x will be small, and the 

general term 

f (x) =C(n,x)p* qr 

of the binomial expansion can be approximated very well 

by the Poisson exponential function! : 

(np)'e~"” 

which is tabulated for various values® of mp and x. 

The terms of the series 

2 3 r 

give the probability of exactly 0, 1, 2, ---, or x bit failures 

in a record of length L, where L=n/7. The Poisson expo- 

nential, like the binomial, has only one parameter, p, which 

represents the bit failure rate. Thus, knowledge of the bit 

failure rate will enable us to determine p,. The value p., 

being the probability of having bit errors arranged in such 

a manner as to avoid detection, will differ depending on 

whether the system employs vertical checking only, or a 
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combination of vertical and longitudinal checking. The prob- 

abilities for these two cases will be derived separately. 

Vertical checking 

If there is an odd number of bit errors in a record, the 

machine will always indicate an error condition. Thus, con- 

sidering only the cases involving an even number of errors, 

we may proceed to derive the expressions for the various 

arrangements of bit errors which will satisfy the condition 

of maintaining an even bit count for each character. This 

probability can be expressed as the ratio of the number of 

such configurations to the total number of possible combi- 

nations of x bit errors in the record. We will list these for a 

sufficient number of cases to reduce the truncation error to 

a negligible amount (see Table 1). The derivation is in terms 

of permutations and combinations, where 

P*=number of permutations of n things taken r at a time 

and 

C? =number of combinations of ” things taken r at a time. 

Longitudinal and vertical checking 

For this type of situation it is impossible to have an ar- 

rangement of less than four bit errors, without having an 

error indication from one source or another, Table 2 shows 

the expressions for p, in such a system. 

Numerical evaluation 

The expressions shown in Tables | and 2 can be quantified 

by the substitution of appropriate values of L and p. For 

example, assuming a record of 120 characters* and a bit 

failure rate of 0.001, the probabilities of non-detection for 

both types of checking are shown in Table 3. A failure rate 

of 0.001 is actually an extremely high one and probably 

would never be encountered unless the tape had been ex- 

posed to extremely adverse conditions of temperature and 

humidity. The figure is used here for computational ease as 

well as to illustrate the effectiveness of the checking systems 

under the most unfavorable type of condition. (It should be 

noted here that the material for this paper was derived as a 

result of an investigation into the reliability of a high speed 

* This is a commonly used record length due to most printer limitations of 120 

characters to the line. 
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Table 1 Probability (py) of non-detection printer which under strenuous test conditions involving 
for vertical checking. over 16 million operations, experienced a bit failure rate 

of only which is 1/100,000 of our assumed rate.) 
Number of An inspection of Table 3 reveals some very interesting 

Bit Errors Configuration Pu information. Even for an exceptionally high bit failure rate 

7 a : C7pL a of 0.001, the chance of having more than eight bit errors in 
2 3 ae a record of 120 characters is less than one in two million. 

Be... ae Thus, for practical purposes, truncation of p.|p. for x 
: CipL greater than eight introduces an extremely small error, and 

for both types of checking yields excellent ap- 
4 e CO proximations to the desired probabilities. As a matter of 

P . fact, truncation at x =2 and x=4, for vertical and two-way 

- act 3 checking respectively, would have given satisfactory results. 

— It is interesting to note that for the case considered here, the 

. ci addition of longitudinal checking reduces the risk of non- 

- ; detection to a factor of less than one ten-thousandth of that 

s cipt for vertical checking alone. The efficiency of the redundant- 

° pil bit checking system is further emphasized by considering 

the probabilities associated with bit failure rates of and 

e 10-° for the case of two undetected errors (vertical checking 

only). For these cases, p.|p, takes values of 1.0727 10-° 

and 1.442 107’ respectively. 

‘ fiat An interesting aspect of the probability distribution 

i CiC:P 2 function (p.|p.) is the fact that as the length of record in- 

6 
e 

Table 2 Probability (py) of non-detection 

for two-way checking. 
e 

° Number of 
— Bit Errors Configuration Pu 
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Table 3 Conditional probability (p,'p,) of undetected errors, vertical and two-way checking. 

Bit Errors Px | Vertical Two-Way Vertical Two-Way 

0 0.406570 0 0 0 0 

1 0.365913 0 0 | 0 0 

2  ~—0.164661 7.15137 0 | 1.17755 10- 0 

0.049398 0 0 | 0 0 
4 0.011115 1.53079 10-4 | 7.27978 10~ | 1.70147 10-6 8.09148 x 

5  0,002001 0 | oO | oO 0 
6 5.44873 x 1077 1.63462 10-9 3.69171 < 10-"! 

7 0.000039 0 0 0 0: 

8  0,000004 2.72690 10-7 2.96023 x 10-° 1,09076 x 10-" 1.18409 

1.000000 7.31017 7.40580 1.17925 10-8 8.09517 

creases, p, also increases, while p,, decreases. Thus, it is 

apparent that an optimum record length may exist—i.e., 

one for which the probability of non-detection of errors is 

a minimum. Considering the simplest case of x=2, and 

vertical checking only 

This cannot be treated as a continuous function due to the 

nature of L, but is subject to evaluation by the calculus of 

finite differences or by numerical analysis. Minimization 

of (p.|p.) for various values of x and p will indicate the 

distribution of optimum L, and might be a good subject 

for future investigation. 

Summary 

A general mathematical model for determining the proba- 

bilities of undetected magnetic-tape errors has been derived, 
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and was evaluated numerically for a specific bit-failure rate 

and record length. The relative efficiencies for the two re- 

dundancy checking systems were demonstrated by this 

example, which substantiates conclusively the intuitive con- 

cept that two-way checking is vastly superior to vertical 

checking alone. Finally, a method for determining an 

optimum record length was indicated as a possible realm 

for future investigation. 
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Short Communication 

L. D. Seader 

A Self-Clocking System for Information Transfer 

Summary 

This paper describes a circuit which generates a contin- 

uous train of clock pulses bearing a fixed phase rela- 

tionship to information pulses. By switching two gated 

oscillators, the information pulses continuousiy correct 

the phase of the clock pulses. 

Introduction 

In digital data-storage and transfer systems, a clock signal 

is required in order to detect the absence or presence of 

information bits. The clock signal is merely a train of 

pulses of uniform spacing which has a fixed phase rela- 

tionship with the information bits. Coincidence between 

a clock pulse and an information pulse indicates a “one” 

bit while anti-coincidence indicates a “zero” bit for the 

bit slot corresponding to that particular clock pulse. 

In some synchronous systems, such as a magnetic-drum 

storage system, it is possible to generate the clock signal 

so that it inherently maintains the proper phase relation- 

ship with respect to the information bits. In some asyn- 

chronous systems, such as a magnetic-core storage system, 

the phase and frequency of the information bits is deter- 

mined by an independently generated clock signal. In 

addition, however, there are some systems where it is 
either inconvenient or impossible to use an independently 

generated clock signal. These systems require that the 

clock signal be derived from the information bits. The 

purpose of this report is to present a method of deriving 

clock pulses from information bits which has proved to 

be both simple and reliable. The circuit is called a 

phased clock-pulse generator. 

Figure 1 Block diagram of the circuit. 

(2) GATED 

Block diagram description 

A block diagram of the circuit is shown in Fig. 1 and the 
idealized waveforms are shown in Fig. 3. A binary cor- 

rected trigger is driven by the information pulses so that 

every time a pulse is received, the trigger changes status. 

The two outputs of the trigger are used to gate two oscil- 

lators such that one oscillator is on and the other oscillator 

is off. An incoming information pulse reverses conditions 

and the oscillator which was previously on is turned off 

and vice versa. The oscillators are of a type which start 

with a known phase so that phase correction is inherent 

in the switching of the oscillators. The outputs of the 

two oscillators are mixed in an “or” circuit to provide a 

continuous train of clock pulses, and the overdriven 

amplifier serves to square up the half-sinusoidal output 

of the “or” circuit. The output of the circuit, then, is a 

continuous train of square clock pulses which maintain 

a fixed-phase relationship with the information pulses. 

Detailed circuit description 

The phased clock-pulse generator was originally devel- 

oped to overcome certain clock-phasing problems associ- 

ated with the IBM random-access memory. Because 

of the mechanical tolerances in the access mechanism a 

proper phase relationship between the data and a recorded 

clock track could not be maintained over long periods. 

Figure 2 is a detailed circuit diagram of the phased 

clock-pulse generator as it is used in the RAMAC 305 

computer in conjunction with the random-access mem- 

ory. The circuits are designed for a nominal clock fre- 

quency of 80 kc. NRZI recording is used. 

OSCILLATOR 

INCOMING BINARY 

DATA (1) TRIGGER 

GATED 

3) OSCILLATOR 

©) OVERDRIVEN PHASED 
OR 

— AMPLIFIER CLOCK PULSES 
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+140v +140v 

Figure 2 Circuit diagram 

of the phased clock pulse generator. 

47K tl 

V4A 

390K 
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10K O2ut 680K / VIB +140y 

= = 

—250v 

—250v 

390K 

+140y 

—250v 

51K 

51K 

INCOMING DATA 15K 
VIA 

= 

Reading 

For reading information out of the memory relay point 

S—1 is open. V1B is, therefore, cut off and does not affect 

the operation of the trigger. Incoming data pulses are 

inverted by VIA and fed to the binary-connected trigger 

so that the trigger changes states with the leading edge 

of each data pulse. The trigger is a standard Eccles- 

Jordan type with capacitive-coupled triggering. Each 

plate of the trigger is d-c coupled to a gated Hartley oscil- 

lator. V4A and V4B provide the gating functions for the 
two oscillators while VSA and V5B provide low-im- 

pedance outputs and supply energy to the tank circuits to 

sustain oscillation. The initial amplitude of oscillation 

depends upon the L/C ratio of the tank circuit and the 

cathode current of the gating tube (V4) just before the 

tube is cut off. The relationship is given by the equation 

| 

, (1) 
Ve 

where / is the cathode current of V4, V is peak-peak 

initial amplitude of oscillation. 
The outputs of the two oscillators are mixed in a nega- 

tive “or” circuit consisting of V6A and V6B. A negative 
“or” circuit is used since the gated Hartley oscillator starts 
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in a negative-going direction. The voltage level of the 

“off” oscillator is such that the “or” circuit clips off the 

positive half of the signal. The capacitor shunting the load 

resistor of the “or” circuit allows a certain control over 

the symmetry of the clock signal by smearing the positive 

going edge of the half-sinusoid and thereby changing the 

width of the clock pulses. The half-sinusoidal signal is 

squared up by the overdriven amplifier consisting of 
V7A and V7B. 

Writing 

For writing information into the memory, a continuous 

train of clock pulses is required. This is obtained by clos- 

ing relay point S— 1. V1B, then, conducts and clamps the 

trigger to the state in which V2A is conducting and V2B 

is cut off. The clamp renders the trigger immune to any 

impulses from VIA. The grid voltage of V4A is about 

-35 volts while the grid voltage of V4B is 0 volts. Under 

these conditions, the Hartley oscillator associated with 

VSA is allowed to oscillate while the oscillator associated 
with V5B is highly damped and produces no signal. Suffi- 

cient feedback is provided in the Hartley oscillator for 

the amplitude of oscillation to build up to the point where 
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or OVERDRIVEN AMPLIFIER + | | | | — + — 

ACTIVE REGION 

Figure 4 Sliver elimination. 

V4A will conduct on the negative peaks and limit the 

buildup. The feedback is not so great, however, that any 
appreciable distortion occurs from the limiting action. 

Special considerations 

Figure 4 illustrates two special considerations which must 

be taken into account in the design and application of the 

PCPG. Both of these considerations arise from the fact 

that individual data pulses may be out of phase with 

respect to adjacent pulses. 

In the left half of Fig. 4, it will be noted that the 

data pulse in slot 3 is lagging in phase. As a result of this, 

oscillator (5) generates an extra fraction of a cycle which 

operates the overdriven amplifier. Assuming the ideal 

waveshape shown at (3), oscillator (5) is abruptly shut 
off at the leading edge of the data pulse while oscillator 

(4) is turned on and starts down at a sinusoidal rate. 

It is seen, therefore, that a sliver will be generated equal 

in width to the time it takes oscillator (4) to get through 
the active region of the overdriven amplifier. 

The solution to the sliver problem is shewn in the right 

half of Fig. 4. By slowing down the rise time of the 

waveform at (3) so that oscillator (4) crosses the active 

region before oscillator (5) recrosses the active region 

the sliver is eliminated. In the circuit of Fig. 2, the 

rise time of the trigger is inherently poor with respect to 

the fall time because of the 82 uf compensating capaci- 

tors. 
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The second special consideration is seen in the wave- 

form of (7) in the right half of Fig. 4. It will be noted 

that when a data pulse is out of phase the negative going 

edge of the clock pulse bears no fixed relationship to the 

leading edge of the data pulse, but the positive going edge 

always occurs half a bit time after the leading edge of the 

data pulse. Any data standardizing system using the 

PCPG must take this fact into account for reliable 

operation. 

While the PCPG will tolerate rather large phase errors 

in individual data bits, the long-term data rate must be 

held quite accurately, depending upon the maximum 

number of cycles which may occur in the system between 

data pulses. The relationship is given by the equation 

f N 

where Af is the difference in frequency of oscillators 

and data, N is the maximum number of cycles between 

data pulses. 

This is a theoretical limit and a safety factor should be 

employed to take into account short-term phase errors 

and finite rise and fall times of the circuits. When prop- 

erly designed and applied, the PCPG has resulted in 

reliability and simplicity previously unattainable. 
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Short Communication 

J. L. Walsh 

A Symmetrical-Transistor Steering Circuit* 

Figure 1 Waveforms for conventional phase inverter. 

—4.0v 

—4.0 to—2.3v 

0 to—2.0v 

A bilateral transistor phase-inverter has application in 
digital computer switching circuits. In the circuit shown 

in Fig. 1, the emitter and collector load are equal; and 

when the input is at zero, the transistor is virtually cut 

off, leaving the collector and emitter at —4.0 and 0 volts, 

respectively. If an input of — 2.0 volts were applied to the 

base from some voltage source, then the emitter potential 

would drop from 0 to —2.0 volts (less the drop across 

the emitter base diode). The drop across the 2.0 K 

emitter load resistor would fix the current flowing into 
the emitter, and the collector potential would rise from 

— 4.0 volts to some value determined by a/, and the 2.0 K 

collector load resistor. Since @ in a junction transistor is 

close to unity, one would expect the collector to rise to 

a value close to — 2.0 volts. The transistor is now close 

to saturation. If the base input were made more negative, 

the collector potential would attempt to rise above the 

base input level and collector clamping or saturation 

would occur. In short, for an input-voltage swing less 

than that which would cause saturation, the emitter and 

collector outputs are close to being equal, differing only 

by the variation caused by a being less than unity. When 

the transistor is driven into saturation, the collector out- 

put is much smaller, being limited to the difference in 

the collector supply voltage and the base input. Some pic- 

*Presented at I.R.E. Subcommittee 4.1 on Solid State Devices and Circuits 

for Pulse and Computer Applications at Cornel! University, June 4, 1956. 
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1.0 vicm 0.2 psec/cm 

Fig. A Input from pulse generator 

B Output at emitter 

C Output at collector 

— 

10 vicm 02 psec/cm 

Fig. 1(b) C Output at collector with overdrive capacitor 

B Output at emitter with overdrive capacitor 
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Fig. I(c) B Ouput at emitter for 3.0v input 

C Output at collector 

IBM JOURNAL * APRIL 1957 

185 

‘ 

| 
— | 

| } A 
| 

= 

0 to—1.7v 
= 

| 
2.0K 22 upt 

] 

+ 
| 

| 

B 

ue 

] | | | 

| | 

| 2 

Cc 

| 



186 

tures of the response of the circuit are shown in Figure 1. 

Note, in Figs. 1(a) and 1(b), that the transistor is not 

driven into saturation. In Fig. 1(c), the input signal has 

been increased to —3.‘) volts. A full output is obtained at 

the emitter, but the collector output is limited by satura- 

tion to the difference between the — 4.0 volt power supply 

and the —3.0 volt input, approximately 1.0 volt. Note 

the large positive spike coupled through from emitter 

to collector during the time the transistor is in saturation 

but after the positive turn-off pulse has been applied. 

The circuit, as it has been shown, is well known and 

commonly used. An interesting variation is possible due 

to the symmetrical nature of the junction transistor. If 
by some external means the collector and emitter power 

supplies were interchanged, the normal emitter would be- 

come a collector and the normal collector an emitter. 

Then, if the transistor were perfectly symmetrical, that 

is, normal a and normal » equal to inverted a and in- 
verted », one would expect no difference in the response 

of the circuit. Many commercially available transistors 

exhibit good inverted properties. An example is shown 

in Fig. 2. 

One simple application of the bilateral phase inverter 

can be made in triggering the conventional Eccles-Jordon 

flip-flop shown in Fig. 3. In the circuit shown, the phase- 

inverter load resistors are returned to the collectors of 

INVERTED —4.0v 

—2.4v 

—2.0v 

—1.8v 

NORMAL —4.0v 

2.0K 

—2.2v 

—2.0v 

—1.8v 

2.0K 
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the flip-flop. Depending on the state of the flip-flop, the 

phase inverter will have its normal collector returned 

to —4.0 volts (cut-off side of flip-flop) or to approxi- 

mately —0.03 volts (saturation drop across the “‘on’’-side 

transistor). Application of a negative input from some 

voltage source to the base of the phase inverter will 

produce a positive-going output at the reversed biased 

junction of the phase inverter and a negative-going out- 

put at the forward biased junction. These output signals 

pass through the 33 spf coupling condensers to the 

bases of the flip-flop and simultaneously turn off the 

“on” side of the flip-flop and turn on the “off” side. The 

phase-inverter load resistors act to sense the condition of 

the flip-flop and to steer the correct polarity pulses to the 

flip-flop bases. The circuit takes advantage of the bilateral 

nature of the junction transistor in that each junction of 

the input transistor will alternately serve as an emitter 

or a collector for successive input pulses. In this particular 

flip-flop, overdrive capacitors could be eliminated be- 

cause of the simultaneous-triggering feature of the 

input circuit. The absence of the overdrive capacitor 

would tend to increase the rise time slightly but signifi- 

cantly improves the fall time. Such an arrangement 

results in a more symmetrical output, that is, an output 

of more equal rise and fall time. Waveforms of the 

circuit are shown in Fig. 3. 

Figure 2, Output of phase inverter. 
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Figure 5 Ring counter. 

In another arrangement due to J. C. Logue,* the 

symmetrical transistor is tied directly between collectors, 

as shown in Fig. 4. In this arrangement, application of 

a negative input will divert current from the “on” side of 

the flip-flop to the “off” side through the symmetrical 

transistor. As in the previous arrangement, application 

of successive input pulses causes the normal emitter and 

collector junctions to reverse their roles, being alternately 

emitter or collector, depending on the state of the flip- 

flop. Waveforms are shown in Fig. 4. 
This type of circuit might find application in rings, 

counters, shifting registers, or any system composed 

largely of flip-flops. One possible small system is the 

closed ring shown in Fig. 5. As shown here, only three 

stages are used. This is not a restriction and more could 
be added if desired. Initially, the first stage is “on” and 

the others are “off”. Gates 1 and 2 are conditioned, but 

gate 3 is deconditioned; that is, its load resistors are both 

returned to —4.0 volts (off sides of Ts and 7T;). The 

first input pulse turns off 7; and turns on 72, and the 

*IBM Research Center, Poughkeepsie, N. Y. 
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| | 
— 

40 vicm 1.0 psec/cm 

second input pulse turns off 72 and turns on 73. The 

third input pulse completes the cycle, turning off 7; and 
turning on 7,. Waveforms of the ring are shown in Fig. 

5. In this particular ring, the simultaneous triggering 

feature of the input circuit is retained. The parameters 

of the trigger are the same as those shown in previous 

figures. 

Conclusions 

1. The greatest advantage of the circuit as far as binary 

triggering is concerned seems to be that simultaneous 

triggering at both bases can be used. This reduces 

the regeneration time in the flip-flop. 

The circuit is quite sensitive to changes in input level. 

This can be overcome by application of a bias at the 

input which is greater than the anticipated noise level. 

3. The symmetrical circuit finds application wherever 

flip-flops are used, including rings, counters and 

shifting registers. 

Received December 29, 1956 
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Short Communication 

H. B. von Horn 

W. Y. Stevens 

Determination of Transient Response of a Drift 

Transistor Using the Diffusion Equation 

A mathematical model of a drift transistor has been 

constructed which enables us to study the time required 

for collector current to reach a steady value in response 

to a step function of current introduced at the emitter. 

IBM germanium drift transistors of the PNP type are 

being investigated. Various base widths and resistivities 

are being considered. The models devised are suitable 

for computation by electronic computers. 

The basic equations used are the diffusion equation, 

> + (*) 

Tp = QpppE — 

and the continuity equation, 

ap 1 (*) 

where /, is the current due to holes, q is the charge of 

an electron = 1.5921 x 10-!* coulombs, D, is the diffu- 

sion constant for holes in germanium = .02588y,, jp is 

the mobility of holes in N-type germanium, p, is the 

thermal equilibrium concentration of holes in N-type 

material, +, is the lifetime of holes in N-type material, 

and g’, is the rate of generation of holes in N-type mate- 

rial, by other than thermal effects. 

A one-dimensional model of the transistor was 

adopted. This assumption reduces the above equations to 

op 
= quppE — qD, (1) Ox 

and 

tg, (2) 
ot Tp q ox 

Differentiation of (1) produces the equation, 

al, ap aE ayy (E+ Ox (2 Ox Pax? 

*Shockley, William: Electrons and Holes in Semiconductors, D. Van 

Nostrand Company, Inc. New York, 1950, pp. 298-299. 

al» 
Substitution for —— in (2) results in 

Ox 

ap Pn ap 

ol Tp Ox 

+ D + 8p 
ax? 

which can be written 

ap a2p ap 

Pn 
+ + 8p (3) 

Hole generation by other than thermal means is not 
considered, and therefore the g’, term is deleted. 

While in a uniform base transistor the electric field in 

the base is zero, in a drift transistor there is a field due to 

the gradient of the impurity concentration. This field is 

defined as 

ay kT 1 aN 
at q Nox 

where N is the concentration of donor impurities in the 

base, T is Kelvin temperature, and &k is Boltzmann’s 

constant. 

Donor impurities are diffused into the originally 

P-type germanium by exposing a surface of the germa- 

nium block to an atmosphere of vaporized impurity 

under controlled conditions of pressure and tempera- 

ture. The donor concentration at a distance x from the 

diffusion surface is a function of diffusion temperature, 

the elapsed time and the concentration of the donor 

impurity at the diffusion surface. It is expressible as a 

complementary error function, 

N(x, T) = N, cerf SVET (5) 

where x is in centimeters, N, is the vapor concentration 

of the donor impurity at the surface of the germanium 
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material in units per cc, D, is the donor diffusion con- 

stant and T is the time in hours. 

In order to determine the position of the collector 

junction relative to the diffusion surface, we must find 

the point at which the concentration of diffused N-type 

impurity equals the net acceptor concentration of the 

original P-type germanium. This hole concentration is 

defined by the equation p = 1/,,pq where p is the resis- 

tivity of the original P-type germanium. The equation, 

x 1 
N, cerf >> 

is solved for x by the computer, using an iterative proc- 

ess. The emitter junction is found by subtracting the 
base width from the value of x just computed. Having 

determined this junction, we must consider the effect of 

the depletion region surrounding the collector junction 

since this depletion region reduces the effective width of 

the base. The width of this region is a function of the 

collector bias and may be computed from the equation 

VE= = p where E is the field due to collector bias, 

q is electronic charge, p is charge density, and ¢ is the 

dielectric constant. Solution of this equation for a one 

dimensional model will give a value for the width of the 

depletion region in both the base and collector regions. 

The part of the depletion region extending into the 

base must then be subtracted from the base width to 

find the position of the collector junction under condi- 

tions of bias. This base region is then divided into n 

equal intervals bounded by the n + 1| points, xo, %1,...., 

X»(w = n, and x, = position of the collector junction). 

The net impurity concentration N(x,) — N., where N, is 

the acceptor concentration of the undiffused germanium 

crystal, is determined for each of these points. 

In equation (3) D, is a function of py, (Dp = 

——jp,) where T is the Kelvin temperature of the tran- 

fa (this was assumed to be room temperature), and 

ftp is a function of the net N-type impurity concentra- 

tion in the base. Therefore both D,, and », are functions 

of the x; defined above. A curve for the dependency of 

ftp upon the net donor concentration is available as a 

result of experimental measurements, and a polynomial 

was fitted to the curve. The relationship is 

ftp = [6.78 x 10-*1N?2(x;) — 5.06 x + 1.85 x 

10°] cm?/volt-sec 

Boundary conditions were determined as follows: At the 

time the square current wave is introduced at the emit- 

ter there is no hole current at either the emitter junction 

or the collector junction. This neglects the small collec- 

tor current due to the collector bias. The hole concentra- 

tion at the collector junction is defined to be zero, since 

the collector is assumed to be a perfect sink for holes. The 

holes elsewhere throughout the base are so distributed 
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as to counterbalance the charges resulting from the 

diffused N-type impurity atoms. However this initial 
hole concentration is small and in this computation is 

assumed to be zero. 

After the input pulse is introduced, we make the as- 

sumption that holes are crossing the emitter junction 

(x = O) at a constant rate. Equation (3) is of the form 

Ct Ox? Ox 

where A, B, C are functions of x iz. and g’, are not 

. . . Tp . 

considered and are omitted in subsequent computation). 

Using standard difference substitutions for the deriva- 

tives, we write 

A(x;) B(x;) 
P( Xi, «| ( re + ah ) Pesan tj) 

l 2A (xi) + (— + C(x) —— ) pt, 
k ‘ he ) i) 

A(x; B(x; 

h? 2h 

where h is the interval of distance x;,,; — x), and k is the 

increment of time. The base is divided into n intervals 
by the points x, x;....,.2 » and the equation is solved 

tor the hole concentrations throughout the base region 

at the successive time intervals fo, t1,...,%m Where 

t) = to + jx. The size of n is dictated by the degree of 
accuracy desired in the solution of the differential equa- 

tion while m is not assigned since it is determined by the 

length of time required for the collector current to reach 

a constant value. A different notation transforms (6) 

into the form 

k A; B; 
= — + — 

A; B; (7) 

h? 2h 

Using the conditions p;,, = 0(i=1,2,....n) and 

Pwsj = OY = 0, 1, 2,...), it remains only to determine 

the boundary conditions p,,; to begin the computation. 

From equation (1) written in the notation just adopted, 

Do, 

p.,; may be determined in terms of /,, 

D, pi,j + hl. 
Po,i 

Dy, + hp p, 

+C,+D 

45 

- 
* 

ry 



/, is computed by solving equation (7) for the P;,; and 

then substituting into the equation for /, at the collector 

junction, 

= EwPw, j 
Pw. i 

) 

1 

and solving iteratively for the j at which /, reaches a 

constant value. 

Results were obtained for a drift transistor with a base 

width of 6.35 x 10-* cm which: had been manufactured 

from germanium with a resistivity of 5 ohm-cm using 

a diffusion time of 16 hours at a donor concentration of 

1.44x 10°* per ce. A constant input of 5 milliamperes 

was assumed to be introduced at the emitter. A collector 

current of 4.97 milliamperes was computed at an elapsed 

time of 4.2 millimicroseconds. 

This corresponds to an alpha of .994 which seems 

high, and a rise time of 4.2 millimicroseconds, which is 

small. But, if we consider that we are dealing with an 

idealized transistor, these results seem reasonable. 

The project was suggested by K. Sih of the Physical 
Research Department at Poughkeepsie, and most of the 

preliminary investigation and computer programming 

were accomplished by William Stevens of the Transistor 

Research Section. The work is under the direction of R. 

Domenico. 

Revised manuscript received January 28, 1957 
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October 1 to December 31, 1956 

IBM Technical Papers Published in Other Journals 

Calculation of Heat Flow in a Medium the Conductivity 

of Which Varies With Temperature, Richard L. Garwin, 

Review of Scientific Instruments, 27, No. 10, 826 (Oc- 

tober 1956). 

It is shown that the heat flow in a single homogeneous 

medium of thermal conductivity ¢(7T), between boundaries 
at temperatures T, and T, is the same as that for the same 

geometry in a medium of unit thermal conductivity and 

boundary “thermal potentials’ =(7.) and =(7,), where 

= f a(T’) dT’. Some applications are given, as 

well as a short table of “(7) for common cryogenic 

temperatures and materials. 

A Data Transmission Machine, C. R. Doty and L. A. 

Tate, Communications and Electronics, 600-603 (No- 

vember 1956). 

This paper describes the IBM Data Transceiver, developed 

to communicate accounting, statistical, engineering and scien- 
tific data over a wide range of distances. The problems of 

transmitting data, as opposed to transmitting message traffic, 
are discussed. The Data Transceiver reads and transmits in- 

formation from punched cards and records the information 

by punching cards at the receiving location. Transmission 

may be over telephone or telegraph circuits, using wire lines, 
radiotelegraph, or microwave facilities. Means for detecting 

and correcting transmission errors (character mutilation) are 
included. The Data Transceiver consists of two units: one 
includes the card reading and punching mechanism, for send- 

ing or receiving; the other contains the electronic commutator 
and circuitry for transmitting and receiving signals. 

a 

A Design for the Logic of the Recognition of Printed 

Characters by Simulation on the IBM 650 MDDPM, 

E. C. Greanias, C. J. Hoppel, M. Kloomok, J. S. Osborne, 

Proceedings of the IEE, 103, Part B, Supplement No. 3 
(1956). 

A logic for the recognition of printed characters employing 

a proportional-parts method has been tested extensively by 

simulation; the method relates the identity of a character to 
the relative size and position of character elements detected 
by optical scanning along closely spaced vertical lines, the 
video information from each scan being coded to designate 

the number, size and position of inked areas detected by the 

scanner. The time sequence of this coded information is tested 

by logical circuits against prescribed sequences for character 
recognition. A set of coding definitions, a prescribed sequence 
for the recognition of a given character, and the methods of 

simulative testing of the recognition logic on a magnetic-drum 
data-processing machine are discussed. 
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The Design of the IBM 705 Memory System, R. E. 
Merwin, Proceedings of the IRE PGEC, 219-223 

(December 1956). 

The IBM 705 is a large-scale data processing machine 
designed for commercial applications. It consists of a central 

processing unit which performs arithmetic and logical opera- 
tions on business data at very high speed, auxiliary data 

storage in the form of magnetic tapes and drums, and input- 
output media which include punched card equipment and line 

printers. Within the central processing unit there is a require- 

ment for a large rapid-access memory which can be addressed 

at random, plus several smaller memories called storage 

units. This paper describes the logical system of these memo- 

ries, in which the magnetic core is used as the storage element. 

Discontinuous Field Induced Transitions in Barium 

Titanate Above the Curie Point, Maurice Drougard, 

Journal of Applied Physics, 27, No. 12, 1559-1560 

(December 1956). 

It has been known for some time that barium titanate exhibits 

double hysteresis loops in the range of a few degrees above 

the Curie point. Double hysteresis loops observed up to now 

are characterized by very slow transitions between the two 

states of polarization involved. It is shown that proper prepa- 

ration of the samples leads to extremely fast and discontin- 
uous transitions. 

High Speed Coincident-Flux Magnetic Storage Princi- 
ples, L. P. Hunter and E. W. Bauer, Journal of Applied 

Physics, 27, No. 11, 1257-1261 (November 1956). 

In conventional coincident-current magnetic storage systems, 

a specific storage element is selected by simultaneous appli- 
cation, to two or more intersecting wires, of currents of such 

magnitudes that their sum will produce a magnetic field suffi- 

cient to switch the element and such that the presence of any 
one of the selecting currents alone will not cause the element 
to switch. In the system described here, a coincident summa- 

tion of magnetic flux causes the element to switch, and the 

magnitudes of the currents inducing the flux are not critical. 

This allows the switching time to be freed of the current- 
selection-ratio limitation typical of the coincident-current 

selection systems. In the coincident-flux system, one may use 

selecting flux densities representing fields very much greater 
than the coercive field, giving very fast switching times. 

Hyperfine Structure of Metastable Deuterium, H. Reich, 
J. Heberle,* and P. Kusch,* Physical Review, 104, 1585 

(December 15, 1956). 

The hyperfine separation Av(2S;D) of the metastable 225, 
state of the deuterium atom has been measured by an atomic- 

*Columbia University 
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beam magnetic-resonance method that has been described 
previously. It was found that Av(2S;D) = 40924.439 + 
0.020 kc/sec. From this result and the ground-state separa- 

tion Av(1S;D) we obtain R(D) = Av(2S;D)/Ar(1S;D) = 
4(1.0000342 + 0.0000006). Comparison of this value with 

the corresponding quantity for hydrogen, R(H) = 4(1.0000346 
+ 0.0000003), confirms within experimental error the theo- 
retical prediction that R(D) = R(A). 

Magnetic Data Recording Theory: Head Design, A. S. 

Hoagland, Communication and Electronics, 506-512 

(November 1956). 

An analysis of the process of magnetic recording of digital 

data is presented from which qualitative design concepts are 

developed and their usefulness demonstrated, both in the 
evaluation of magnetic head structures and in their design 

for high-density storage. The insight derived from the theory 

and its relative simplicity in application is illustrated through 

its successful employment in guiding head-design development 

in connection with the IBM Type 350 magnetic-disk file. 

Numerical Integration of Differential Equations on the 

704 EDPM, H. H. Anderson and J. R. Johnson, Com- 

munication and Electronics, No. 27, 569-574 (Novem- 

ber 1956). 

To provide a convenient means for solving complex and non- 

linear ordinary differential equations, a system has been 

devised which causes a 704 EDPM to behave like an analogue 

differential analyzer. Use of this system involves the inter- 
connection of appropriate subroutines in a manner analogous 

to the interconnection of operational amplifiers in an ana- 

logue machine. The subroutines are designed so that the user 

may compile the required connections automatically, without 

much knowledge of digital computer coding. Solving differ- 

ential equations by this method takes no more setup time than 

that required by analogue machines and in many cases may 
be a good deal faster. Integration is done by using Milne’s 

formulas. The system automatically adjusts the integration 
interval to take advantage of portions of the solution which 

can be computed with large intervals at no sacrifice of accu- 
racy. Nonlinear functions may be expressed by a table of 

values in storage. 

Synchro and Resolver Performance Definitions, L. A. 

Knox, /RE Transactions on Component Parts (De- 

cember 1956). 

A description is given of “synchro” devices used for the 

transmission of angular information in the form of 3-wire 

line voltages, and of “resolvers” used for solving trigono- 
metric equations. A consistent set of fundamental synchro 

and resolver definitions is presented, along with some appli- 

cation notes. The definitions are divided into three sections, 
which include: precision resolver definitions, synchro control 

transmitter definitions and synchro performance definitions. 

Each subject is treated regarding characteristics, error con- 
siderations and schematic diagram discussions. 

Theory of Transport Effects in Semiconductors: Thermo- 

electricity, P. J. Price, Physical Review, 104, No. 5, 1223 

(December 1, 1956). 

The phenomenological theory of the thermoelectric effects 

in a cubic or isotropic electronic conductor is developed. It 

is shown that, as a consequence of the appropriate Onsager 

relation, the “gauge” adopted here for the thermoelectric 

coefficients of a single substance is such that the second 

Kelvin relation takes a specially simple form for a single sub- 

stance. The general formulas obtained are applied to the 

theory of thermoelectricity in a two-band semiconductor, and 

the formulas for the thermoelectric power stated in a previous 
paper are derived. The Onsager principle leads to a general 

relation between two phenomenological transport parameters 

for a single carrier band, one (y) measuring the ratio of 

thermodiffusion coefficient to drift mobility, the other (8) 
specifying the thermal energy transported with the current 

due to an electric field. The modification of these results 
needed to take account of the variation of band-edge energies 

with temperature is discussed. The evaluation of thermo- 
electric data for mixed semiconductors, on the basis of the 

present results, is discussed and some experimental data for 
germanium analyzed. The effects of a strong magnetic field 
and of strain on the thermoelectric power are treated. It is 

pointed out that shear strain should change the activation 

energy for an impurity binding a carrier in a “many valley” 

band by decoupling the orbitals associated with different val- 

leys and interacting through the chemical shift effect, and that 

this change should, among other consequences, appreciably 

change the thermoelectric power at very low temperatures. 

Exact formulas for this decoupling effect are obtained for 

donors in germanium. 

The Use of Computing Machines in the Statistical Evalu- 

ation of Electrical Components, W. E. Andrus, Jr., Com- 

munication and Electronics, No. 27, 501-505 (Novem- 

ber 1956). 

Illustrative examples are given of the use of mathematical 
Statistics and computing machines in research and develop- 

ment laboratories. These examples involve evaluation of elec- 

trical and electronic components and include considerations 
of operating characteristics of relays and life testing of recti- 

fiers. Simple machine solutions for statistical evaluation are 
shown to be obtainable by tailored programs and program- 

ming techniques. 

Pyrrolealdehyde, R. M. Silverstein,* E. E. Ryskiewicz, 

and C. Willard,* Organic Syntheses, 36, 74-77 (1956) 

This paper presents the synthesis of 2-Pyrrolealdehyde, a 

key intermediate in the preparation of various pyrrole deriva- 
tives (work at Stanford Research Institute). 

*At Stanford Research Institute 
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Patents 

194 

Recent IBM Patents 

October, 1956 

Card Counting & Packaging Machine 

Selective Printing Machine for Printing Both Sides of a Bill 

Electronic Commutator . 5 

Machines for Producing Punched 

Gaseous Tube Accumulator . 

Variable Multi-Line Printer . 

Electronic Digital Computing Machines . 

Triggered Standard Signal Generator . 
Monitoring System Control Circuits . 

Reproducing Punch 

Design for Typewriter . 

November, 1956 

Ring Checking Circuit 

Display Apparatus . 

Continuous Form Feeding in Selective Printing 

Dick Strip Printer 

Card Interpreting Machine lox Detecting Double Punchings ad Blank 
Columns 

Wire Printing 

Relay Storage Unit . 

Stopping Device for Card Feeding Machines 

Binary-Decade Counter 

Data Storage Apparatus . 

Methods and Apparatus for Measuring Angular Movement 

Print Impression Mechanism 

Web Cutting and Feeding Device for Printing Rtachines 

Record Controlled Punch with Provision for Serial Numbering 

Cooling Apparatus . 

Error Position Indicator for Derive 

Binary Trigger and Counter Circuits Employing Magnetic Meniney 

Transistor Circuit 

December, 1956 

Magnetic Core Storage for Business Machines . 

Magnetic Core Converter and Storage Unit . 

Magnetic Recording Method 

Binary-Decade Counter 

Data Processing Machine 

Traverse Gear Box . 

Record Controlled Perforating Machine . 

Ledger Posting Machine . 

Panel Lighting 
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October through December, 1956 

O. L. Hibbard and F. M. Carroll 

G. F. Daly . 

C. E. Frizzell . 

W. T. Gollwitzer . 

R. B. Koehler and E. J. Riven 

K. E. Rhodes, F. J. Furman and 

W. W. Wagner 

G. I. Thomas . 

B. M. Gordon . 

D. P. Shoultes and W. M. Searhent 

B. Cooper and L. M. Keefe 
C. W. Sundberg . 

H. T. Marcy 

A. B. Crowell, H. A. Reitford on 

C. V. Mankiewicz 

J. J. Nolan 

H. J. Kistner and J. C. Veburg 

T. R. Arden 

H. L. Tholstrup 

L. A. Wilson, B. V. Kone and 

G. A. Lunning 

J. J. Lentz . 

F. E. Hamilton, G. 

R. E. Lawhead and E. S. Hughes, Jr. 

R. I. Roth . 

H. J. Kistner and O. F. Mideicadi 

F. M. Carroll . 

P. V. Babel 

R. E. Slack . 

R. N. Straehl . 

G. D. Bruce and J. C. Logue . 

J. C. Logue and R. A. Henle . 

G. E. Whitney 

E. J. Rabenda . 

B. E. Phelps 

B. L. Havens . 

R. W. Figgins . 

W. Leathers, W. E. 

J. G. Weaver 

J. M. Cunningham 

D. W. Rubidige, J. R. Natvig _ 

F. S. Huling 

J. R. Cushman 

2,765,602 

2,765,735 

2,766,377 

2,766,827 

2,767,348 

2,767,646 

2,767,908 

2,768,292 
2,768,336 
2,768,691 

Des. 179,041 

2,769,971 

2,770,061 

2,770,185 
2,770,188 

2,770,189 

2,770,190 
2,770,304 

2,770,459 

2,770,725 

2,770,797 

2,770,798 

2,771,025 
251733029 

2,771,137 
2,771,278 

2,771,593 

2,772,370 
2,772,410 

2,773,444 

2,774,429 

2,774,646 

2,774,868 

Des. 179,128 

2,775,297 

2,775,298 

2,775,687 
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Poughkeepsie Product Development Laboratory. 
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is associated with the Advanced Research Department. 

He has a temporary assignment with the Information 

Research Group at the Poughkeepsie Research Center. 
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A.B. in Mathematics, Wabash College, 1955. Joined IBM 

in August 1956 and is an Assistant Mathematician- 

Programmer in the Scientific Computation Laboratory 
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Sorbonne, University of Paris: Docteur és Sciences, 

1923. Is Professor of Mathematics at The New School 

for Social Research (Graduate Faculty). Joined IBM in 

June 1952 at the New York Scientific Computing Center 

as consulting mathematician. Has also been engaged in 

(a) interpretation of gravimetric and magnetic anomalies 

with the aid of electronic computing equipment, and 

(b) research on the most economical mathematical pro- 

cedures for the comvutation of elementary functions with 

computers. Was awarded the Order of Scientific Merit 

(Nshan Elmi) by the Iranian Government in 1938 for 

the organization of Teheran University and for the teach- 

ing of Celestial Mechanics, Applied Geophysics and 
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Robert W. Murphy 

B.S. in Chemistry, Rensselaer Polytechnic Institute, 1942; 

M.S. in Physics, Polytechnic Institute of Brooklyn, 1949. 

Joined IBM in December 1950; was manager of 702 and 

705 Engineering Planning Group; presently studying the 

theory of automata in the Information Research Depart- 

ment, Poughkeepsie Research Center. 

Ralph S. Partridge 

B.S.E.E., Illinois Institute of Technology, 1950. Joined 

IBM the same year as an EAM Customer Engineer and 
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sing Machine Group. Present work is on the IBM 738 

Core Storage Unit, Poughkeepsie Product Development 

Laboratory. 

W. Wesley Peterson 

University of Michigan: A.B. 1948; B.S.E. 1949; M.S.E. 

1950; Ph.D. 1954. Research Associate with University 

of Michigan Engineering Research Institute, August 

1950-July 1954. Joined IBM at Poughkeepsie in 1954, 

where he worked in the 705 Planning Department and 

the Information Research Department. Since September 

1956, he is Assistant Professor of Electrical Engineering 

at the University of Florida, and consultant to IBM on 

Information Theory. He is a member of the IRE, AIEE, 

American Mathematical Society, and Sigma Xi. 

Peter J. Price 

Studied physics at Oxford and Cambridge Universities, 

obtaining a Ph.D. in theoretical physics from the latter 

in 1951. Subsequently research assistant to the late Fritz 

London at Duke University, and a member of the Insti- 

tute for Advanced Study at Princeton before joining 

IBM in 1953. Since then he has been a member of the 

physics group of Watson Research Laboratory at Colum- 

bia University. Principal technical interests are quantum 

theory, statistical mechanics and thermodynamics; prin- 
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cipal fields of research are liquid helium and semi-con- 

ductors. 

Martin Schatzoff 

B.A. in Economics, Brooklyn College, 1950; M.B.A. in 

Statistics, New York University, 1952. Joined IBM in 

October 1955 as a Mathematician-Programmer in the 

Scientific Computation Laboratory, Endicott; in August 

1956 was appointed Group Leader of Statistical Section; 

in October 1956 was made Associate Statistician. He is 

a member of Phi Beta Kappa and the American Statistical 

Association. 

Leonard D. Seader 

B.S.E.E., University of California at Berkeley, 1952. 

Joined IBM in 1955 and is presently engaged in the 

development of low-level switching systems at the IBM 

Research Laboratory, San Jose, California. He is a mem- 

ber of the IRE, Tau Beta Pi, Sigma Xi, and Phi Beta 

Kappa. 
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sistor circuit development. He is a member of the IRE. 

Harold B. von Horn 

Northwestern University: Ph.B. in Mathematics, 1955; 

University of Wisconsin: M.S. in Mathematics, 1956. 

Joined IBM July 1956 and is presently engaged as a 

Mathematician-Programmer in the Transistor Section of 

Project STRETCH at the Poughkeepsie Product Devel- 

opment Laboratory. He is a member of Pi Mu Epsilon. 
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